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Motivation




Why diffusion priors for bandits?

- Large-K contextual bandits: independent posteriors
(LinUCB [8, 10]/LinTS [1, 2, 12]) become statistically
inefficient; joint posteriors are computationally intractable.

- Many real systems exhibit correlated actions [5]: learning
one action informs many others.



Why diffusion priors for bandits?

- Large-K contextual bandits: independent posteriors
(LinUCB [8, 10]/LinTS [1, 2, 12]) become statistically
inefficient; joint posteriors are computationally intractable.

- Many real systems exhibit correlated actions [5]: learning
one action informs many others.

Key idea
- Use a pre-trained diffusion model as an expressive
Bayesian prior over action parameters.

- Design Diffusion Thompson sampling (dTS ) with efficient
posterior updates and sampling.



Algorithm




Contextual bandit with diffusion prior

Att € [n], observe X;, choose A; € [K], get Y; ~ P(- | Xt;64,).

Per-action (disjoint) parameters: 6, € R GLM reward with
mean g(x'6,).

Diffusion-derived prior (hierarchical):
YL ~ N(0,2r41),
Vo1 | Yo ~ N (fe(ve), Ze), €€ [L]\{1},

Oa | Y1 ~ N (fi(¥1),21), a€[K],
}/i ‘ XtaAt70 ~ P( | Xt79At)‘



Shared-parameter variant (Other possible setting)

If r(x,a;0) = g(¢(x,a)" §) with shared § € R%:

YL ~ N(0, ZLH)
Vo1 | Yo ~ N (fe(ve), Z),
0|1 ~ (f1 51),

Y \ X, Ag, 0 ~ ( | SO(Xt,At) 9)~

All posterior formulas adapt verbatim; K-independent regret
becomes attainable if ¢ is known.



Hierarchical sampling via recursion

Posterior factorization:

L

p(0a | H) = [ ol | H) T p(wecn | o, Hi) pl6 | . Hi) dinc

(=2

dTS (one round):

1. Sample ¢y ~ p(vr | Hy),
2. Descend to w1 Via ty1 ~ p(Yr—1 | P, Hy).

3. For each a € [K], sample 6y 4 ~ p(0q | 11, Hea)
(conditionally independent).

4. Play Ay = arg max, (X, a; 0;); observe Y; and update.



Implementing the posteriors

Action posterior (given v):

P0a | Y1, Hea) o< | T PO | Xi360)| MO0i (w1, T).

iGSz,a

Latent posteriors:

p(e—1 | Ve, Hy) o< p(Hy | tho—1) N(vhe—1; fe(vbe), Ze),
p(vr | Hy) o< p(Hy | Yr) N (L5 0,E141).

Recursions for p(Hy | 1y):

K
Base: p(Hy | ) = H/[ 11 P(Yz‘|Xi§9a)]/\/‘(9a§fl(wl)vzl)d(gaa
a=1

iESt,a

Step:  p(H: | 1) = / P(Ey | o) N (e folabe), Se) e



Two approximations

- (i) Likelihood approx. Likelihood approximated by
Gaussian with MLE By, as its mean and Hessian Gy, as its
covariance [9].

I P | Xi500) = N(0a; Bra, Gi ).
1€St,a

- (ii) Diffusion approx. start from exact linear diffusion
solutions [3] and replace linear maps by f,(-) to obtain
closed-form Gaussian conditionals with data-dependent
means/covariances.

Overall (important). The resulting global posterior is not
Gaussian. Our construction preserves the diffusion hierarchy
but replaces each layer's conditional with a Gaussian whose
mean and covariance are updated and data-dependent.



Approximate action posterior

p(0, | @Z}l,Ht,a) ~ N(ﬂt,aait,a)v

&1 -1, A N ¢ =1 AR

Et,a = E1 i Gt,aa Ht.a = Ez‘,,a ( E1 fl (¢1) + Gt,aBt,a > .
~— =~ —_————  ——
prior data prior data

Precision-additivity; mean is precision-weighted average of
prior mean fi(y1) and MLE By



Approximate latent posteriors

For¢ e [L+1]\ {1}

p(e—1 | Yo, Hy) = N{fige-1,510-1),

S—1 =1 . /& _ S =il B
Yiio1=2; G, fie—1 = Xgp—1 ( X, fe(e) + By o1 )7
~—~— — =
prior data prior data

with base/step recursions

K K
Gt,l = Z (Efl - Eflit,azfl), Bt,l = Efl Z gt,aét,aét,aa

a=1 a=1

Gro=2;' =281, Bio=%;'S 1By 41



Theory




Linear-Gaussian intuition

Assume linear links fy(v¢) = Wythy and Gaussian rewards.
Approximation becomes exact.

