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Abstract

Many interactive systems (e.g., recommender systems) can be modeled as contextual ban-
dits. This framework captures the core challenge of decision-making under uncertainty:
selecting actions based on context while learning from partial, noisy feedback. Learning
in this setting follows two paradigms: on-policy learning, in which agents collect data
and update their policy simultaneously in real time, and off-policy learning, in which the
agent’s policy is learned offline from static logs collected under a different policy. Stan-
dard algorithms for both paradigms struggle to scale to large action spaces, facing either
computational intractability or statistical inefficiency. This thesis develops principled and
practical methods to make contextual bandit algorithms tractable in large action spaces,
advancing both paradigms through novel algorithmic and theoretical contributions.

For on-policy learning, we introduce structured Bayesian models that enable efficient
exploration via information sharing. Our first contribution, mixed-effect Thompson sam-
pling (meTS) (Chapter 3), couples action parameters through shared latent effects. This
reduces Bayesian regret to @(\/TdKeff), where K. is an effective number of actions.
When the number of shared effects is much smaller than the number of actions (L < K),
we have K. < K, yielding significant regret reduction. Moreover, meTS achieves dra-
matic improvements in both memory complexity (from O(K?2d?) to O((L? + K)d?*)) and
runtime complexity (from O(K3d?) to O((L* + K)d*)). We extend this framework to
diffusion Thompson sampling (dTS) (Chapter 4), which leverages deep generative models
to capture complex action distributions. dTS further improves memory complexity to
O((L + K)d?*) and runtime complexity to O((L + K)d?), where L denotes the number of
layers in the diffusion model. Both methods perform well empirically as analyzed without
additional hyperparameter tuning, making them highly practical.

For off-policy learning, we address fundamental bottlenecks through three complementary
approaches. First, in Chapter 6, we develop the structured direct method (sDM), which
models action parameters using a shared latent structure. We prove that sDM achieves
O(1/+/n) convergence in Bayesian suboptimality without requiring the restrictive full log-
ging support assumption. sDM performs well in practice, and the performance gap between
sDM and standard direct methods widens as the action space grows. Second, in Chapter 7,
we challenge the conventional wisdom that better reward estimation yields better poli-
cies. We demonstrate that optimization intractability, rather than estimation accuracy,
becomes the primary bottleneck in large action spaces, and advocate for policy-weighted
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log-likelihood objectives that prioritize optimization tractability; these consistently out-
perform sophisticated estimators on datasets with up to one million actions. Third, in
Chapter 8, we address importance sampling variance by combining variance-reducing reg-
ularization with principled pessimism. Our exponential smoothing estimators and unified
PAC-Bayesian analysis yield tractable learning objectives amenable to stochastic opti-
mization, providing concentration bounds and superior empirical performance.

We validate these theoretical and algorithmic advances through extensive experiments on
synthetic and real-world datasets. By developing scalable algorithms for both learning
paradigms, this thesis enables the deployment of contextual bandits in modern applica-
tions where action spaces routinely exceed thousands or millions of actions.
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Notation

Notation

General Mathematical Notation

Symbol Definition

[n] Set of first n positive integers: {1,2,...,n}
R4 d-dimensional real vector space

1y Identity matrix of dimension d x d

A(A) Probability simplex over action set A

o(") Big-O notation for upper bounds

® Kronecker product

Probability conventions. Random variables are denoted with capital letters, and their
realizations with the respective lowercase letters, except for Greek letters. With a slight
abuse of notation, for random variables X, Y, the distribution (or density) of X | Y =y
evaluated at x is denoted by p(z | y).

Norms and Inner Products

Symbol Definition

|-l Euclidean norm (unless specified otherwise)
lal|s Weighted norm: va'Ya for a € R4 3 = 0

Contextual Bandit Framework

Symbol Definition

X C R? Context space (d-dimensional)

A= [K] Finite action set with K actions

T Number of interaction rounds

n Number of samples in logged dataset




Policies and Value Functions

Symbol Definition

T: X = A(A) Stochastic policy mapping contexts to action distributions
(- | x) Probability distribution over actions given context x

Tt Policy at round ¢ (on-policy setting)

o Logging policy (off-policy setting)

T Optimal policy (off-policy setting)

7t Learned policy (off-policy setting)

V() Value (expected reward) of policy =

V(r) Estimated value of policy 7

Environment Components

Symbol Definition

v Context distribution over X

p(- | z,a) Conditional reward distribution given context x and action a
r(z,a) Expected reward function: Egp(.|z,a)[R]

7(z,a) Estimated reward function

r(z,a; ) Parametric reward model

r(z,a; é) Estimated reward function in parametric case

Random Variables and Data

Symbol Definition

X Context observed at round t

A, Action taken at round ¢

R, Reward received at round ¢

Ay Optimal action at round ¢: arg max,ec4 (X, a)
H, History of interactions: {(Xy, A¢, Re) o<t

D, Logged dataset: {(X;, A;, R;)}",

Performance Metrics

Symbol Definition

R(T) =20 r(Xy, Ar) — (X, 4;)  Cumulative regret

BR(T) = E[R(T)] Bayesian cumulative regret

so(7) = V(m) — V() Suboptimality gap of policy 7

Bso(7) = E[so(7)] Bayesian suboptimality gap of policy 7
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Matrix Operations and Concatenation

Symbol Definition

lai,az, ..., a,] Horizontal concatenation of vectors into d X n matrix
(ai)icn] Vertical concatenation: (aj,...,a')" € R™

Vec(+) Vectorization operator

diag((As)icm)) Block diagonal matrix with blocks Ay, ... A,
(Ai)ie[n} Vertical concatenation of matrices into nd x d matrix
(Aij)Gg)emlxm] Block matrix where A, ; is the (4, j)-th block
Eigenvalues

Symbol Definition

A1(A) Maximum eigenvalue of matrix A

Aa(A) Minimum eigenvalue of matrix A
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Résumé substantiel en francais

Cette thése étudie 'apprentissage séquentiel et contrefactuel dans des systémes interact-
ifs ol I'espace des décisions est trés grand. Ces systémes sont aujourd’hui omniprésents
: moteurs de recommandation, publicité computationnelle, places de marché, systémes
de tarification, robotique ou encore allocation de ressources. Leur fonctionnement repose
sur une boucle d’interaction simple mais difficile a optimiser : a chaque étape, le sys-
téme observe un contexte, choisit une action parmi un trés grand nombre de possibilités,
puis recoit une récompense partielle et bruitée qui dépend conjointement du contexte et
de l'action choisie. Dans un systéme de recommandation, le contexte peut représenter
I’historique et les préférences d’un utilisateur, ’action correspond a l'item recommandé
dans un catalogue contenant potentiellement des millions d’items, et la récompense mesure
I’engagement de 1'utilisateur, par exemple un clic ou un temps de visionnage. En publicité
en ligne, I'action peut combiner le choix d’une annonce et d’un prix d’enchere, tandis que
la récompense dépend d’événements successifs tels que le gain de ’enchére, le clic ou la
conversion.

Le cadre mathématique central de cette thése est celui des bandits contextuels. On
considére un espace de contextes X C RY, un ensemble fini d’actions A = [K], une
distribution inconnue de contextes v, et des distributions conditionnelles de récompenses
p(- | #,a). La fonction de récompense moyenne est définie par

r(z,a) =E[R| X =x,A=al.

A chaque tour ¢, un contexte X, ~ v est observé, I’agent choisit une action A; selon une
politique (- | X;), puis regoit une récompense R; ~ p(- | X, A;). Ce formalisme capture
I’essentiel de I'apprentissage interactif : I’agent ne voit que la récompense de ’action qu’il
a effectivement choisie, et doit donc apprendre & partir d’un retour partiel. La difficulté
principale analysée dans cette thése est le passage a 1’échelle lorsque K est trés grand.

La theése traite deux paradigmes complémentaires. Le premier est I’apprentissage en ligne,
ou on-policy learning, dans lequel I’agent interagit séquentiellement avec I’environnement
et met a jour sa politique au fil des observations. Sa performance est mesurée par le regret

cumulé,
T

R(T) =Y (r(Xe, A) = r(Xe, A)))

t=1
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ou A, . désigne 'action optimale dans le contexte X;. L’enjeu fondamental est le compro-
mis exploration-exploitation : I'agent doit explorer les actions incertaines pour apprendre,
tout en exploitant les actions déja estimées comme performantes afin de limiter la perte de
récompense. Le second paradigme est ’apprentissage hors politique, ou off-policy learn-
ing, dans lequel I'agent ne peut plus interagir avec I’environnement et doit apprendre a
partir d’'un jeu de données journalisé

Dn - {(X’L? Ai7 RZ) ?:1

collecté par une politique de logging my. L’objectif est alors d’apprendre une politique 7
de grande valeur

V(ﬂ') = EXNVEANW(~\X) [T(Xa A)],

et la performance est mesurée par 'écart de sous-optimalité V' (m,) —V (7). Dans ce second
cadre, I’apprentissage exige un raisonnement contrefactuel : il faut estimer ce qui se serait
passé si une autre action avait été choisie, alors méme que les données ne contiennent que
les actions effectivement sélectionnées par .

Dans les deux paradigmes, la grande taille de 'espace d’actions amplifie les difficultés
statistiques, computationnelles et d’optimisation. En ligne, explorer indépendamment des
milliers ou millions d’actions devient prohibitif : chaque action regoit peu d’observations,
ce qui ralentit considérablement 'apprentissage et augmente le regret. Hors politique, la
couverture des données se dégrade lorsque K croit : de nombreuses actions sont rarement
ou jamais observées dans certaines régions de l'espace des contextes. Les méthodes fondées
sur un modele de récompense souffrent alors d’un fort biais d’extrapolation, tandis que les
méthodes par pondération inverse des propensions peuvent avoir une variance tres élevée
lorsque my(a | x) est faible. Cette thése montre également qu'un autre obstacle, souvent
sous-estimé, devient dominant dans les grands espaces d’actions : 'optimisation des ob-
jectifs hors politique standards peut devenir intrinséquement difficile, indépendamment
de la qualité statistique de I’estimateur de valeur.

La premiére partie de la thése est consacrée a 'apprentissage en ligne dans les grands
espaces d’actions. Les méthodes classiques telles que Upper Confidence Bound et Thomp-
son Sampling reposent souvent sur des modéles disjoints, ol chaque action a posséde son
propre paramétre 6, et oil la récompense est modélisée sous la forme r(z,a) = ¢(x)"6,.
Ces modeles sont attractifs en pratique, notamment dans les systémes de recommanda-
tion, car ils évitent de construire manuellement des caractéristiques conjointes contexte-
action. Cependant, leur faiblesse est statistique : apprendre séparément un paramétre
pour chaque action nécessite beaucoup de données par action, ce qui est incompatible avec
de tres grands catalogues. La contribution principale de cette partie consiste a conserver
la flexibilité des modéles disjoints tout en introduisant des structures bayésiennes capables
de partager I'information entre actions.

Le premier algorithme proposé est mized-effect Thompson Sampling, ou meTS. Il repose sur
un modele bayésien hiérarchique ot les paramétres d’actions 6, sont couplés par des effets
latents partagés W = (v¢)ecrr). Ces effets peuvent représenter, par exemple, des catégories
ou des facteurs communs entre items. Le modéle suppose que les paramétres d’actions
sont conditionnellement indépendants sachant les effets latents, mais qu’ils partagent de
'information & travers ces effets. A chaque tour, meTS échantillonne d’abord les effets
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latents depuis leur postérieur, puis échantillonne les parameétres d’actions conditionnelle-
ment & ces effets, avant de choisir I’action maximisant la récompense échantillonnée. Cette
procédure conserve le principe de Thompson Sampling tout en rendant I’exploration statis-
tiquement plus efficace.

Dans le cas linéaire-gaussien, la thése dérive des mises a jour exactes en forme fermée, et
propose des approximations de Laplace tractables pour les modéles linéaires généralisés.
L’analyse théorique établit une borne de regret bayésien de 1'ordre

O (\/TdKeﬂ(ag + a@)> ,

ol K.g est un nombre effectif d’actions. Lorsque la structure latente est informative et que
L < K, on a Keg < K, ce qui conduit a une amélioration multiplicative par rapport a
Thompson Sampling standard. Sur le plan computationnel, la factorisation conditionnelle
réduit fortement les cotits mémoire et temps par rapport a une modélisation bayésienne
dense de toutes les actions. Les expériences montrent que les gains de meTS augmentent
avec la taille de I'espace d’actions, confirmant que le partage d’information est essentiel
pour l'exploration a grande échelle.

La seconde contribution en ligne est diffusion Thompson Sampling, ou dTS. Cette méth-
ode généralise meTS en remplacant la hiérarchie & un niveau par une hiérarchie profonde
inspirée des modeéles de diffusion. Les parameétres d’actions sont générés au terme d’une
chaine de variables latentes reliées par des transformations non linéaires pré-entrainées.
Cette structure permet de représenter des dépendances complexes entre actions, bien au-
dela des effets linéaires ou catégoriels. Le défi technique est que le postérieur exact devient
intraitable & cause des non-linéarités des fonctions de lien et du modéle de récompense.
La thése introduit donc une procédure d’inférence en ligne fondée sur des mises a jour
de type gaussien, oul les précisions postérieures combinent précision a priori et précision
issue des données, et ot les moyennes sont obtenues par combinaison pondérée entre les
prédictions du prior et les estimations de maximum de vraisemblance.

L’intérét de dTS est double. D’une part, 'algorithme exploite des priors riches appris
hors ligne, par exemple & partir de représentations d’items, pour accélérer I'exploration
en ligne. D’autre part, il conserve une structure de diffusion dans le postérieur, plutot
que de 'approximer par une simple gaussienne globale. Dans le cadre linéaire-gaussien,
la thése établit une borne de regret bayésien de 1’ordre

et montre que la complexité peut étre rendue linéaire en L + K. Empiriquement, dTS
améliore les performances des méthodes de référence, y compris lorsque les priors de
diffusion sont imparfaits ou appris a partir de données limitées. Cette contribution montre
que les modéles génératifs profonds peuvent étre utilisés non seulement pour représenter
des actions, mais aussi pour structurer 'incertitude nécessaire a I’exploration.

La seconde partie de la these porte sur I'apprentissage hors politique dans les grands es-
paces d’actions. Les méthodes classiques se divisent principalement en méthodes directes,
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qui apprennent un modéle de récompense 7(x, a), et méthodes par importance sampling,
qui estiment directement la valeur d’une politique au moyen du ratio w(a | z)/m(a | ).
Les méthodes directes sont sensibles au biais de modéle et a la rareté des observations
par action. Les méthodes IPS sont non biaisées sous des hypothéses de support appro-
priées, mais leur variance peut exploser lorsque la politique cible attribue de la masse a
des actions peu probables sous la politique de logging. En outre, la thése montre que
les objectifs IPS induisent souvent des paysages non concaves, plats et riches en maxima
locaux lorsque ’espace d’actions est grand.

La premiére contribution hors politique est la structured Direct Method, ou sDM. Elle
transpose au cadre offline I'idée de structuration bayésienne introduite dans meTS. Au
lieu d’estimer indépendamment un paramétre par action, sDM couple les paramétres 6,
a travers un vecteur latent partagé ). Aprés observation du jeu de données journalisé,
I’algorithme calcule le postérieur de v, puis les postérieurs conditionnels des paramétres
d’actions. La récompense estimée pour chaque action est obtenue en intégrant I'incertitude
postérieure, et la politique apprise agit ensuite gloutonnement par rapport a cette récom-
pense moyenne postérieure.

L’analyse introduit une notion de sous-optimalité bayésienne adaptée au cadre hors poli-
tique. Elle montre que sDM atteint une convergence en O(1/4/n) sans imposer ’hypothése
de support uniforme complet mg(a | ) > v > 0 pour toutes les actions. La borne dépend
plutot de l'alignement entre la politique de logging et la politique optimale : plus les
actions optimales sont couvertes par les données, plus 'apprentissage est efficace. Cette
analyse révele également un phénoméne important : sous le critére bayésien considéré, les
politiques gloutonnes sont optimales et peuvent surpasser les politiques pessimistes, con-
trairement au cadre fréquentiste ol le pessimisme est souvent nécessaire pour se protéger
contre les pires cas. Les expériences confirment que sDM améliore les méthodes directes
standards, avec des gains croissants lorsque K augmente.

La contribution suivante remet en question une hypotheése centrale de 'apprentissage hors
politique : I'idée selon laquelle 'amélioration des estimateurs de valeur suffit & améliorer
I’apprentissage de politiques. La thése montre que, dans les grands espaces d’actions,
I'erreur d’optimisation peut dominer l'erreur d’estimation. Méme un estimateur statis-
tiquement sophistiqué peut conduire a une mauvaise politique si 'objectif qu’il induit est
difficile & optimiser. L’analyse des paysages d’optimisation montre que les objectifs fondés
sur des estimateurs peuvent présenter des plateaux ou les méthodes de gradient restent
bloquées pendant O(K) itérations, ainsi qu'un nombre exponentiel de maxima locaux en
fonction de K.

Pour comprendre ces échecs, la thése analyse les politiques oracle associées a différents
estimateurs, c’est-a-dire les politiques qui maximiseraient ces estimateurs avec une quan-
tité infinie de données. Cette analyse met en évidence que chaque estimateur impose un
biais inductif spécifique : IPS favorise les politiques proches du support de logging, tandis
que des méthodes clusterisées opérent au niveau de groupes d’actions. Ces observations
motivent des paramétrisations de politiques adaptées a 1'objectif, qui réduisent 1’espace
de recherche effectif de K & une taille beaucoup plus petite, comme la taille du support
de logging ou le nombre de clusters.

La conclusion principale de cette partie est toutefois plus radicale : il peut étre préférable
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d’abandonner 'estimation explicite de valeur pour optimiser directement des objectifs de
vraisemblance pondérée par la politique. La thése introduit les objectifs policy-weighted
log-likelihood, de la forme

. 1 &
Ug(’ﬂ') = E ZQ(RZ,’NQ(AZ | Xz)) 1Og7T(AZ | Xz);
i=1

ol ¢ est une fonction de pondération positive. Ces objectifs ne sont pas des estimateurs
de valeur, mais ils possédent des paysages d’optimisation bien plus favorables : pour des
politiques softmax linéaires, ils sont concaves, et deviennent fortement concaves avec régu-
larisation /5. Ils admettent donc un optimum global unique accessible par optimisation
stochastique standard. Les expériences a trés grande échelle, incluant des espaces allant
jusqu’a un million d’actions, montrent que ces objectifs simples et stables surpassent des
méthodes hors politique fondées sur des estimateurs de valeur plus complexes. Cette con-
tribution établit que, pour 'apprentissage de politiques dans les grands espaces d’actions,
I'optimisabilité de I'objectif est un critére aussi fondamental que sa précision statistique.

La derniére contribution principale de la thése améliore les méthodes IPS régularisées en
introduisant un pessimisme praticable et différentiable. Les ratios d’importance peuvent
étre tres grands, ce qui augmente fortement la variance. Pour y remédier, la thése étudie
des estimateurs par exponential smoothing, notamment

n

oy L (A | Xi)
VI = A x

i=1
et . 5
~ 1 m(A; | X,
VA(r) = _Z (M) R;.
n i1 WU(AZ' | Xz)
Ces estimateurs interpolent entre absence de régularisation et forte réduction de variance,
tout en restant différentiables et donc compatibles avec 'optimisation par gradient.

Pour apprendre de maniére stire avec ces estimateurs biaisés mais moins variables, la
these dérive une borne PAC-bayésienne bilatérale controlant I’écart entre la valeur vraie et
I'estimateur régularisé. Cette borne décompose 'erreur en plusieurs termes interprétables
. une divergence entre la politique apprise et la politique de logging, un biais da a la
régularisation des poids, et une variance résiduelle. Elle conduit a un objectif pessimiste
qui maximise une borne inférieure empirique de la valeur :

V*(mp) — pénalités de divergence — biais de régularisation — variance résiduelle.

L’intérét crucial de cette formulation est que tous les termes sont empiriques et dif-
férentiables. Contrairement & de nombreuses approches pessimistes dont les constantes
théoriques sont inexploitables en pratique, cet objectif peut étre optimisé a grande échelle
par ascension de gradient stochastique. La thése propose également un cadre PAC-
bayésien unifié couvrant plusieurs familles de régularisation des poids d’importance, comme
le clipping, 'exponential smoothing et 'implicit exploration. Ce cadre permet une com-
paraison cohérente de différentes formes de pessimisme et fournit des objectifs pratiques
pour l'apprentissage offline sécurisé.
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Enfin, la thése présente plusieurs contributions additionnelles liées aux thémes principaux.
Dans le cadre en ligne, les idées de structuration bayésienne sont étendues au probléme de
best-arm identification & budget fixé. L’algorithme PI-BAT utilise I'information a priori
pour répartir efficacement le budget d’exploration dans des bandits structurés. L’analyse
fournit des garanties bayésiennes dépendant du prior sur la probabilité d’erreur, et mon-
tre que des allocations non adaptatives bien informées peuvent surpasser des stratégies
adaptatives classiques. Dans le cadre hors politique, la thése contribue également au
développement du logarithmic smoothing, un estimateur pessimiste de la forme

Vi(m Zlog(lJr/\ ((A ||§))R>

Cet estimateur agit comme une alternative douce et différentiable au clipping, bénéficie
de garanties de concentration serrées, et permet d’obtenir des bornes de sous-optimalité
plus fines que les approches précédentes. Enfin, cette thése CIFRE maintient un lien con-
stant avec les systémes de recommandation industriels a grande échelle. Les applications
développées autour de la recommandation optimisant la récompense, de 1’évaluation of-
fline, de la simulation contrefactuelle et des modéles de recommandation par ardoise ont
fourni a la fois un terrain expérimental et une source de questions théoriques.

Dans son ensemble, cette thése défend une idée centrale : pour apprendre efficacement
dans de grands espaces d’actions, il ne suffit pas d’appliquer directement les algorithmes
classiques de bandits contextuels ou d’apprentissage hors politique. Il faut exploiter la
structure entre actions, controler explicitement l'incertitude et la couverture des données,
et concevoir des objectifs dont le paysage d’optimisation reste favorable a grande échelle.
Les contributions proposées répondent a ces exigences selon deux axes complémentaires.
En apprentissage en ligne, des modéles bayésiens hiérarchiques et diffusionnels permettent
de partager I'information entre actions et de réduire le regret. En apprentissage hors
politique, des méthodes directes structurées, des objectifs de vraisemblance pondérée et
des principes de pessimisme différentiable rendent ’apprentissage statistiquement robuste
et computationnellement réalisable. Ces résultats contribuent a rapprocher la théorie
des bandits contextuels des contraintes réelles des systémes interactifs modernes, ou les
décisions doivent étre prises parmi des catalogues massifs, a partir de signaux partiels,
bruités et parfois fortement biaisés.
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CHAPTER 1

Overview

1.1 Context and Scope

Interactive machine learning systems are a cornerstone of modern technology, optimizing
decision-making in applications ranging from recommender systems and financial markets
to robotics. These systems operate in a sequential loop: they process contextual informa-
tion, select an action from a wide range of possibilities, and receive feedback that depends
on both the context and the chosen action. A fundamental challenge in designing these
systems is the scale of the decision space; in many real-world settings, the number of
potential actions can be huge.

Consider recommender systems, where streaming platforms or e-commerce sites must se-
lect an item to present to a user. The context comprises rich data, such as user preferences
and history. The action is the selection of a specific item from a catalog containing thou-
sands or millions of options. The system’s objective is to learn a policy that maximizes
user engagement (the reward), measured by metrics such as watch time or clicks.

Similarly, in computational advertising, a platform selects which ad to display via real-time
bidding. The context includes user attributes and page details. The action is composite:
selecting an ad from a large inventory and determining a bid price. The feedback (reward)
arrives in stages, from winning the auction to subsequent user clicks or conversions. The
system must maximize advertiser value while adhering to budget constraints.

We model these interactive systems using the contextual bandit framework. This frame-
work captures the essential characteristics of interactive learning while maintaining the
tractability required for theoretical analysis and practical implementation.

1.1.1 Contextual Bandits

Figure 1.1a visualizes the interaction loop. The environment consists of a Context Gen-
erator and a Reward Generator, both of which are assumed to be fized but unknown to
the agent. At each round, the environment emits a context. The agent observes this con-
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Contextual bandit environment Contextual bandit environment at round ¢ € [T

Context Reward
@ Rt i p(. ‘ Xt’ At)

Ixaju0)

Context Action Reward
(a) Single interaction loop. (b) Graphical representation in round ¢ € [T].

Figure 1.1: Contextual bandit framework.

text and selects an action from a finite set'. Finally, the environment generates a scalar
reward based on the context-action pair. By repeating this loop, the agent accumulates
experience to refine its policy.

Formally, let X C R? denote the context space and A = [K] the finite action set. A
stochastic policy m : X — A(A) maps each context © € X to a probability distribution
7(- | ) over actions. The environment is specified by:

e A context distribution v over X’;
e A family of conditional reward distributions {p(- | z, @)}z a)cxxAa-

The expected reward function for any context-action pair (z,a) is defined as:

r(x,a) = Egep(|z,0) 1] (1.1)

The interaction unfolds over T rounds. In each round ¢ € [T7:
1. The environment draws a context X; ~ v and reveals it to the agent.
2. The agent selects an action A; ~ m(- | X;) according to its current policy 7.
3. The environment samples a reward R; ~ p(- | X;, A;) and returns it to the agent.

A graphical representation of this interaction in round ¢ € [T is visualized in Figure 1.1b.

1.1.2 Learning Paradigms

We address learning in this framework via two complementary paradigms: on-policy (on-
line) and off-policy (offline). With a slight abuse of terminology, we use learning loosely to
encompass the full agent behavior, including both reward estimation and action selection.

On-Policy (Online) Learning

In this setting, the agent updates its policy m; sequentially. Let H, = {(X,, A¢, Re) }o<t
denote the history available at the start of round ¢. The agent uses H; to construct

IThe action space can technically be infinite, but this thesis focuses on large finite action spaces.
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the policy m;. Following the interaction, the agent augments the history with the
new observation (X;, A;, R;) to form H;,; and repeats the process.

Performance is measured by the cumulative regret:

M’ﬂ

Xt,At* —T(Xt,At)) (1-2)

t=1

where A; . = arg maxge 4 7(X4, a) is the optimal action in round ¢. While minimizing
regret is equivalent to maximizing cumulative reward, the literature prioritizes re-
gret as it normalizes performance against the optimal oracle, facilitating theoretical
comparisons across environments.

The agent faces the exploration-exploitation dilemma: it must balance exploration
of poorly understood actions with exploitation of actions believed to yield high
rewards. Feedback is partial (only the reward for the chosen action is observed) and
noisy, and exploration may be constrained by safety or budget requirements.

Remark 1 (Beyond regret minimization). While this thesis focuses on regret min-
imization, other objectives exist, most notably Best-Arm Identification (BAI). BAI
atms to identify the optimal action rather than mazimize cumulative reward. This
is important for applications like A/B testing and clinical trials. Although we focus
on regret, our core modeling contributions for scaling Thompson sampling extend
to the BAI setting, as demonstrated in our related work (Nguyen et al., 2025) (not
included in this manuscript).

Off-Policy (Offline) Learning

In this setting, the agent learns a policy 7 from a static logged dataset D, =
{(Xi, Ai, R;) I, collected by a logging policy my as X; ~ v, A; ~ mo(- | X;) and
R; ~ p(- | Xl,Az). No additional interactions with the environment are allowed.
The objective is to find a policy maximizing the expected value:

V(7)) = ExcuEamnx)[r(X, A)]. (1.3)
Performance is measured by the suboptimality gap of the learned policy 7:
so(m) =V (m,) — V(n), (1.4)

where 7, = argmax, . V (7) is the unknown optimal policy in a class of policies II.

Since the agent learns solely from data generated by m, it must perform counterfac-
tual reasoning. This introduces several challenges. First, support mismatch occurs
when specific actions are rarely or never selected by 7y in certain regions of the
context space; consequently, the dataset provides little to no information about the
rewards in these regions. Second, re-weighting instability arises since standard tech-
niques, such as inverse propensity scoring (importance sampling), re-weight logged
samples using the density ratio 7(a | x)/mo(a | ). When my(a | ) is small, this ratio
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can explode, leading to high-variance estimates. Third, high bias can affect methods
that rely on parametric models to estimate the reward. Extrapolating rewards for
unobserved context-action pairs introduces errors if the model is misspecified.

The difficulties in both paradigms are amplified when the action space is large (K in the
thousands or millions). In on-policy settings, independent exploration of every action
becomes infeasible, yielding high regret. In off-policy settings, data sparsity worsens:
reward models risk significant extrapolation error, and importance weights suffer from
extreme variance as the probability of observing any specific action vanishes. Developing
methods that scale gracefully (both statistically and computationally) with the size of the
action space is the central theme of this thesis.

1.2 Background

Most on-policy and off-policy learning algorithms? are fundamentally constructed from
two core components: reward estimation, which approximates the expected reward func-
tion r(z,a) for any context-action pair from data, and decision-making, which leverages
these estimates and their associated uncertainty to select actions.

1.2.1 Reward Estimation

The central task in reward estimation is to learn an approximate function 7(x, a) that esti-
mates the true expected reward r(z, a) defined in Equation (1.1). This function is trained
on a dataset, denoted by DATA, whose structure depends on the learning paradigm:

On-policy data. The agent collects data sequentially. The dataset at round t is the
history of interaction up to round t:

DATA = H, = {(X;, A, R;) Y21 (1.5)

Off-policy data. The agent learns from a static dataset logged by a logging policy m:

=1

We denote the learned model as 7(z,a) = r(x, q; é), where 0 are parameters obtained via
a statistical objective. Common approaches include:

Maximum Likelihood Estimation (MLE)

MLE seeks parameters 6 that maximize the probability of observing the collected
rewards. The objective is:

O = arg max >, log p(R; | Xi, A3 0).
(Xi,A:,Ri)€DATA

For Gaussian rewards p(- | z,a;0) = N(r(z,a;0),0?), this simplifies to minimiz-
ing the sum of squared errors (ordinary least squares). For Bernoulli rewards, it
corresponds to minimizing binary cross-entropy (e.g., logistic regression).

2Recall that we use learning loosely to encompass both reward estimation and action selection (Sec-
tion 1.1.2).
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Maximum A Posteriori (MAP)

MAP estimation incorporates a prior distribution pg(6) to regularize the objective:

Oniap = arg max Z logp(R; | X;, A;;0) +log po(6)

(Xi,Ai7Ri)6DATA

For example, combining a Gaussian likelihood with a zero-mean Gaussian prior
po(-) = N(0,\],) is equivalent to ridge regression ({5 regularization).

Full Bayesian Inference

Rather than a point estimate, Bayesian inference characterizes uncertainty by com-
puting the full posterior distribution p(# | DATA):

p(0 | Data) ocp(6)  []  p(Ri | Xi, Ais0).
(Xi,Ai,Ri)GDATA

This approach is powerful for guiding exploration. A common implementation as-
sumes conjugate Gaussian distributions: po(-) = N (o, X0) and p(- | z,a;6) =
N(r(z,a;0),0%). When r(z,a;0) is linear in 6 (Bayesian linear regression), the
posterior is Gaussian and analytically tractable. For non-linear models, posterior
approximation methods are required.

The functional form of the reward model, r(z,a;#), is an important design choice that
dictates the balance between computational tractability, data efficiency, and expressive
power. While numerous function classes exist, linear models remain a cornerstone of the
field due to their simplicity and strong theoretical guarantees. Even within this linear
family, there is an important distinction between joint and disjoint formulations.