Informal Bayes regret:

L

= 9 2 ) 2 . 0.2
Of s|n (dKU1 + d;}gerl omax> y Ohax = zg[lﬁfl] (1—1—;‘; .

Refinement with sparsity: if W, has d, < d active columns,
replace d by dy in latent terms.

Takeaways: informative (possibly sparse) priors reduce regret;
dependence on K enters only via o3.
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Complexity




Complexity and statistical benefits

- Maintaining a full dK x dK joint posterior:
- O(K3d?) time
- O(K2d?) space
- dTS stores only L + K many d x d covariances:
- O((L + K)d?) time
- O((L + K)d?) space
- Compared to LinTS: similar cost but uses correlations,
lowering regret especially for large K.
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Experiments




Synthetic: true diffusion prior
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1e3 K=100, L=2, d=5 1e3 K=100, L=2, d=5 le4 K=100, L=2,d=5 le3 K=100,L=2, d=5
9 1.8 1.0 1.6
§ — dTS-LL i-g [ — dTS-LN 1 0l — dTSNL — dTS-NN
. 6| — HierTs 12[ — dTs ] “I — LinTs — dTS-NL
g 5L — LinTs 10p — GLMTS 1 06 LinuUCB ol — GmMTS
2 ‘3‘ LinUCB g:g: UCB-GLM 0.4 06l UCB-GLM- =
2 04f 0.2 0.4 1 =
1 0.2} 0.2t
0 0.0 0.0 0.0
010002000 3000 4000 5000 010002000 3000 4000 5000 010002000 3000 4000 5000 010002000 3000 4000 5000
4.0 15 K=10000, L=4, d=20 3.0 Le3K=10000, L=4, d=20 4.0 1e7K=10000, L=4, d=20 o 1e2K=10000, L=4, d=20
350 — dTS-LL 250 — dTS-LN p 351 — dTS-NL 7F — dTS-NN
3.0 i - LA 30F 61 L
5o HierTs 20l drse 2 | 30 |[m'rsB or /4 d‘[i‘-».lrL
£ 20 20 inuci al — GLM-TS
£ 15 15 3 UCB-GLM
1.0 1.0 2
0.5 0.5 1
0.0 . 0.0 0
0 10002000 3000 4000 5000 010002000 3000 4000 5000 010002000 3000 4000 5000 010002000 3000 4000 5000
Round ¢ € [n] Round ¢ € [n] Round ¢ € [n] Round € [n]

Figure 1: Regret of dTS across linear/nonlinear diffusion and
rewards; varying d, K, L.
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Scaling and misspecification

18 1e4 Regret as a function of K Effect of K, d, L on the regret of LindTS Effect of prior misspecification
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True prior is not diffusion
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Discussion




Limitations and scope

Limits
- Theory: formal guarantees only shown for linear-Gaussian
case. PAC-Bayes theory could be used (e.g., proved
successful in offline contextual bandits [4, 7]).

- Approximations: (i) GLM likelihood Gaussianization; (ii)
diffusion linearization; did not quantify the error.

Extensions

- Best-Arm Identification (BAI). The diffusion prior gives a
sample-efficient structure for BAI; plug our posterior
sampler into Bayesian fixed-budget BAI procedures [11].
- Off-Policy Learning (OPE/OPL). The same hierarchy can
regularize large-action OPE/OPL objectives [6].
15



Conclusion




Conclusion

- dTS : efficient Thompson sampling with diffusion priors.
- Tractable approximate posteriors and Bayes regret insight.

- Strong empirical performance across regimes.
When to use dTS

- Large-scale settings where offline data exists to pretrain
the diffusion prior.

- If actions are unstructured or data are extremely scarce,
LinTS or HierTS can suffice.

Code:
github.com/imadaouali/diffusion-thompson-sampling
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