The joint linear model defines r(z,a;0) = ¢(x,a)’ 0, sharing a single parameter § € R?
across all actions. While data-efficient, this approach relies on designing a feature map
¢(z, a) capable of capturing complex context-action interactions. Designing ¢(z, a) is very
hard in practice, and inadequate feature engineering leads to poor performance. This is
why in practice, it is often more common to adopt a disjoint linear model that learns
an independent parameter 6, € R? for each action, yielding r(z,a;6) = ¢(x)"6,. This is
common in recommender systems, where predictions are inner products of user and item
embeddings. This formulation is robust and avoids complex feature engineering. However,
its primary drawback is poor statistical scalability: while the computational overhead of
maintaining K independent embeddings can be addressed with sufficient compute, the
statistical challenge remains. This is because learning each embedding independently
requires substantial data per action, which becomes prohibitive as K grows.

Other non-linear models exist for capturing complex reward functions. Generalized linear
models (GLMs), for instance, employ a link function to model non-Gaussian rewards (e.g.,
logistic regression for binary outcomes: p(R = 1| z,a) = o(¢(x)"0,)). These models align
closely with the linear setting, and the algorithms proposed in this thesis are suitable for
them. A significant portion of this thesis focuses on scaling these disjoint reward models
to large action spaces.
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Remark 2 (Scope of parametric reward modeling). The reward estimation framework
presented above assumes parametric reward models r(x,a;0). This assumption underlies
Chapters 3, 4 and 6, where we develop structured parametric models that share information
across actions to improve statistical efficiency. The remaining two chapters (Chapters 7
and 8) take a slightly different approach: rather than explicitly estimating rewards, they
optimize policies directly using inverse propensity scoring and policy-weighted objectives,
thereby making them agnostic to the choice of reward model.

1.2.2 Decision-Making

We now turn to the second component: decision-making. This stage (often) relies on
the reward model 7 derived using the estimation techniques discussed previously. While
the difference in reward estimation between on-policy and off-policy settings is primarily
driven by how data is accumulated, the principles guiding action selection in these two
paradigms are fundamentally distinct.

Decision-Making in On-Policy Learning

Recall that in the on-policy setting, the agent must balance exploration and exploitation
to minimize regret. The two dominant paradigms are Upper Confidence Bound (UCB)
and Thompson Sampling (TS).

Upper Confidence Bound (UCB)

UCB drives exploration via a bonus term added to the reward estimate, selecting:

A = arg max (7(X%, a) + bonus;( Xy, a)) .
ac

For linear models (e.g., LinUCB), the bonus scales with \/gb(x)TV;_algb(a:), where V,

is the design matrix for action a, encouraging the selection of less-certain actions.
Thompson Sampling (TS)

TS (or posterior sampling) implements randomized exploration. The agent samples
a reward function 7; from the posterior and acts greedily with respect to it:

A, = arg meacft(Xt,a), where 7(z,a) = r(x,a;0;), 0, ~ p(0 | Hy).
ac

Exploration is implicit: high posterior uncertainty yields diverse samples 6;, lead-
ing to varied actions. As data accumulates, the posterior contracts, and behavior
naturally becomes exploitative?®.

In large action spaces, standard UCB and TS struggle. Treating actions independently
gathers information too slowly, leading to prohibitive regret. This necessitates structured
models that share information across actions.

3While we describe sampling parameters 6;, the general principle involves sampling from the posterior
predictive distribution of rewards.
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Decision-Making in Off-Policy Learning

Recall that the off-policy setting requires identifying an optimal policy from a static
dataset collected under a distinct logging policy. The two dominant philosophies for
tackling this are Greedy Policies and Pessimistic Policies.

Greedy Policies

Greedy methods select the policy 7 that maximizes a point estimate of value, V(W):

o = /(). L.

g = arg max V(m) (1.7)
We distinguish between two primary classes of estimators. The direct method (DM)
relies on the reward model 7 derived in the previous section. In contrast, inverse
propensity scoring (IPS) bypasses reward modeling to estimate the policy value
directly using importance weighting?:

R 1 <& .
VDM(TF) = E Z Z 7T(CL | XZ) T(Xh (l),
=1 acA
Vies(T) = = ————~ R,
e n i1 7T()(AZ' | Xz)
The optimization procedures for these objectives differ significantly. The policy
maximizing V;,(7) is simply the one that acts greedily with respect to the learned

reward model,
M (z) = arg rélezﬁ(r(x, a). (1.8)

For TIPS, the optimization is typically performed numerically over a class of param-
eterized policies my:
I

piPs — Vies(m9) - 1.9
fig® = argmax s(7p) (1.9)

Greedy policies are effective when the underlying estimator is accurate. Specifically,
when the reward model 7 is well-specified (for DM), or the importance weights have
low variance (for IPS). However, the arg max operator can amplify estimation errors,
leading to a policy that over-exploits optimistic model inaccuracies or high-variance
weight estimates.

Pessimistic Policies
Pessimistic methods mitigate error amplification by penalizing the objective with a

quantified uncertainty term:

TTp = arg max Vi(r) — pen(ﬂ)] . (1.10)

4Importance weighting allows IPS to be unbiased under the common support assumption (i.e.,
mo(alz) =0 = w(alz) =0)
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This principle applies to both DM and IPS as:

Pess-DM: aM(x) = arg max [f(x, a) — po,(x, a)} , (1.11)
ac
and
Pess-IPS: oo = arg max [VIPS(W@) — B&Ips(ﬂg)] . (1.12)

Here, &, captures the uncertainty of the reward model, while .5 captures the
uncertainty of the IPS estimator itself (e.g., its variance). The penalty term pen()
prevents the maximization operator from selecting overestimated policies. It also
regulates distributional shift by penalizing policies that place probability mass on
context-action pairs with low coverage under 7y (support mismatch).

Standard methods, whether relying on DM or IPS, and whether adopting greedy or pes-
simistic policies, face severe limitations in large action spaces. For DM, the prevailing
practice of modeling action parameters independently prevents information sharing, mak-
ing learning statistically inefficient. For IPS, the well-recognized issue is variance: impor-
tance weights can be large. However, we also demonstrate in this thesis that optimization
can be an even greater bottleneck in large action spaces. This is because standard IPS-
based objectives (whether Equation (1.9) or Equation (1.12)) induce highly non-concave
landscapes with flat plateaus that trap gradient-based optimizers. Finally, for pessimistic
methods, existing formulations often rely on intractable bounds that are incompatible with
modern stochastic optimization techniques. This thesis addresses these specific patholo-
gies: we introduce structured models for DM to enforce information sharing; we propose
new policy-weighted log-likelihood objectives that yield superior optimization landscapes
compared with IPS-based objectives; and we develop variance-reduced, tractable pes-
simistic objectives that are amenable to stochastic optimization at scale.

1.3 Contributions

Part I: On-Policy Learning in Large Action Spaces

In the on-policy setting, exploration strategies that adopt disjoint reward models® and
learn each action parameter independently gather information slowly, resulting in high
regret and failure to converge to an optimal policy within practical time horizons. Part I
addresses this challenge by scaling Thompson Sampling to large action spaces while re-
taining the disjoint reward model parameterization. Our primary contribution is the
introduction of structured Bayesian models with informative priors that share statistical
strength across actions, enabling efficient exploration without sacrificing the robustness
and flexibility of disjoint reward models.

5Recall that disjoint models offer greater flexibility and are widely used in industrial settings such
as large-scale recommender systems that use a separate embedding for each item, whereas joint reward
models require careful feature engineering and are not, to the best of our knowledge, widely deployed in
practical recommendation systems.
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(Chapter 3) Scaling Thompson Sampling with Mixed-Effects

We propose a hierarchical Bayesian framework that couples action parameters through
L shared latent effect parameters ¥ = (¢;)ser) € R*, where each effect 1 can rep-
resent, for example, a category of items:

v~ qo
0o | ¥~ poal-| W), Va € [K],
Rt | Hv\vataAt Np( | Xt;QAt)v Vt S [T] .

Upon this model, we build mized-effect Thompson sampling (meTS). meTS maintains
a posterior over effects ¢,(V) = p(V | H;) and K conditional posteriors over actions
Pra(0a | V) =p(0, | VU, Hy). Inround ¢t € [T], parameters are sampled hierarchically:

\Ijt ~ Qt() )
et,a ~ pt,a(' | \Ilt)7 Ya € [K] .
Actions are then selected via the standard TS rule: A, = argmax,e(x)7(Xy; 0r.q)-

We derive exact closed-form updates for linear models and tractable Laplace ap-
proximations for generalized linear models.

Theoretically, we establish a Bayesian regret bound in the linear-Gaussian case:

BR(T) = O (\/TdKeﬁ(ag + ag,)) ,

where o2 and o3, are the prior variances of the action and effect parameters, re-
spectively, and K¢ is the effective number of actions. When L < K, we have
Ko < K, yielding a multiplicative Bayesian regret improvement of /K /K¢ over
standard T'S. Computationally, meTS exploits the conditional independence of action
parameters given the latent effects, reducing memory complexity from O(K?2d?) to
O((L? + K)d?*) and runtime from O(K3d?) to O((L* + K)d*). Empirically, meTS
consistently outperforms baselines, with gains increasing with K.

AISTATS 2023 (Poster) - Aouali et al. (2023b):

e [. Aouali, B. Kveton, and S. Katariya. Mixed-effect Thompson sampling. In In-
ternational Conference on Artificial Intelligence and Statistics, pages 2087-2115.
PMLR, 2023b.

(Chapter 4) Scaling Thompson Sampling with Diffusion Models

This chapter extends the hierarchical framework of meTS by introducing diffusion
Thompson Sampling (dTS), which replaces the single-layer prior with a deep hier-
archy of latent variables governed by a diffusion model:

QZJL ~ N<07 2L-‘—l) )

wffl ’ W ~ N(fﬁ(ww?Ze)a VI e [L] \ {1}7
Oa | b1 ~ N (f1(11),21), Va € [K],
R |0, (we)qu],Xt,At ~p(- | Xe;04,), Vit e [T].
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The link functions f, are pre-trained non-linear transformations (e.g., neural net-
works), enabling rich representations of inter-action structure. As in meTS, ex-
ploration proceeds by sampling parameters top-down through the hierarchy and
selecting the reward-maximizing action.

The key technical challenge is that the exact posterior is intractable due to non-
linearities in both the reward and link functions. To enable fast online updates with-
out expensive MCMC, we derive a tractable inference procedure based on Gaussian-
like updates®. The resulting posterior preserves the diffusion structure: it remains
a hierarchy of conditional Gaussians, but with fine-tuned link functions and preci-
sions:

1 —1 A
Yo=Y + G
~— ——

prior precision  data precision

Fre(e) = it,eq( S () + Biga ) -

prior contribution  data contribution

Here, C_Jt,g_l and Bt,g_l are sufficient statistics propagated upward through the hi-
erarchy. As data accumulates, covariances contract and means shift from prior
toward MLE. Crucially, this formulation preserves the expressiveness of diffusion
models since the posterior is not a single Gaussian but a posterior diffusion model
that retains the generative structure of the prior.

Theoretically, we analyze dTS in the fully linear-Gaussian setting to gain analytical
insight, deriving a Bayes regret bound:

BR(T) = O

where 3, = 071, and K. < K is the effective number of actions. Computation-
ally, dTS exploits hierarchical conditional independence to reduce memory and time
complexity further from O(K?d?) and O(K3d?) to O((L+ K)d?) and O((L+ K)d?),
respectively: linear scaling in L that improves upon meTS. Empirically, dTS consis-
tently outperforms baselines by leveraging pre-trained diffusion priors, even when
these priors are imperfect or trained on limited data.

NeurIPS 2025 (Poster) - (Aouali, 2025, 2023):

e [. Aouali. Diffusion models meet contextual bandits. In The Thirty-ninth
Annual Conference on Neural Information Processing Systems, 2025.

e [. Aouali. Linear diffusion models meet contextual bandits with large action
spaces. In NeurIPS 2023 Foundation Models for Decision Making Workshop,
2023.

6By Gaussian-like updates, we mean that the posterior precision is the sum of prior and evidence
precisions, and the posterior mean is the precision-weighted combination of prior mean and maximum
likelihood estimate.
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Part 1I: Off-Policy Learning in Large Action Spaces

In the off-policy setting, both DM and IPS face severe limitations as the action space grows.
DM suffers from high model bias and statistical inefficiency due to sparse data coverage.
IPS exhibits high variance and potential bias due to insufficient support; moreover, as
we demonstrate in this thesis, optimizing IPS-based objectives becomes intractable in
large action spaces. Part II addresses these failure modes through three complementary
approaches.

(Chapter 6) Scaling Direct Methods with Latent Parameters

Standard DMs estimate independent d-dimensional parameters for each action,
which becomes statistically inefficient when actions are rarely observed. We intro-
duce the structured direct method (sDM), which couples action parameters through
a shared latent vector ¢ (analogous to Chapter 3):

Y~q,
ga | w Npa(';fa(¢))7

sDM computes the posterior over latent effects p(v | D,) and conditional posteriors
p(0, | ¥, D,). The marginal posterior p(, | D,) is obtained by integrating out ,
yielding the reward estimate 7(x,a) = E[r(x,a;0) | D,], which is used in a greedy
policy as:

fe(a ] x) =1{a = argrgleéfi(f(x,b)}.

To analyze performance, we introduce Bayesian suboptimality (BSO) and prove that
sDM achieves O(1/4/n) convergence. The result avoids the restrictive full support
assumption, which requires my(a | ) > v > 0 for all actions. Instead, the bound
depends on the alignment between the logging policy 7y and the optimal policy m,:
performance improves smoothly as coverage of optimal actions increases. We also
prove that under BSO, greedy policies are optimal and outperform pessimistic ones.
This contrasts with the frequentist setting, where pessimism hedges against worst-
case scenarios and is generally preferred. Experiments on synthetic and real-world
data confirm that sDM outperforms existing methods, with gains increasing with K.

AISTATS 2025 (Poster) - Aouali et al. (2025):

e [. Aouali, V.-E. Brunel, D. Rohde, and A. Korba. Bayesian off-policy evaluation
and learning for large action spaces. In International Conference on Artificial
Intelligence and Statistics, pages 136-144. PMLR, 2025.

(Chapter 7) Optimization Matters More Than Estimation

This chapter challenges a common paradigm in off-policy learning. The field has
traditionally focused on developing sophisticated value estimators with improved
statistical properties, assuming that maximizing a more accurate estimator yields
a better policy. We demonstrate that this emphasis is misplaced in large action
spaces, where optimization error dominates estimation error, making even advanced
estimators ineffective for policy learning.
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Our key insight is that estimator-based objectives, despite their statistical appeal,
induce highly non-concave landscapes when paired with standard policy classes. We
show that gradient-based optimization can remain trapped in suboptimal plateaus
for O(K) iterations, and that the landscape contains exponentially many local max-
ima in K. These pathologies make global optimization intractable for large K.

To characterize these failures, we analyze the oracle policies of various estimators:
the policies that maximize the estimators with infinite data. This analysis reveals
that each estimator induces a distinct inductive bias. For instance, standard IPS
searches within the logging policy’s support, while cluster-based methods such as
MIPS (Saito and Joachims, 2022) operate at the cluster level. These insights moti-
vate objective-aware policy parametrizations: by aligning the policy parametrization
with the estimator’s bias, we reduce the effective search space from K to the signif-
icantly smaller logging support size ky or cluster count C', partially alleviating the
optimization challenges.

Ultimately, we advocate for a fundamental shift: abandoning value estimation in
favor of policy-weighted log-likelihood (PWLL) objectives:

A~

1 n
U,(7) = - > g(Ri mo(A; | Xi))logm(A; | Xi),
i=1

where ¢ is a positive weighting function. Although PWLL objectives are not value
estimators, we prove they are concave (and strongly concave with /5 regularization)
for linear softmax policies, while achieving oracle policies comparable to estimator-
based objectives. This guarantees efficient convergence to a unique global maximum,
while eliminating the optimization pathologies.

Large-scale experiments on datasets with up to one million actions validate this ap-
proach. Simple PWLL methods consistently outperform state-of-the-art estimator-
based objectives, with the performance gap widening as action spaces grow. More-
over, PWLL objectives exhibit remarkable robustness to optimization hyperparam-
eters, whereas estimator-based methods require careful tuning and often fail under
minor configuration changes.

CONSEQUENCES, RecSys 2025 (Poster) - Submitted to ICLR 2026 -
(Aouali and Sakhi, 2025):

e [. Aouali and O. Sakhi. Off-policy learning in large action spaces: Optimization
matters more than estimation. Under review at ICLR, 2026.

(Chapter 8) Principled Pessimism for Exponential Smoothing and Beyond

While sDM and PWLL offer alternative paradigms, this chapter improves the widely
used family of IPS-based methods by combining variance-reducing regularization
with principled pessimism for safe policy learning.

The variance of IPS scales with importance weights, which can explode in large
action spaces. To control this, we introduce differentiable exponential smoothing
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(ES) estimators that regularize these weights:

~ o 1 u 7TAZ‘ Xz
IPS-a: \% (71') = —Zﬁ}%@,

n
i=1
- 1 o Al X))\

These estimators smoothly trade variance for bias while preserving differentiability.

To learn safely with these regularized estimators, we derive a two-sided PAC-Bayes
generalization bound that will be used in a pessimistic objective:

~ KL; (0,0 KLy (6,0 A o
Vim) ~ Votmo)| < ) ey K2OR) A ey
Regularization bias Remaining variance

where KL; » measure divergence between the current policy 7y and the logging policy
Ta,, BY captures the regularization bias, and Var;, captures the remaining variance.
The exact expressions of these quantities are given in Chapter 8. The pessimistic
learning objective maximizes the lower bound as:

A KL1 (6, 00)

KLy (6,0 A
V(o) — K1a(0.5)
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This objective penalizes policies with high bias or variance, steering optimization
toward reliable regions. What is important for scalability is that all terms in the ob-
jective are empirical and differentiable, enabling end-to-end optimization via stan-
dard stochastic gradient ascent. This contrasts with prior pessimistic objectives
that relied on intractable theoretical constants or were incompatible with stochastic
optimization.

We further present a unified PAC-Bayes framework that generalizes this approach
to all importance-weight regularizers in the literature (clipping, ES, implicit explo-
ration), enabling fair comparison through a universal set of practical pessimistic
objectives. This work also laid the foundation for logarithmic smoothing (see Ad-
ditional Contributions below), which refines the analysis to achieve significantly
tighter bounds and sharp suboptimality guarantees.

ICML 2023 (Oral) - UAI 2024 (Poster) - (Aouali et al., 2023a, 2024)

e [. Aouali, V.-E. Brunel, D. Rohde, and A. Korba. Exponential smoothing
for off-policy learning. In Proceedings of the 40th International Conference on
Machine Learning, pages 984-1017. PMLR, 2023a.

e [. Aouali, V.-E. Brunel, D. Rohde, and A. Korba. Unified PAC-Bayesian study
of pessimism for offline policy learning with regularized importance sampling.
In Uncertainty in Artificial Intelligence, pages 88-109. PMLR, 2024.
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Additional Contributions

This section outlines additional research conducted during this thesis. While these con-
tributions are not included in the main manuscript, they correspond to published works
involving equal or significant contributions from the author.

On-Policy: Extension to Best-Arm Identification

We extend hierarchical and structured modeling from regret minimization to fixed-
budget best-arm identification (BAI), introducing prior-informed best-arm identifi-
cation (PI-BAI): a non-adaptive algorithm that leverages prior knowledge for effi-
cient budget allocation.

We provide a fully Bayesian analysis for structured settings (e.g., linear and hier-
archical bandits), departing from classical frequentist approaches. This yields the
first prior-dependent guarantees on Bayesian error probability in fixed-budget BAI.
PI-BAI is robust to prior misspecification and consistently outperforms baselines,
including adaptive strategies, challenging the prevailing assumption that adaptivity
is essential for fixed-budget exploration.

AISTATS 2025 (Poster) - (Nguyen et al., 2025):

e N. Nguyen, I. Aouali, A. Gyorgy, and C. Vernade. Prior-dependent allocations
for Bayesian fixed-budget best-arm identification in structured bandits. In
Proceedings of the 28th International Conference on Artificial Intelligence and
Statistics (AISTATS), 2025.

Off-Policy: Extension to Logarithmic Smoothing

We refine the theoretical framework for regularized IPS estimators from Chapter 8.
While the bounds developed there were useful for learning in practice, they can be
loose for suboptimality guarantees in certain cases. To address this, we derive a gen-
eral high-order moment concentration bound for regularized estimators and identify
the estimator that minimizes this bound. This analysis yields a novel pessimistic
estimator, logarithmic smoothing (LS):

M) = —Y log (1 4+ A\——= 2V R

Similar to ES, LS acts as a soft, differentiable alternative to clipping, concentrates
at a sub-Gaussian rate, and achieves finite variance without requiring bounded im-
portance weights. The resulting high-probability risk bound is provably tighter than
state-of-the-art alternatives, enabling sharp suboptimality guarantees.

NeurIPS 2024 (Spotlight) - (Sakhi et al., 2024):

e O. Sakhi, I. Aouali, P. Alquier, and N. Chopin. Logarithmic Smoothing for
Pessimistic Off-Policy Evaluation, Selection and Learning. In Advances in
Neural Information Processing Systems (NeurlPS), 2024.

Off-Policy: Applications to Large-Scale Recommender Systems
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This CIFRE thesis maintained a continuous feedback loop between theory and prac-
tice. Our work on large-scale industrial recommender systems served a dual purpose:
it provided a testing ground for the off-policy methods developed in this thesis, while
the real-world challenges encountered in these systems directly motivated the theo-
retical questions addressed in the main chapters. This resulted in several workshop
publications and tutorials shared with the community (Gilotte et al., 2025; Aouali
et al., 2022a,b,c, 2021).

e A. Gilotte, O. Sakhi, I. Aouali, and B. Heymann. Offline contextual bandit
with counterfactual sample identification. arXiv preprint arXiv:2509.10520,
2025.

e [. Aouali, A. Benhalloum, M. Bompaire, A. Ait Sidi Hammou, S. Ivanov, B.
Heymann, D. Rohde, O. Sakhi, F. Vasile, and M. Vono. Reward optimizing
recommendation using deep learning and fast maximum inner product search.
In proceedings of the 28th ACM SIGKDD conference on knowledge discovery
and data mining, pages 47724773, 2022a..

e [. Aouali, A. Benhalloum, M. Bompaire, B. Heymann, O. Jeunen, D. Rohde,
O. Sakhi, and F. Vasile. Offline evaluation of reward-optimizing recommender
systems: The case of simulation. arXw preprint arXiv:2209.08642, 2022b.

e [. Aouali, A. A. S. Hammou, O. Sakhi, D. Rohde, and F. Vasile. Probabilistic
rank and reward: A scalable model for slate recommendation. arXiv preprint
arXiw:2208.06263, 2022c.

e [. Aouali, S. Ivanov, M. Gartrell, D. Rohde, F. Vasile, V. Zaytsev, and D.
Legrand. Combining reward and rank signals for slate recommendation. arXiv
preprint arXiw:2107.12455, 2021.

1.4 Related Work

1.4.1 On-Policy Learning in Contextual Bandits

In the on-policy (online) setting (Slivkins, 2019; Lattimore and Szepesvari, 2019; Bubeck
et al., 2012; Li et al., 2010; Chu et al., 2011), the agent must balance choosing actions that
maximize current reward estimates (ezploitation) with exploring other actions to improve
these estimates (exploration). This trade-off is often addressed using upper confidence
bounds (UCBs) (Auer et al., 2002) or Thompson sampling (TS) (Thompson, 1933).

Upper confidence bound (UCB) algorithms handle the exploration-exploitation trade-off
by constructing high-probability confidence intervals around reward estimates and se-
lecting the action with the largest upper bound (Auer et al., 2002; Chu et al., 2011;
Abbasi-Yadkori et al., 2011; Dani et al., 2008). The intuition is optimism under un-
certainty: poorly explored actions have wide confidence intervals and thus large upper
bounds, which encourages exploration. Despite strong theoretical guarantees, UCB meth-
ods are often less practical than T'S due to sensitivity to confidence-parameter tuning and
lack of inherent randomization. Nevertheless, UCB remains a cornerstone of bandit the-
ory and continues to inspire new exploration strategies. Part I focuses on TS, but the
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hierarchical principles developed there naturally extend to UCB-based exploration.

Thompson sampling (TS) operates in a Bayesian framework: a prior and likelihood are
specified, the agent samples rewards from the posterior at each round, and then chooses
the action with the highest sampled reward. TS is randomized by construction, easy to
implement, and exhibits strong empirical performance in both simulated and real-world
problems (Russo and Van Roy, 2014; Chapelle and Li, 2012; Russo et al., 2018). It also
enjoys strong theoretical guarantees, including optimal or near-optimal regret in a variety
of models (Kaufmann et al., 2012; Agrawal and Goyal, 2013b; Korda et al., 2013; Russo
and Van Roy, 2014; Agrawal and Goyal, 2017; Abeille and Lazaric, 2017; Russo and
Van Roy, 2016; Lu and Van Roy, 2019). Part I advances TS by integrating informative
hierarchical priors that enable efficient learning in large action spaces.

Hierarchical Bayesian bandits (Bastani et al., 2019; Kveton et al., 2021; Basu et al., 2021;
Simchowitz et al., 2021; Wan et al., 2021; Hong et al., 2022b; Peleg et al., 2022; Wan
et al., 2022; Tomkins et al., 2021; Urteaga and Wiggins, 2018) apply TS to simple graph-
ical models in which action parameters are typically drawn from Gaussian distributions
centered at a small number of latent parameters. These works primarily address meta-
and multi-task learning in multi-armed bandits, transferring information across tasks or
arms. Our mixed-effect Thompson sampling (Chapter 3) extends this line of work by
introducing a hierarchical structure with multiple latent effect parameters in the contex-
tual bandit setting. It also provides Bayes regret bounds and computational guarantees
in the large action space regime. Our diffusion Thompson sampling (Chapter 4) further
generalizes these approaches by replacing simple Gaussian hierarchies with deep, non-
linear diffusion models that capture complex inter-action dependencies through flexible
link functions f,.

Approzimate Thompson sampling is a central challenge in Bayesian bandits because most
posteriors are intractable and require approximate inference. Prior work (Riquelme et al.,
2018; Chapelle and Li, 2012; Kveton et al., 2020) highlights the strong empirical perfor-
mance of approximate TS in complex models. For mixed-effect TS (Chapter 3), we exploit
the Gaussian structure of the hierarchy. We first apply a Laplace-like approximation to
the reward likelihood at the action level, obtaining a Gaussian pseudo-observation on
each parameter 6,. Because both the priors on latent effects and on action parameters
are Gaussian and the hierarchy is linear, these pseudo-observations can then be prop-
agated exactly in closed form through the hierarchy, yielding an approximate posterior
that preserves the original mixed-effect structure. For diffusion T'S (Chapter 4), the prior
hierarchy is defined by non-linear link functions f;, so Gaussian propagation is no longer
exact. To retain a hierarchical diffusion model, we make an additional approximation: at
each update we locally linearize the link-function updates. Combined with the Laplace-
like approximation on the likelihood, this yields a chain of conditional Gaussians with
updated means and precisions, i.e., a posterior diffusion model that preserves the prior
hierarchy while remaining computationally tractable.

Bandits with underlying structure are closely related to our setting, where we assume
structured relationships among actions. In latent bandits (Maillard and Mannor, 2014;
Hong et al., 2020), a single latent variable indexes multiple candidate models. In struc-
tured finite-armed bandits (Lattimore and Munos, 2014; Gupta et al., 2018), each action
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is linked to a known mean function parameterized by a common latent parameter that is
learned online. TS has also been applied to more complex structures such as graphical
and combinatorial bandits (Gopalan et al., 2014; Yu et al., 2020). However, these methods
do not simultaneously guarantee computational and statistical efficiency in large action
spaces. Meta- and multi-task learning with UCB-style methods also has a long history
(Azar et al., 2013; Gentile et al., 2014; Deshmukh et al., 2017; Cella et al., 2020; Hu et al.,
2021; Cella et al., 2022; Yang et al., 2020), but these works typically adopt a frequentist
perspective, analyze stronger notions of regret, and often yield conservative algorithms.
In contrast, our mixed-effect and diffusion TS algorithms are Bayesian, come with Bayes
regret guarantees, and are explicitly designed to exploit pre-learned structure to achieve
both statistical efficiency and scalable online inference.

Large action spaces. Our work directly addresses the challenge of learning with per-action
parameters 6, (disjoint reward models) rather than a single shared parameter 6 (joint re-
ward models). The disjoint formulation, while more expressive and widely used in practice,
faces severe scalability issues that we address through hierarchical structure. Our analysis
shows that both mixed-effect TS (Chapter 3) and diffusion TS (Chapter 4) achieve regret
bounds that scale with an effective number of actions K.g < K. The expression of K.g
depends however on K. Some prior works (Foster et al., 2020; Xu and Zeevi, 2020; Zhu
et al., 2022) propose bandit algorithms whose regret is independent of K. However, their
setting differs substantially from ours: they assume a reward function r(z,a) = ¢(x,a) "0
with a single shared parameter § € R? and a known mapping ¢, whereas we consider
r(x,a) = ¢(x)"0, (or simply r(z,a) = x'6,) with K separate d-dimensional action pa-
rameters. The dependence on K in our setting reflects the inherent complexity of learning
individual action parameters, which is the price paid for expressiveness. Obtaining a rich,
known mapping ¢ that captures complex context-action dependencies can be challenging
in practice, whereas our setting mirrors common scenarios such as recommender systems
where each product has its own embedding learned from data. Note that both algorithms
can be applied to the joint reward-model case; in that setting, our analysis would yield a
K-independent regret bound.

1.4.2 Off-Policy Learning in Contextual Bandits

The challenges of large action spaces extend beyond on-policy learning to the equally im-
portant off-policy setting (Li et al., 2011; Bottou et al., 2013; Swaminathan and Joachims,
2015a), where decisions must be made using historical data collected under different poli-
cies. This section surveys the off-policy contextual bandit literature and positions the
methods developed in Part II.

Off-policy learning fundamentally relies on off-policy evaluation, which estimates the value
of a target policy m using data collected under a logging policy my. Given logged data
D, = {(Xi, Ai, R) -, with A; ~ m(- | X;), off-policy evaluation secks to estimate
V(m) without deploying m. Off-policy learning then optimizes over a policy class using
this estimated value. Consequently, the prevailing paradigm is estimator-centric: first
design an estimator V(W) with good statistical properties, then maximize it. As we show
in Chapter 7, this estimate-then-optimize approach breaks down in large action spaces
because optimization error, rather than estimation error, becomes the bottleneck.
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Inverse propensity scoring (IPS) (Horvitz and Thompson, 1952; Dudik et al., 2012) cor-
rects for distribution shift via importance weights:

Vies(m) = — 5 — R
( ) n i1 7T()(AZ' I Xz)

While unbiased under the common support assumption, IPS suffers from extremely high
variance. It can also incur substantial bias when the logging policy has deficient support
(Sachdeva et al., 2020), especially in large action spaces where the logging policy can
only cover a small fraction of the actions. To mitigate variance, numerous importance-
weight regularization techniques have been proposed, such as weight clipping (Ionides,
2008; Bottou et al., 2013) and others (Su et al., 2020; Metelli et al., 2021; Gabbianelli
et al., 2024; Swaminathan and Joachims, 2015b; Gilotte et al., 2018). Chapter 8 introduces
differentiable exponential-smoothing (ES) estimators that smoothly trade bias for variance
and enable gradient-based optimization.

Direct methods (DM) (Jeunen and Goethals, 2021; Aouali et al., 2025) avoid importance
weighting by modeling the expected reward for any context—action pair and evaluating
policies using:

. 1 —
Vou(m) = — m(a | X;) (X, a).
(0) = 5 23 wla] X)X

DM is particularly attractive in large-scale recommender systems where IPS struggles due
to its high variance (Sakhi et al., 2020; Jeunen and Goethals, 2021; Aouali et al., 2022c).
However, standard implementations typically rely on a disjoint model that estimates
one parameter vector §, € R? per action. In large action spaces with sparse logging,
this leads to severe statistical inefficiency: many actions are rarely observed and thus
poorly estimated. Chapter 6 addresses this via the structured direct method (sDM), which
leverages hierarchical Bayesian modeling to share statistical strength across actions.

Direct methods (DM) (Jeunen and Goethals, 2021; Aouali et al., 2025) build a model of
the expected reward for any context—action pairs and evaluate policies using

Vo () = % SN rla | X0) (X ).

i=1 acA

DM is particularly attractive in large-scale recommender systems, where IPS struggles
(Sakhi et al., 2020; Jeunen and Goethals, 2021; Aouali et al., 2022¢). Standard imple-
mentations, however, typically use a disjoint model that estimates one parameter vector
0, per action. In large action spaces with sparse logging, this leads to severe statistical
inefficiency: many actions are rarely observed and thus poorly estimated. Chapter 6 intro-
duces the structured direct method (sDM), which addresses this limitation via hierarchical
Bayesian modeling.

Doubly robust (DR) estimators (Robins and Rotnitzky, 1995; Bang and Robins, 2005;
Dudik et al., 2011; Dudik et al., 2014; Farajtabar et al., 2018) combine DM and IPS to
achieve robustness:

VDR(T‘—) = VDM(T‘-) + %Z %(Rz - f(XZ-, Az))
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DR has become a default choice in many off-policy evaluation studies (Dudik et al., 2011;
Dudik et al., 2014; Farajtabar et al., 2018; Su et al., 2020). Both of our contributions in
Chapter 8 (regularized importance weights) and Chapter 6 (structured reward models)
can be used to enhance the components of DR.

Large-scale IPS wvariants. Importance-weight regularization alone is often insufficient
when the action space is very large. Structural assumptions can dramatically reduce
the variance. For instance, marginalized IPS (MIPS) (Saito and Joachims, 2022) clusters
actions via a mapping h(a) and works with cluster-level importance weights:

n

. 1S (A | X))
VMIPS(W) - E 2:: Wo(h(Al) | X@) Rz

This reduces variance by operating over a smaller cluster space instead of the full action
set. This dimensionality reduction principle has inspired numerous extensions (Peng et al.,
2023; Sachdeva et al., 2024; Cief et al., 2024; Taufiq et al., 2024; Saito et al., 2023). Our
sDM (Chapter 6) provides a complementary structural approach designed for DM instead
of IPS; it can be viewed as a Bayesian latent-structure counterpart to MIPS, replacing
hard clustering with soft probabilistic coupling.

Pessimistic off-policy learning. Maximizing a point estimator (IPS, DM, or DR) can be
unsafe when the estimator deviates from the true value. Pessimistic approaches instead
construct lower confidence bounds on V() and optimize those, following the principle of
pessimism in the face of uncertainty (Jin et al., 2021). Asymptotic and finite-sample lower
bounds have been developed for various estimators (Bottou et al., 2013; Kuzborskij et al.,
2021; Gabbianelli et al., 2024), providing worst-case guarantees on policy performance.
Many pessimistic learning methods are directly motivated by such bounds (Swaminathan
and Joachims, 2015a; London and Sandler, 2019; Kuzborskij et al., 2021; Aouali et al.,
2023a; Wang et al., 2023). For example, Swaminathan and Joachims (2015a) combine
empirical-Bernstein inequalities with clipped IPS, leading to variance-penalized learning
objectives.

Recently, the PAC-Bayesian paradigm (McAllester, 1998; Catoni, 2007; Alquier, 2021)
has been increasingly applied to off-policy learning, offering a flexible toolkit for deriving
data-dependent generalization bounds. London and Sandler (2019) introduced a scal-
able PAC-Bayesian perspective, which has been further developed by Flynn et al. (2023);
Sakhi et al. (2022); Aouali et al. (2023a, 2024); Gabbianelli et al. (2024) to yield tight,
directly optimizable bounds. Chapter 8 advances this direction by deriving a two-sided
PAC-Bayes bound for exponentially smoothed IPS estimators, resulting in a fully differ-
entiable pessimistic learning objective that jointly controls reward, bias, variance, and
divergence from the logging policy. Moreover, this framework generalizes to encompass
other estimators in the literature, establishing a unified set of principles for pessimistic
learning. While our subsequent work on logarithmic smoothing (LS) (Sakhi et al., 2024)
further tightens these guarantees, Chapter 8 lays the foundational theoretical groundwork
on which LS builds.

Optimization-centric learning. All methods above follow an estimator-centric philosophy:
find a good value estimator and maximize it. In large action spaces, these estimator-
based objectives typically induce highly non-concave landscapes with flat plateaus and
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many local maxima (Chapter 7), ensuring that optimization error dominates estima-
tion error. Chapter 7 proposes a paradigm shift toward optimization-centric off-policy
learning. Rather than insisting on high-quality estimators of the value, we advocate for
policy-weighted log-likelthood objectives whose optimization landscape is benign, ensuring
convergence to effective policies even in massive action spaces.
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Part 1

On-Policy Learning in Large Action
Spaces
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CHAPTER 2

Introduction to Part I

This first part of the thesis addresses the following fundamental question:

How can we design exploration-exploitation algorithms that remain both statistically
efficient and computationally feasible when the number of actions is large?

2.1 Setting and Background

In this part, we consider the on-policy (online) contextual bandit setting where an agent
interacts with an environment over 7" rounds. At each round ¢ € [T7]:

1. The agent observes a context X; € X C R? drawn from a distribution v;

2. The agent selects an action 4, € A = [K] based on the history H, = {(Xj, As, Rs) }'Z1;

s=1»

3. The agent receives a stochastic reward R; ~ p(- | X¢; 6, 4,).

Each action a € [K] is associated with an unknown true parameter 6, , € R%. The true
expected reward is given by r(z,a;0,) = r(z;0,,), where 0, = (0, ).ex] € R*? denotes
the concatenation of all true action parameters.

Throughout this part, we assume the reward distribution is a generalized linear model
(GLM) (McCullagh and Nelder, 1989). For any context x € X and action a € A,
p(- | ;0. ,) is an exponential-family distribution with mean g(¢(z)"6,.,), where g is the
mean function. This formulation recovers linear bandits (Auer, 2002) when p(- | x;0,,) =
N (- ¢(x) "0, 4, 0%) (with identity link g(u) = u), and logistic bandits (Filippi et al., 2010)
when p(- | z;0,,) = Ber(g(¢(z)"0.,)) with the sigmoid link g(u) = (1 + exp(—u))~".

We adopt a Bayesian perspective where the unknown true parameters 6, are assumed to
be drawn from a prior distribution py. Our objective is to minimize the Bayes regret:

BR(T) =E

i (T(XtaAt,*; 0.) — r(X¢, Ag; 9*))] ; (2.1)

t=1

where A, = argmax,c(x] r(Xy, a;0.) is the optimal action at round t. The expectation
is taken over the prior pg, the stochastic rewards, contexts, and the agent’s policy.
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2.1.1 Scalability Challenges

Standard Thompson sampling (TS) maintains a posterior distribution p(f | H;) over
the parameter space and sampling 6, ~ p(- | H;) at each round to select the action
Ay = arg maxX,e(x] (X4, a; 0;). However, when the number of actions K is large, there is
trade-off between statistical and computational efficiency:

Statistical inefficiency of disjoint priors. A common simplification is to learn each
action’s parameter 6, independently using a factorized prior po(8) = [1°_, Po.a(fa). While
this makes posterior updates computationally cheap, it prevents information sharing.
The agent must learn about every action from scratch, which is prohibitive in large action
spaces.

Computational intractability of joint priors. Conversely, modeling dependencies
via a full joint posterior over R** allows for information sharing but is computationally
intractable. Storing the covariance requires O(K?2d?) memory, and a single update requires
O(K3d?) time, making it intractable for online interaction.

2.2 Hierarchical Models

To address this dilemma, we propose a general hierarchical Bayesian framework where
action parameters are coupled through a set of latent parameters U = (y)ecir) € R,
with L <« K. The generative process is defined as:

U~ qo() (Prior over latent structure), (2.2)
0o | ¥ ~poal-| W), Va € [K] (Conditional prior per action), (2.3)
R | 0,9, X, Ay ~p(- | Xi304,), Vte[T] (Reward observation). (2.4)

Here, gy encodes global uncertainty, while py; specifies how individual actions deviate
from the shared structure. The resulting marginal prior po(f) naturally couples all action
parameters. The corresponding posterior preserves this hierarchy:

K

p<97\11 | Ht) :p(\lj ‘ Ht) Hp(‘ga | \IjaHt,a)- (25)

a=1

The latent posterior p(¥ | H,;) aggregates evidence from all actions, enabling global infor-
mation sharing, while the action posteriors p(6, | ¥, Hy,) allow for efficient sampling of
action parameters ¢, independently given W. Thompson sampling then proceeds by first
sampling the global structure ¥, then sampling action parameters 6, , conditioned on W¥,.

2.3 Roadmap of Part I

The following chapters present two concrete instantiations of this hierarchical framework.

Chapter 3: Mixed-Effects Thompson Sampling. We begin by investigating a lin-
ear instantiation of the hierarchy where each action parameter is modeled as a linear
combination of L shared effects, 6, | ¥ ~ N (ZeLzl ba e, X0.4), with known weights b, 4.
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We derive mized-effect Thompson sampling (meTS), an algorithm that exploits the con-
jugacy of linear-Gaussian models to perform exact, closed-form posterior updates. For
non-linear GLM rewards, we introduce a tractable Laplace approximation that we propa-
gate through the hierarchy. We provide theoretical guarantees showing that meTS achieves
a Bayes regret bound scaling with the effective number of actions K., < K.

Chapter 4: Diffusion Thompson Sampling. We then extend the framework to
support deep, non-linear hierarchical structures using diffusion models. In this setting,
the priors form a Markov chain of latent variables ¢, — --- — 1; — 6,, connected by
potentially non-linear link functions f; (e.g., neural networks) learned from offline data.
We propose diffusion Thompson sampling (dTS) and develop a posterior approximation
that updates the link functions and covariances to match observed data while preserving
the generative diffusion. This chapter demonstrates how to leverage powerful generative
priors for exploration while remaining computationally feasible for online deployment.
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CHAPTER 3

Scaling Thompson Sampling with
Mixed Effects
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This chapter begins with the fundamental observation that the expected rewards of actions
in real-world problems are often correlated. To model this phenomenon, we study a
structured mixed-effect bandit environment in which each action parameter depends on
one or more effect parameters that are shared across actions. Therefore, taking an action
teaches the agent about its effect parameters, thereby informing it about other actions
that share the same effect parameters. We present three motivating examples for this.

Movie recommendation. Here, we want to recommend a movie to a user with the
highest expected rating. User j and movie a are represented by vectors x; (context) and
0, (action parameter), respectively. The expected rating that user j gives to movie a is
x}@a. We assume that the vector z; is observed. Then the most natural idea is to learn
all 0, individually using standard bandit methods (Li et al., 2010; Chu et al., 2011). This
is statistically inefficient when the number of movies is high. Fortunately, the movies
could be organized into L categories and such information can be leveraged to explore
efficiently. We present three approaches (A), (B) and (C) that do this next.

(A) For each category ¢ € [L], a parameter v, is learned online using all interactions with
the movies in category ¢. The parameter 1), represents all the movies in category ¢ and is
used instead of their individual §,. Therefore, this approach has a high bias, as all movies
in the same category are assumed to have the same expected rating. This issue can be
addressed by a better model. (B) We model each movie parameter 6, as a random variable
centered in its category parameter 1),. Now movies in the same category no longer have
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the same expected rating due to the additional uncertainty. Both the category parameters
1y and movie parameters 6, are learned online. The former is learned using all interactions
with the movies in category ¢, while the latter is learned using all interactions with movie
a conditioned on 1),. The category parameter v, is learned using more data, which helps
to learn 6, more efficiently. This is a special case of our setting. (C) The shortcoming
of (B) is that each movie belongs to a single category, which is unrealistic. To address
this issue, we allow movies to belong to multiple categories and then proceed as in (B).
To connect with our terminology, the categories ¢ € [L] denote effects; their parameters
1y are the effect parameters; and the movie parameters 6, are the action parameters.

Ad placement: Here, the agent selects a list (or slate) of M items from a catalog of
L items with the objective of maximizing the click-through-rate. We assume that the
agent receives only binary bandit feedback indicating whether the user clicked one of the
items in the slate (Dimakopoulou et al., 2019; Rejwan and Mansour, 2020). Again, user j
and slate a are represented by z; (context) and 6, (action parameter), respectively. The
corresponding click-through-rate is g(a:jTGG), where ¢ is the sigmoid function. The set
of slates (of size K ~ LM) is exponentially large, which makes learning 6, individually
difficult. Fortunately, the slates are related through a much smaller set of items (of size
L). Therefore, slates containing common items can teach the agent about one another,
enabling efficient exploration.

Efficient exploration is achieved by decomposing slate a’s parameter as , = > teli] ba oo+
€,. Here 1, € R? is the parameter of item ¢ and bar € R is a mixing weight that captures
position biases. That is, b, = 0 if item ¢ is not in slate a, and b,/ is high if item ¢ is
ranked high in slate a. This captures the fact that the probability of a click on an item
is influenced by its position on the slate, and this bias can be estimated offline. Finally,
€, is a random noise that can incorporate uncertainty due to model misspecification, for
instance due to an estimation error of b,,. The benefit of this decomposition is that the
parameter of item ¢, ¢, is learned using all interactions with the slates with item ¢. The
slate parameter 6, is learned using all interactions with slate a conditioned on v,. This is
more statistically efficient than learning 6, individually, which only uses the interactions
with slate a.

Drug design: Here, the goal is to find the optimal drug design in clinical trials (Durand
et al., 2018). Subject j and drug a are represented by vectors x; and 6,, respectively,
and the expected efficacy of drug a for subject j is aszea. Again, the most natural idea
is to learn all drug parameters 6, individually. This leads to statistical inefficiency when
the number of candidate drugs is high. Fortunately, we can leverage the fact that drug
candidates in the same trial often share components to explore efficiently. Precisely, a drug
is a combination of multiple components, each with a specific dosage. Each component ¢
is represented by a parameter 1), and the drug parameter 6, is a known combination of
the component parameters 1), weighted by their dosage. That is, 0, = ZEG[L] ba, 00 + €q,
where b, ¢ is the dosage of component ¢ in drug a and ¢, is a random noise to incorporate
uncertainty due to model misspecification. The efficacy of each component has an effect
on the overall efficacy of the drug and is boosted by the dosage.

In all examples, we assume an underlying structure among the actions, that they are
affected by multiple effects. In some problems, it is known how the effect arises. For
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instance, in the drug design, the actions are the drugs and the effects are their components.
The mixing weight that relates an action (drug) to an effect (component) is the dosage
of that component in the drug. In other problems, it may not be apparent how the effect
arises and this has to be learned. We discuss this in detail in Section 3.1.3.

We make the following contributions. 1) We formalize a general mixed-effect bandit
framework represented by a two-level graphical model where each action is associated
with a d-dimensional parameter that depends on one or multiple effect parameters. 2) We
design mixed-effect Thompson sampling (meTS), which leverages this structure to be both
statistically and computationally tractable. We show that closed-form posteriors can be
derived for Gaussian instances and efficient approximations exist in more general cases.
3) We prove that the Bayes regret of meTS is bounded by a sum of two terms: one
is associated with learning the action parameters and the other quantifies the cost of
learning the effect parameters. Both terms reflect the structure of the environment and
the quality of priors. 4) We show empirically that meTS and its variants perform extremely
well, and are computationally efficient in both synthetic and real-world problems.

3.1 Setting

We consider the contextual bandit setting in Section 2.1. Each action a € A = [K] is
associated with an unknown d-dimensional action parameter 6, € R?. The correlations
between the action parameters arise because they are derived from L shared unknown d-
dimensional effect parameters, 1, € R for £ € [L]. Specifically, we assume that the action
parameter 6, is sampled from the action prior distribution po, as 6, | ¥ ~ poa(- | V),
where W = (y)ecir) € R is a concatenation of the effect parameters. The distribution
Do, can capture sparsity, when 6, depends only on a subset of ¥; and also incorporate
uncertainty due to model misspecification, when 6, is not a deterministic function of V.
Finally, the effect parameters ¥ are sampled from a joint effect prior qo, which is known
by the agent and represents its initial uncertainty about W. In summary, all variables in
our environment are generated as

\Iqu(]v (31)
0o | ¥~ poa(-| V), Ya € A,
Rt |Xt7At797\IINp(' |Xt;914t)7 Vte [T]7

where p(- | x;0,) is the reward distribution of action a in context z, which only depends on
parameter 0, and the context x. The terminology of effect parameters arises from the fact
that v, affect the model parameters 6,, which in turn define R;. The effects are mixed
through the action prior py, and hence the name mizved-effect.

Our setting can be viewed as a two-level graphical model, where 1, ... 1 are parent
nodes and 6y, . .., 0k are child nodes (Figure 3.1). The structure is represented by missing
arrows from parent (effect parameters) to child (action parameters) nodes. A missing
arrow from parent 1, to child 6, means that action a is independent of the ¢-th effect.

Our model can capture all examples provided in the introduction of this chapter. For
instance, in movie recommendation, the categories ¢ € [L] and movies a € A would
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I:I Ay;: taken action
atround ¢ € [n]

Figure 3.1: Example of a graphical model induced by Equation (3.1).

be represented by the effect parameters 1, and action parameters 6,, respectively. The
weight b, ¢ is the relevance of movie a to category £.

Linearity in effects. A simple yet powerful assumption is that the action prior po, is
parametrized by a weighted sum of effect parameters

0a|\11~po,a(-\fjbam)7 Vae A,

/=1

where b, = (ba,¢)ecir) € RY are L known mizing weights for action a. The effect ¢ on
action a is determined by b,,. As an example, b,, = 0 when action a is independent
of effect ¢. This is an important special case of our setting, since additive models are
widely used in both theory and practice, as they often yield closed-form posteriors that
are computationally tractable. Next we present two instances of this setting, where pg ,
is a multivariate Gaussian with mean Zszl ba¢¢ and covariance X ,.

3.1.1 Mixed-Effect Linear Bandit

A natural joint effect prior gy for d-dimensional effect parameters v, is a multivariate
Gaussian with mean gy € R and covariance ¥y € R¥¥*24 The action prior Do, 1s @
Gaussian with mean 25:1 baobe € R? and covariance ¥, € R4

U~ N(pw, Sv) (3.2)
L
Oa | WNN(Z%,N/J@, Zo,a>, Va € A,
=1
Ry | X0, A 0,9 ~ N(X,[04,,0%), vt € [T,

where o2 > 0 is the variance of the observation noise.
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3.1.2 Mixed-Effect Generalized Linear Bandit

Here the effect and action parameters are generated as in Equation (3.2) but the reward
R; is sampled from a generalized linear model (GLM) (McCullagh and Nelder, 1989),
which is non-linear. In particular, p(- | X;;6,) is an exponential-family distribution with
mean g(X,"0,) and the whole model is

L
O |‘I’NN<Zba,£¢e, ZO,&)7 Va € A,
/=1
Rt |XtaAta9a\DNp(' |Xt;9At)7 Vte [T]

Let Ber(p) be a Bernoulli distribution with mean p. One particular choice of a GLM is
g(u) = 1/(1 + exp(—u)) and p(- | Xy;0) = Ber(g(X, 9)), which corresponds to a logistic
bandit (Filippi et al., 2010).

Remark 3. Note that in both settings, we use x'0 instead of ¢(x)"0 for some feature-
map ¢, but this is just for ease of exposition, and everything generalizes smoothly to when

using ¢.

3.1.3 Structure Learning

The structures in Equations (3.2) and (3.3) may be intrinsic in some problems, such as
drug design. When this is not the case, we propose the following approach to learning a
prozy structure. For any a € A, let éa represent an offline estimate of action parameter
0, (e.g., learned offline using interactions from previous bandit tasks). To learn, we fit
a Gaussian mixture model (GMM) (Reynolds et al., 2009) with L clusters to f,. Each
cluster ¢ € [L] is represented by its center p,;, € R? and covariance 3, € R¥?. These
correspond to the mean of the effect parameter ¢, and its uncertainty. The GMM also
outputs the probability that éa belongs to cluster ¢, for all combinations of a € A and
¢ € [L]. This probability is the mixing weight b, .

The proposed procedure is general and adaptable to a wide range of use cases. The
primary challenge lies in deriving the offline estimates f,. A straightforward approach
involves learning these parameters from historical data collected in previous bandit tasks.
Broadly, this can be formulated as an offline representation-learning problem (Tripura-
neni et al., 2021), for which numerous techniques exist. For instance, in our MovieLens
experiments (Section 3.4.2), we employ a low-rank factorization of the rating matrix to
obtain these estimates. A key strength of our approach is its flexibility; it integrates
seamlessly with standard offline learning tools, thereby taking a step toward bridging the
gap between offline and online learning.

3.2 Algorithm

We propose a Thompson sampling algorithm (Thompson, 1933; Russo and Van Roy,
2014; Scott, 2010), which is a natural Bayesian solution to our problem. The algorithm
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Algorithm 1 meTS: Mixed-Effect Thompson Sampling.
Input: Joint effect prior ¢y, action priors py .
Initialize ¢; <= qo and p1,. < po,
fort=1,...,T do
Sample U, ~ ¢
fora=1,...,K do

| Sample 8;4 ~ pro(- | Vy)
0 < (Qt,a)aeA
Ay < argmax,c 4 7(Xy, a; 6;)
Receive reward Ry ~ p(- | Xt; 0. 4,)
Compute new posteriors g1 and pyyq..

is based on hierarchical sampling (Lindley and Smith, 1972), which reflects the structure
in our model. Before we present it, we need to introduce additional notation. We denote
by H, = (X;, A, Ri)ie[t_l} the history of all interactions of the agent up to round ¢, by
Sta ={i €[t—1]: A; = a} the rounds where the agent takes action a up to round ¢, and
by Hi, = (X;, Ai, Ri)ies, . the corresponding history.

Our algorithm meTS is presented in Algorithm 1. Since effect parameters are shared across
actions, their posteriors exhibit dependencies. To handle this, we maintain two types of
posterior densities:

e A joint effect posterior ¢ (V) = p(¥ | H;) for all effect parameters ¥ in round ¢;

e An action posterior p; (0 | V) = p(0, | Hya, V) for each action a € A, conditioned
on the effect parameters.

meTS employs hierarchical sampling in each round t:
1. Sample effect parameters: W, ~ g;()
2. Sample action parameters: 0;, ~ p (- | V) for each a € A
3. Select action: A; = argmax,. 4 7(Xt, a; 0;) where 6; = (0:.4)aeA-

This hierarchical sampling scheme is equivalent to sampling from the exact marginal
posterior p(6, | H;). To see this, observe that marginalizing over ¥ yields:

p(6, | Hy) = / p(6a, ¥ | Hy) AV,
\\
= / p(@a \ \If,Ht)p(kII \ Ht) dv,
\\

- / Pralba | ¥) () AW . (3.4)
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3.2.1 Posterior Derivations

The posteriors are computed as follows. We first express the joint effect posterior ¢; as

a(0) « [ / LoalOa)poa (B | ¥)d6, (1), (3.5)

where L14(0a) = [1 (4 0.)em, . P(r | 2;0a) is the likelihood of all observations of action a up
to round ¢ given 6,. Next, for any action a € A, the action posterior p;, is expressed as

pt,a(ea | \I/) X 'Ct,a(ea)pO,a<0a | \II) . (36)

Dt,q 1s similarly sparse to pg,. Specifically, in any round ¢, p; , and pg, are parameterized
by the same subset of effect parameters U, since L, ,(6,) does not depend on V.

The joint effect posterior ¢; and action posteriors p;, have closed forms in Gaussian
models, which allows efficient sampling and theoretical analysis. Beyond these, MCMC
and variational inference can be used to approximate ¢; and p;,. Next we derive closed-
form posteriors for the mixed-effect model with linear rewards in Equation (3.2) and
provide an efficient approximation for the mixed-effect model with non-linear rewards in
Equation (3.3).

3.2.2 Mixed-Effect Linear Bandit
Let

Gra=0"> XX/, Bio=0") RX,. (3.7)

1€St,a 1€St.a

be the outer product of contexts corresponding to action a up to round ¢, and their sum
weighted by rewards, respectively. Both are scaled by the observation noise variance o2.
Using these quantities, the effect posterior is defined as follows.

Proposition 1. For any round t € [T], the joint effect posterior is a multivariate Gaus-
sian q; = N (fig, Xt), where

St =0+ baby ® (S5 — Soa(Gra+ Soh) S04 (3:8)
acA
fie = S0 (S5 e+ 30 ® (552 (Cra+ S02) " Bua))
acA

The effect posterior is additive in individual actions and each action contributes to the
effect posterior mean and covariance proportionally to b, ,, which is the mixture weight
for 0, in Equation (3.2). Proposition 1 is proved in Section A.2.1.

Now we present the action posterior.
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Proposition 2. For any round t € [T], action a € A, and effect parameters Wy, the
action posterior is a multivariate Gaussian pyq(- | Vi) = N(; fita, Xt.a), where

Sia = Sou + Gra, (3.9)

L
Iat,a = 2t,a, (E(Ii Z ba,€¢t,€ + Bt,a) .

/=1

The action posterior in Equation (3.9) is a standard multivariate Gaussian posterior whose
prior depends on ¥;, which is sampled by meTS. Proposition 2 is proved in Section A.2.2.

3.2.3 Mixed-Effect Generalized Linear Bandit

Closed-form posteriors are unavailable in this setting, so approximations are required. We
use a Laplace-style scheme that approximates the likelihood L;,(-) by a Gaussian, rather
than applying Laplace to the full posterior. This choice preserves a Gaussian form that
can be propagated analytically through the hierarchical updates.

Let py4" denote the MLE (see remark below for a discussion about the computation of
the MLE in practice), and let G4" be the Hessian' of —log Ly 4(-):

pyy = argmax log Ly(0.), Gy = Z g(XiT,uLAP) XiXiT.

t,a
0q .
i€St,a

We then approximate the likelihood (not the posterior) by

Lia(0a) oc exp(—5(0a — pi2") Gy (0 — 12") (3.10)

Substituting Equation (3.10) into Equation (3.5) yields
@(-) = N (-5 i, 2o),
where ji; and 3, are computed as in Proposition 1, except for the replacements

LAP LAP  LAP
Gt,a — G Bt,a — Gt,a :U’t,a .

t.a

Similarly, substituting Equation (3.10) into Equation (3.6) gives
Pra(- | 0) = N (5 i, Lra),

with
Gio +— G2 By, +— G;’;Pua’zp.

t,a

INote that we are assuming a generalized linear model where the log-likelihood of the data associated
with action a can be written as log L14(0a) = D i, . [RiX; 0, — A(X;"6,) + C(R;)] where C is a real-

valued function and A is twice continuously differentiable, with derivative A= g representing the mean
function.
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Although these expressions follow mechanically from substituting the Gaussian likelihood
approximation, the intuition is straightforward. The replacement Gy, « G} reflects

the curvature induced by the nonlinear mean function g, while B; , < G2" A" mirrors

the linear-Gaussian case, where the MLE éﬁ%E is characterized by the normal equations

LAP

Gt 0)2° = By 4, and its generalized-linear counterpart is py%".

Remark 4. The MLE py}" = argmax, cgalog Ly 4(0.) may be ill-posed. In practice, we
use a small ly-reqularized estimator: pfs" € argmaxy, cga log L44(0,)— 31643, where X > 0
to fix this.

LAP
t,a

3.2.4 Computational Complexity

The benefit of modeling the effect parameters is not immediately clear. Thus, it is tempt-
ing to marginalize them out, and only maintain a single joint posterior of all action pa-
rameters § € R 4. Posterior updates in this case would be complex and computationally
inefficient when K >> L, which is common in practice.

The main advantage of meTS is that the sampling of effect parameters ¥, ~ ¢; allows us to
use the conditional independence of actions given ¥, and model 6, | H; ., ¥, independently.
This is more computationally efficient than modeling the joint 6 | H; when K > L. To
see this, suppose that all posteriors are multivariate Gaussians (Section 3.2.2). In this
case, 0 | H; requires O(K?2d?) space, due to storing a Kd x Kd covariance matrix; while
meTS requires only O((L? + K)d?) space, due to storing the covariances of ¢; and p; .
Since the sampling relies on covariance inverses, the time complexity also improves. For
the joint posterior, it is O(K?3d?), while it is only O((L? + K)d®) for meTS.

One can also marginalize out the effect parameters ¥ and have K separate posteriors,
one for each action parameter #,. While this improves computational efficiency, it does
not model that the actions are correlated, since 6, | H:, is modeled instead of 6, | H;.
This leads to a statistical inefficiency due to the loss of information as the histories of
other actions H,, are discarded. We validate this through theory (Section 3.3.2) and
experiments (Section 3.4).

3.3 Analysis

This section is organized as follows. First, we state our regret bound. Then, we discuss
how it captures the structure of our problem. We use O for the big O notation up to
polylogarithmic factors.

3.3.1 Main Result

We analyze meTS in the linear setting in Section 3.1.1. Throughout, we assume that
the true action parameters and rewards are generated according to the same hierarchical
model used by meTS (Equation (3.2)), i.e., we operate in the fully well-specified setting.
For ease of exposition, we further assume the existence of constants og, oy, kK, > 0 such
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that
Yoa =031y forallac A, Yy = 05114, 1 X3 < K, forall t € [T).

The bound on || X;||2 is standard, and we relax the other two assumptions in Section A.3.

Theorem 1. For any § € (0,1), the Bayes regret of meTS in the mized-effect model in
Section 3.1.1 s bounded as

BR(T) < /2T (RA(T) + R=(T)) log(1/6) + ¢T'§ (3.11)

where ¢ = \/%st(ag + /‘ibU\QI,)K, Kp = MaXqeA ||ba||%>

Tk, o2 KpO2
RAT) = dKeylog (1 4+ —22) ¢, = ——20
@) & ( do? ) log (1 + —”32’3)
: Kryoy, kot (1+ 230
RE(T) = dLc,log (1 + —) Oy = 5

ﬁznba%

‘7(2)“‘7?_,1 : log (14 =257x)

The second term in Equation (3.11) is constant for = 1/7', in which case the above bound
is O(v/T). The main quantities of interest are R*(T) and R*(T), and they have natural
interpretations. R*(7T") corresponds to the action regression problem: with K parameters
of dimension d, prior width oy, maximum context length |/k,, and T observations with
noise 0. The dependence of R*(T") on these quantities is identical to a corresponding
linear bandit (Lu and Van Roy, 2019). On the other hand, R*(T") corresponds to the
effect regression problem: with L parameters of dimension d, prior width oy, maximum
mixing-weight length |/k;, and K actions that can be viewed as observations with noise
oo (Section 3.2.2). The dependence of R*(T") on these quantities mimics those in R*(7T)).

To simplify exposition, let xk, = k, = 0 = 1. Then

BR(T) =0 (\/Td(Ka§ + Lo, (1 + ag))> : (3.12)

This can be re-written as BR(T') = @<\/TdKeﬁc(a§ + 0\21,)), where Kog = %&W

is the effective number of actions. When L < K and o2 < 03, we have K < K,
yielding significant regret reduction over standard Thompson Sampling.

The dependence on 02 and 032, is natural: since Bayesian regret measures performance

under the prior, smaller prior variances correspond to more informative beliefs about
the true parameters, which makes learning easier and reduces regret. Conversely, larger
variances reflect greater prior uncertainty and increase the difficulty of identifying the
optimal action. The scaling with K, L, and d is also intuitive: fewer parameters to
estimate lead to lower regret. These trends are consistent with our empirical observations
in Section A.4.
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3.3.2 Benefits of Structure

Note that we do not provide a matching lower bound. To argue that our upper bound
reflects the intrinsic structure of the problem, we compare meTS to agents that either have
access to more information or exploit less structure. We start with the former. Consider
meTS with known effect parameters W. Setting oy = 0 in Equation (3.12) yields the

reduced regret
BR(T) = O(y/TdKa3),

which no longer depends on L. Likewise, consider meTS under a perfectly specified linear
model, in which 6, = > telr] ba et for all a € A. This corresponds to oy = 0, giving

BR(T) = O(y/TdLo2),

which is independent of K. In particular, the K-dependence in our regret bound arises
precisely from modeling the variability of action parameters around the effect parameters
via ¥y ,. Without it, the regret of sDM is independent of K

We now turn to an agent that neither knows W nor models it explicitly. This agent learns
only 6 (Section 3.2.4) by marginalizing out ¥ in Equation (3.2):

L
0(1 ~ N( Z ba,fﬂd)m zv](),a>7 Va € Aa
/=1

where 3o, = (02 + ||ba||202)1, is the marginal prior covariance and (#y, )ecir) is the prior
mean of the effects, so that pwy = (1y,)ecr) (Section 3.1.1). Importantly, marginalizing
out ¥ and treating each action parameter independently discards action correlations, even
though the true generative model induces correlations via the shared effects. This agent
therefore uses a less structured and less informative prior than meTS.

Using the definition of %y, and s, = max,e 4 ||ba]|2 = 1, the regret of this agent scales as
in Equation (3.12) with oy = 0, except that the maximum prior variance o3 is replaced
by o3 + o2, Hence,

BR(T) = O(\/TdK (o} + 03)).

When K > L (up to constants), this regret can be substantially larger than the bound
for meTS in Equation (3.12). The improvement is on the order of \/K/L in regimes
where the effects are far more uncertain than the actions, i.e., oy > 0y. For example,
in our ad-placement setting, L is the number of catalog items, while K ~ L™ is the
number of slates of size M. Thus K/L ~ L™~ with typical scales such as L ~ 10° and
M = 10. Our empirical results in Sections A.4 and 3.4.1 support this: meTS significantly
outperforms classical methods when the effect parameters are more uncertain than the
action parameters.

3.4 Experiments

We evaluate meTS on both synthetic and real-world problems. In each plot, we report
the average values and their standard errors. Additional experiments are conducted in
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Section A.4. The code is provided in this Github repository.

3.4.1 Synthetic Experiments

We start with two synthetic problems: the linear and logistic bandit settings in Equa-
tions (3.2) and (3.3), respectively. The effect prior is parameterized by pgy = 074 and
Yy = 3114, the action covariance is ¥y, = I; for all a € A, and the observation noise is
o = 1. We use this setting since modeling of the effect parameters is the most beneficial
when they are more uncertain than the action ones (Section 3.3.2). The context X is
sampled uniformly from [—1,1]%. We run 50 simulations and sample the mixing weights
bae from [—1,1] in each run.

We consider the following baselines. For the linear setting, we compare meTS-Lin (Sec-
tion 3.2.2), LinUCB (Abbasi-Yadkori et al., 2011), LinTS (Agrawal and Goyal, 2013a)
and HierTS (Hong et al., 2022b). For the logistic setting, we compare meTS-GLM (Sec-
tion 3.2.3), meTS-Lin (Section 3.2.2), UCB-GLM (Li et al., 2017), GLM-TS (Chapelle and
Li, 2012) and HierTS (Hong et al., 2022b). GLM-UCB (Filippi et al., 2010) is excluded be-
cause it exhibits very high regret. We also include variational mean-field approximations
of meTS (meTS-Lin-Fa and meTS-GLM-Fa), where the full Gaussian effect posterior ¢; is
approximated as (V) ~ [[7_, qr.¢(¢¢). This factorization enables sampling each 1, € R
independently and replaces operations on a full Ld x Ld covariance with blockwise up-
dates. This improves the time and space complexities of meTS by L? and L, respectively.

All baselines but HierTS ignore the structure. HierTS incorporates the structure similarly
to meTS-Lin but only has a single effect parameter with prior N (04, 31;), with the same
mean and covariance as the effect parameters of meTS. To compare fairly with LinTS
and GLM-TS, their marginal prior mean and covariance are chosen as 0,; and ioﬂ =
2o,0 + FQZ\I,FI, where I', = bI ® I4. This is to account for the uncertainty of the effect

parameters despite marginalizing them out.

In Figure 3.2, we plot the regret in both problems for 7" = 5000, K = 100, L = 3, and
d = 2 (higher values of K up to 100,000 are tested in our additional experiment in
Figure 3.3 below). meTS and its factored variant outperform all baselines that ignore the
structure or incorporate it partially. Moreover, meTS-GLM outperforms meTS-Lin in the
logistic bandit, which shows the benefit of the approximation in Section 3.2.3. This attests
to the generality and flexibility of meTS and the posterior derivations in Section 3.2. We
also show in Section A.4.1 that a higher K, L, or d leads to a higher regret due to learning
more parameters, which is captured by our regret bounds.
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Figure 3.2: Evaluation on synthetic problems.

In Figure 3.3, we examine how the final cumulative regret scales with the number of
actions K in the linear bandit setting, fixing L = 3 and d = 2. As K increases from 100
to 100,000, meTS-Lin consistently achieves substantially lower regret than LinTS, with
the gap widening as K grows. This demonstrates that meTS-Lin scales more favorably
with the action space size by leveraging the shared effect structure, which aligns with
our theoretical analysis. When K > L, this structural advantage becomes increasingly
pronounced.

Varying K, L=3, d=2
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Figure 3.3: Final cumulative regret as a function of the number of actions K in the linear
bandit setting with L = 3 and d = 2.

3.4.2 MovieLens Experiments

We study the problem of movie recommendation using the MovieLens 1M dataset (Lam
and Herlocker, 2016). This dataset contains one million ratings given by 6040 users to
3952 movies. We apply low-rank factorization to the rating matrix to obtain 5-dimensional
representations: z; € R® for user j € [6040] and 6, € R® for movie a € [3952]. We use
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the movies as actions and the context X, is sampled uniformly from user vectors z;. We
consider both linear and logistic rewards. Given a user z;, the linear reward for movie 6, is
sampled from N (x] 6, 0*) while the logistic reward is sampled from Ber(g(z; 6,)), where
g is the sigmoid function. We run 50 simulations with K = 100 randomly sampled movies
in each run. We compare meTS to most baselines in Section 3.4.1. We do not include
UCB-GLM and GLM-UCB because their regret is very high. In LinTS and GLM-TS, the prior
mean of action a is p and its covariance is 3y = diag(v) € R¥?, where y € R% and v € R?
are the mean and variance of the movie vectors along all dimensions, respectively.

The mixed-effect structure in Equations (3.2) and (3.3) is not available in this problem.
Therefore, we use the approach in Section 3.1.3 to learn it. More precisely, we cluster the
movies into L = 5 mixture components by training a GMM on the offline action vectors
0. (Section 3.1.3). Each cluster center corresponds to an effect parameter mean ., € R?
and the mixing weight b, , is the probability that movie a belongs to cluster ¢, as given
by the GMM. We set the effect prior covariance as Xy = 0.75 diag((io)gem) € RIdxLld

and the prior covariance of action a as g, = 0.25 f]o e R¥™4 where f]o is the same as
in both LinTS and GLM-TS. This means that the marginal covariance of action a in meTS
is 0.25 io 4+ 0.75 FCLZ\I,FZ, where I', = bI ® I4. Therefore, it is on the same order as iO,(z
when [|b,]|5 &~ 1, and meTS is parameterized comparably to LinTS and GLM-TS. At the
same time, we also model that the effect parameters are more uncertain than the action
ones, since ¥y, = 0.25 Yo while ¥¢ = 0.75 diag((flg)gem).

In Figure 3.4, we plot the regret for T" = 5000 rounds. We observe that meTS has the
lowest regret, even if the true rewards are not generated from a mixed-effect model. This
shows the robustness of meTS to model misspecification, which we further validate in
Section A.4.3. It also highlights the flexibility of our framework, where a proxy structure
is learned from offline data.

Linear bandit: K=100,L=5,d =5 Logistic bandit: K=100,L=5,d =5
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Figure 3.4: Evaluation on MovieLens problems.

3.5 Conclusion

In this chapter, we introduced a mixed-effect bandit framework based on a two-level
graphical model in which each action may depend on multiple underlying effects. This
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structure enables more efficient exploration, and we designed meTS to leverage it effectively.
When implemented as analyzed, meTS performs strongly on both synthetic and real-world
benchmarks. Although our presentation focused on the concrete models in Equations (3.2)
and (3.3), the underlying algorithmic ideas extend seamlessly to the general mixed-effect
model in Equation (3.1). The methodological and theoretical tools developed here lay the
groundwork for richer formulations, one of which we explore in detail in the next chapter.

Our work has several limitations. First, the regret analysis assumes a well-specified prior:
the true parameters must be generated from the same hierarchical model used by meTS.
While some experiments suggest robustness to misspecification, formal guarantees un-
der prior mismatch remain open. Second, closed-form posteriors are available only for
linear-Gaussian rewards; generalized linear models require Laplace approximations (Sec-
tion 3.2.3), which are not analyzed theoretically. Third, the mixed-effect structure must
be known or learned offline, adding an additional modeling step. Finally, meTS models
only two-level hierarchies; deeper latent structures, which may better capture complex
action correlations, require the diffusion-based approach developed in Chapter 4.
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CHAPTER 4

Scaling Thompson Sampling with

Diffusion Models
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In the previous chapter, we explored how action correlations can be captured using mixed-
effects models, in which actions share a set of effect parameters. This approach proved
effective when the underlying structure, such as categories in movie recommendation or
components in drug design, can be learned through clustering. However, real-world action
correlations might exhibit more complex patterns. Thus, this chapter presents an alter-
native approach inspired by the remarkable success of diffusion models in approximating
complex distributions (Sohl-Dickstein et al., 2015; Ho et al., 2020; Dhariwal and Nichol,
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2021; Rombach et al., 2022). Rather than explicitly modeling shared effects, we leverage
pre-trained diffusion models to capture the rich structure of action parameters and use
them as priors in contextual Thompson sampling.

We make the following contributions. 1) We introduce a framework for contextual ban-
dits with diffusion-derived priors and develop diffusion Thompson sampling (dTS), which
is both statistically efficient and computationally tractable. dTS enables fast posterior
updates and sampling via an efficient approximation inspired by exact Gaussian pos-
teriors. 2) Beyond applying pre-trained diffusion models to contextual bandits, a key
contribution is enabling efficient posterior computation and sampling for a d-dimensional
parameter 6 | D under a diffusion model prior, without updating the diffusion model
parameters (i.e., without backpropagating through the neural network). This is relevant
not only to bandits and RL but also to broader applications (Chung et al., 2022). Our
approximations are motivated by exact closed-form solutions available when the diffusion
model is fully linear; these solutions form the basis for our nonlinear approximations,
which achieve strong empirical performance while avoiding the computational burden of
standard approximate posterior sampling techniques.

4.1 Setting

We consider the contextual bandit setting in Section 2.1. Then, we define the prior
distribution using a diffusion model, with a set of L consecutive unknown latent parameters
Yy € R? for £ € [L]. Precisely, the action parameter §, depends on the 1-st latent
parameter ¢y, as 0, | Y1 ~ N(fi1(¢1),%1), where the link function f; and covariance %,
are known. Also, the ¢ — 1-th latent parameter ¢,_; depends on the /-th latent parameter
Yo as Yoy | e ~ N(fe(1he), Xe), where f, and X, are known. Finally, the L-th latent
parameter ¢, is sampled as ¥, ~ N(0,%X11), where X7, is known. We summarize this
model in Equation (4.1) below:

Y ~N(0,Er41), (4.1)
Veor | e ~ N (fe(¥e), 0) Ve e [L)/{1},
Ou | Y1 ~ N(f1(¥1), %1), Va e A,
Ry | 0, (Vo) ecrr), Xe, Ae ~ (- | Xi504,) , vVt e [T].

In practice, this model can be built by pre-training a diffusion model on offline estimates
of the action parameters 6,.

Remark 5 (Joint models). Our algorithm and analysis also apply to the case where
all actions share a single unknown parameter 0 € R Let ¢ : X x [K] — R? be a
known feature map, and assume the reward distribution mean is g (¢(:U,@)T9). Then,
the diffusion prior in Equation (4.1) specializes by replacing the per-action parameters
(0a)acii) with a single shared parameter 0:

Y~ N(0,2L41), (4.2)
Vo1 | Yo ~ N (fe(vbe), Ze) vie [L]\ {1},
0|1 ~ N (fi(ihr),%1),
Ry |0, (Ve)eeiry, Xo, A ~p (| 0(Xe, Ar)6) vt e [T].
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This formulation is useful when a shared feature map ¢ is available. In that case, the
diffusion model can be pre-trained on parameters {0s}5_, from previous tasks, and dTS
can then be applied to a new task S+1 using the pre-trained prior. To avoid clutter,
our main exposition focuses on the model in Equation (4.1), but all theoretical results
and algorithmic components extend naturally to this shared-parameter case, which we also
include in some experiments (explicitly noted when applicable).

4.2 Algorithm

We design a Thompson sampling algorithm that samples the latent and action parameters
hierarchically (Lindley and Smith, 1972). Let Hy = (X;, A;, R;)ict—1) denote the history
of all interactions up to round ¢, and let H;, = (X;, A;, R;){icjt—1);4,=a} De the history of
interactions with action a up to round ¢. To motivate our algorithm, we decompose the
posterior density p(6, | H;) recursively as

L
pl0a | Hy) = /w ol | H) [ oot e HOp(O0 | 61, Hi) s (43)

(=2

Hierarchical sampling. This decomposition induces the following sampling procedure.
First, draw a sample v , according to the posterior density p(¢;, | H;). Then, for each ¢ €
[L]\ {1}, draw /4, from the conditional posterior p(1y_1 | ¢r e, Ht). Finally, given )1,
draw each action parameter independently from p(6, | ¢+1, Hy o) (the 6, are conditionally
independent given ). This defines Algorithm 2, diffusion Thompson Sampling (dTS).

Posterior components via recursion. To implement dTS, we provide a recursive
scheme to express the required posteriors using known quantities. These expressions may
not always admit closed forms and often require approximation. The conditional action-
posterior can be written as

p(0a | 1, Hia) < [ p(Ri | Xi;60) N (6a; f1(41), 1), (4.4)

iESt,a

where S;, = {¢ € [t — 1] : Ay = a} is the set of rounds in which action a was selected.

Now, we characterize the conditional latent-posteriors. Before we do so, we make the
following notation clarification. With slight abuse of notation, p(H; | ¥,) denotes the
likelihood of the observations up to round ¢ given :

p(Hy | Ye) = p((Ri)ict | (Xi)ict, (Ai)ict, Vr)

With this notation in mind, for any ¢ € [L]\ {1}, the conditional latent-posterior is

P(Ve—1 | e, Hy) o< p(Hy | he—1) N (o—1; fe(2be), X)),

and the top-layer posterior is

p(r | Hy) o< p(Hy | ) N (4150, Xp4a).
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All terms above are known except the likelihoods p(H; | ¥,), which are computed recur-
sively. The recursion starts with

p(Ht | 2/11) = H/e [ H p(Ri ’ Xi;ea)] N(Qa; f1(1/11)721) db,, (4-5)

iESt,a

and for ¢ € [L]\ {1}, proceeds as

p(H, | ) = / P(H: | o) N (s foltbe), Se) dber. (4.6)

Ye—1

Algorithm 2 dTS: diffusion Thompson Sampling

Input: Prior components {f;, 3, }-%! and reward model p.
fort=1,...,T do
Draw 1 1, according to the posterior density p(¢y, | Hy)
for/=1L,...,2do
| Draw ¢y, according to p(ve—1 | ¥, Hy)
fora=1,...,K do
| Draw 6, , according to p(f, | V11, Hea)
Select action A; = argmax,¢ g r(X¢, a;0;), where 0, = (01.4)ac[k
| Observe reward R, ~ p(- | X¢; 04 4,) and update the posteriors.

All posterior expressions above use known quantities (fg, X¢, p(r | z;60)). However, these
expressions typically need to be approximated, except when the link functions f, are linear
and the reward distribution p(- | x; ) is linear-Gaussian, where closed-form solutions can
be obtained with careful derivations. These approximations are not trivial, and prior
studies often rely on computationally intensive approximate sampling algorithms. In
the following sections, we explain how we derive our efficient approximations which are
motivated by the closed-form solutions of linear instances.

4.2.1 Posterior Approximation

The reward distribution is parameterized as a generalized linear model (GLM) (McCullagh
and Nelder, 1989), which allows for non-linear rewards. In addition, the diffusion model
itself is highly non-linear due to the link functions f,. These two sources of non-linearity
make the posterior intractable, so we apply two layers of approximation: (i) a likelihood
approximation to linearize the reward model, and (ii) a diffusion approximation to handle
the non-linear hierarchy induced by the diffusion model prior.

(i) Likelihood approximation. We use an approach similar to the Laplace approxima-
tion, but instead of approximating the entire posterior, we approximate only the likelihood
by a Gaussian. Precisely, the reward distribution p(- | x;6,) belongs to the exponential
family with mean function g. Thus

I p(B: | Xi:60.) ~ N (0a; Bra. Grp). (4.7)

iest,a
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where ét,a is the maximum likelihood estimate and (A}w is the Hessian of the negative
log-likelihood:

Bio =argmax Y logp(Ri | Xi;6.),  Gra= Y §(X] Bra) X; X/, (4.8)

d
fa€R 1€St,a 1€St,a

and Sy, = {{ € [t — 1] : A, = a} is the set of rounds in which action a was selected. Of
course, Gy, might not be invertivle and thus we replace it by G, + 1072I; in practice.
Unlike Laplace, which fits a global Gaussian to the full posterior, this step linearizes only

the likelihood, thereby preserving the hierarchical diffusion structure of the prior.

(ii) Diffusion approximation. Plugging the Gaussian likelihood approximation (4.7)
into the posterior expressions p(6,, | 11, H; o) and p(1e_1 | ¥, H;) removes the non-linearity
of the reward model. However, the diffusion hierarchy remains non-linear through f,. To
handle this, we build on the closed-form posteriors of the linear diffusion case (where
fe(the) = Wythy; see Section B.1) and generalize them by replacing the linear terms W),
with their non-linear counterparts fy(1y). This substitution yields a posterior diffusion
model that retains the same hierarchical form as the prior but with data-dependent means
and covariances for the conditional Gaussians. Details on how we transition from the linear
to the general non-linear setting are provided in Sections B.1 and B.2. The resulting
approximate posteriors admit the following closed-form expressions.

Approximate action posterior. We approximate the conditional action posterior as

p(ea ’ wlyHt,a) ~ N(ea;,&t,aa 2A:t,a)7

where
—1 -1 A ~ S -1 A ®
Et,a == 21 + Gt,a ) Hta = Et,a( E1 fl <¢1) + Gt,aBt,a ) .
N~ ~—~ —— N——
prior precision data precision prior contribution data contribution

(4.9)

This posterior update has a clear interpretation. The posterior precision f]; Lis the sum
of the prior precision and the data precision. The posterior mean fi;, is the precision-
weighted average of the prior mean and the MLE Bt,a- As more data are observed, the
covariance shrinks and the mean moves from the prior mean f; () toward the MLE Betva.
When no data are available (G, = 0), the posterior reduces to the prior N'(f (1), £1);

in the limit of infinite data (G‘m — 00), the posterior collapses to the MLE B, ,, with
ﬂt,a — Bt,a and Zt,a — 0.

Approximate latent posteriors. For each ¢ € [L+ 1]\ {1}, we approximate the latent
posterior as

(W1 | Yo, Hy) = N (Vp-1; fieg—1, Sre-1),

with
—1 -1 e = 3 -1 D
Et,f—l = 2y + G, -1 = X1 ( X, fo(e) + By ) , (4.10)
~— N—— ——— ——
prior precision  data precision prior contribution  data contribution
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where, by convention, fr+1(¥r41) = 0 since the top layer ¢, has no parent ¢.1. The
quantities Gy and By, are computed recursively. The base recursion is

K K

Gt,l - Z (E;l - Zflit7a2f1), Bt,l - E;l Z it,aGAt,aBt,(m (411)
a=1 a=1
and for each ¢ € [L] \ {1},
Ge=%;"' =S85, Biy=3%,"S 1B 1. (4.12)

The latent posterior update in Equation (4.10) has the same structure as the action
posterior. The posterior precision 2; £1_1 is the sum of the prior and data precisions , and
the posterior mean is their precision-weighted combination. The data terms Gy, and
By 41 are computed recursively (Equations (4.11) and (4.12)), so information collected at
the action level propagates upward through the hierarchy.

Interpretation. The resulting approximate posterior remains a diffusion model whose
conditional Gaussians have updated, data-dependent means and covariances. The latent-
posterior means can be viewed as refined link functions:

Fro(e) = fieg 1 = S (37" fo(wbe) + Bro-1)

and ¥, ; represents their updated uncertainty. Both are updated with data: covariances
contract as uncertainty decreases, and means move from the prior toward the MLE. Unlike
a full Laplace approximation, this formulation preserves the expressiveness of the posterior
rather than replacing it globally with a single Gaussian, while also avoiding the heavy
computation required by other approximate inference methods.

4.2.2 Extension to Joint Reward Models

For the shared-parameter model in Remark 5, dTS’s posterior approximations are similar.
The action posterior is p(@ | ¥, Hy) ~ N (fis, X¢), where

S =274 Gy fit = it(2;1f1(¢1) + étBt)- (4.13)
where
B, = arggmnglogp (Ri | p(X;, A)"0), Gy = ZQ(¢(Xi, Ai) " By) ¢( Xy, A)p( X, Ay) T
€rR? Ty i<t

Similarly, for ¢ € [L + 1]\ {1}, the latent posterior is p(ve_1 | te, Hy) =~ N (fire—1, Se0-1),
where

S0 =57+ G, fito—1 = Seom1 (X7 fo(we) + Broo1) (4.14)

where, by convention, fry1(¥r41) = 0 and the quantities G;, and B;, are computed
recursively as

Base case: G =% — El’lfltZl’l, By = El’lflté’tét. (4.15)
Recursive case: Gio = Ee_l — Ezlit’g_lEzl, By = Ezliw_lBt,g_l. (4.16)
Again, this shared-parameter variant of dTS is presented for completeness and to illustrate
the generality of our posterior derivations; the main focus of the chapter remains on the

per-action disjoint formulation in Equation (4.1). Unless stated otherwise, all theoretical
results and experiments use the main version of dTS described in Algorithm 2.
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4.3 Analysis

In this section, we present an informal Bayes regret analysis of dTS to build intuition
around dTS’s Bayesian regret scaling with problem parameters d, K, L, etc. This anal-
ysis is informal for two reasons. First, we analyze a simplified linear-Gaussian setting
rather than the general nonlinear case on which we focus in this chapter: the reward
distribution is linear-Gaussian and each link function f,(1,) = Wy, is a known linear
mapping, inducing a hierarchy of L linear-Gaussian layers from the latent root to the
action parameters.

Second, we assume the model is well-specified (similar to Chapter 7): the true action
parameters are generated according to the diffusion prior used by dTS. Under these
assumptions, the posterior becomes exact, enabling an analysis analogous to that used in
Chapter 3. However, our recursive hierarchical structure introduces technical differences:
posteriors must be derived inductively using total covariance decompositions, and regret
bounds require tracking information flow across all latent layers. We emphasize that
this regret bound does not extend to the general nonlinear case studied in experiments;
it is included here solely to provide theoretical intuition under simplifying assumptions.
Formal statements and derivations are provided in Sections B.4 and B.5.

Bayes regret bound. The bound of dTS in this case is

L
BR(T) = @( T(dKo? +dy ag+1agax)) ,

(=1

2 ~
where 02, = maxye(11) 1+25. This can be re-written as BR(T) = O(\/TdKeﬂ‘ St o?),
2 L 2 20
where K.g = Kgﬁz’ﬁﬂﬁj L7x ig the effective number of actions. This dependence on the
=1 "¢
horizon T' aligns with prior Bayes regret bounds scaling with 7. However, the bound

comprises L + 1 main terms. First, one relates to action parameters learning, conforming
to a standard form (Lu and Van Roy, 2019), while the L remaining terms are associated
with learning each of the latent parameters.

Sparsity refinement. If each mixing matrix exhibits column sparsity, that, W, =
(Wy,04,4—q,) with dy < d active columns, then the bound becomes

L
BR(T) = o( T(dKo? +Y dgag+lagax)) .
/=1

Hence, informative, sparse priors can cut the cost of learning deep latent chains down
from d to d,. As in Chapter 3, a less informative prior (such as high variance) leads
to a more challenging problem and thus a higher bound. Therefore, smaller values of
K, L, d, d, translate to fewer parameters to learn, leading to lower regret. The regret
also decreases when the initial variances o7 decrease. These dependencies are common in
Bayesian analysis, and empirical results match them.

Dependence on K. The reader may question why our bound depends on K. This depen-
dence arises from two modeling choices. First, we study the disjoint (per-action) setting
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r(z,a;0) = x"6,, where 8 = (0,)acix) € R, requiring the learning of Kd parameters.
Second, we model the relationship between 6, and 1, stochastically as N (W4, 0314) to
accommodate potential nonlinearity. While this choice confers robustness to model mis-
specification, it introduces additional uncertainty and requires learning both the action
parameters ¢, and the latent parameters v, resulting in a bound that depends on both
K and L.

Despite this dependence, dTS enjoys two key advantages. First, the regret scales with
Ko7 rather than K ), 07, which is particularly beneficial when oy is small, as is often
the case with diffusion model priors. Second, thanks to informative priors, our bound
has significantly smaller constants compared to both the Bayesian and frequentist regret
bounds for LinTS. We demonstrate this empirically in Section B.6.5 and provide a the-
oretical comparison in Section 4.3.1. Both analyses confirm that dTS’s advantage over
LinTS increases as the action space grows.

Can regret be independent of K7 Prior works (Foster et al., 2020; Xu and Zeevi, 2020;
Zhu et al., 2022) have proposed bandit algorithms whose regret does not scale with K.
However, these results apply to the shared-parameter setting r(z, a; 0) = ¢(z,a)" 0, where
only a single d-dimensional parameter must be learned, but this formulation requires
access to a suitable feature map ¢. dTS is compatible with this setting (Section 4.2.2), in
which case its regret would indeed be independent of K. Alternatively, even in the disjoint
per-action case considered in this chapter, setting o; = 0 would yield a K-independent
regret bound. However, we believe this assumption is unrealistic in practice and would
compromise the robustness of dTS to model misspecification.

4.3.1 Benefits

Computational benefits. Action correlations prompt an intuitive approach: marginal-
ize all latent parameters and maintain a joint posterior of (6,)acix] | Hy. Unfortunately,
this is computationally inefficient for large action spaces. To illustrate, suppose that all
posteriors are multivariate Gaussians. Then maintaining the joint posterior (0,)q.cix] | He
necessitates converting and storing its d/ X dK-dimensional covariance matrix, leading
to O(K3d?®) and O(K?d?) time and space complexities. In contrast, the time and space
complexities of dTS are O((L + K)d®*) and O((L + K)d?). This is because dTS requires
converting and storing L + K covariance matrices, each being d x d-dimensional. The
improvement is huge when K > L, which is common in practice. Certainly, a more
straightforward way to enhance computational efficiency is to discard latent parameters
and maintain K individual posteriors, each relating to an action parameter 6, € RY
(LinTS). This improves time and space complexity to O(Kd®*) and O(Kd?). However,
LinTS maintains independent posteriors and fails to capture the correlations among ac-
tions; it only models 6, | H;, rather than 6, | H; as done by dTS. Consequently, LinTS
incurs higher regret due to the information loss caused by unused interactions of similar
actions. Our regret bound and empirical results reflect this aspect.

Statistical benefits. We argue that our bound reflects the overall structure of the
problem by comparing dTS to algorithms that only partially use the structure or do not
use it at all as follows. Precisely, when the link functions are linear, we can transform
the diffusion prior into a Bayesian linear model (LinTS) by marginalizing out the latent
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parameters; in which case the prior on action parameters becomes 6, ~ N (0, ), with
the 6, being not necessarily independent, and > is the marginal initial covariance of
action parameters and it writes ¥ = 021, + S5, o7.1BB, with B, = [1_, Wi. Then,
it is tempting to directly apply LinTS to solve our problem. This approach will induce
higher regret because the additional uncertainty of the latent parameters is accounted
for in X despite integrating them. This causes the marginal action uncertainty > to be
much higher than the conditional action uncertainty oil,, since we have ¥ = o7l +
ZZLZI o? +1BgBZ = 01l;. This discrepancy leads to higher regret, especially when K is
large. This is due to LinTS needing to learn K independent d-dimensional parameters,
each with a considerably higher initial covariance Y. This is also reflected by our regret
bound. To simply comparisons, suppose that o > maxye1j0¢ so that o2, < 2. Then
the regret bounds of dTS (where we bound o2, by 2¢) and LinTS read

MAX

L L
a1s: O(\|T(dK o} + Y do?,(29)),  LinTS: O(,|TdK (o3 + Y 02,)).

/=1 /=1

Then regret improvements are captured by the variances o, and the sparsity dimensions
dy, and we proceed to illustrate this through the following scenarios.

(I) Decreasing variances. Assume that o, = 2° for any ¢ € [L + 1]. Then, the regrets
become

TS : O(,| T(dK + ) ded?))),  LinTS: O(\/TdK2"))

(=1

Now to see the order of gain, assume the problem is high-dimensional (d > 1), and set
L =log,(d) and dy = | &]. Then the regret of dTS becomes O(/nd(K + L))), and hence
the multiplicative factor 2 in LinTS is removed and replaced with a smaller additive
factor L.

(IT) Constant variances. Assume that o, = 1 for any ¢ € [L + 1]. Then, the regrets
become

d1S : O(,| T(dK + id,gzﬂ))) ,  LinTS: O(y/TdKL))

(=1

Similarly, let L = log,(d), and d; = | &]. Then dTS’s regret is (7)( Td(K + L)). Thus
the multiplicative factor L in LinTS is removed and replaced with the additive factor L.
By comparing this to (I), the gain with decreasing variances is greater than with constant
ones. In general, diffusion models use decreasing variances (Ho et al., 2020) and hence we
expect great gains in practice. All observed improvements in this section could become
even more pronounced when employing non-linear diffusion models. In our theory, we used
linear diffusion models, and yet we can already discern substantial differences. Moreover,
under non-linear diffusion Equation (4.1), the latent parameters cannot be analytically
marginalized, making LinTS with exact marginalization inapplicable.
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Figure 4.1: Regret of dTS with varying diffusion and reward models and varying parame-
ters d, K, L.

4.4 Experiments

Experimental setup. We evaluate dTS using both synthetic and MovieLens problems.
In our experiments, we run 50 random simulations and plot the average regret with stan-
dard error. Our main contribution is to demonstrate that pretraining a diffusion model
offline enables the construction of expressive and informative priors that substantially
improve exploration efficiency in contextual bandits. We first evaluate dTS in a setting
where the prior matches the true generative process (Section 4.4.1 to isolate the benefit
of informative priors), and then consider a misspecified regime (Section 4.4.2 and Sec-
tion B.6) where the prior is either trained on out-of-distribution data or intentionally
perturbed. These experiments show that even when the prior is imperfect, dTS maintains
strong performance: highlighting its robustness and practical relevance.

4.4.1 True Prior is a Diffusion Model

Synthetic bandit problems are generated from the diffusion model in Equation (4.1) with
both linear and non-linear rewards. Linear rewards follow p(- | z;60,) = N (z2'0,,1), while
non-linear rewards are binary from p(- | x;6,) = Ber(g(z'6,)), with g as the sigmoid
function. Covariances are 3, = I, and contexts X; are uniformly drawn from [—1,1]%.
We vary d € {5,20}, L € {2,4}, K € {10%10*}, and set the horizon to T = 5000,
considering both linear and non-linear models.

Linear diffusion. We consider Equation (4.1) with f,(¢) = W), where W, uniformly
drawn from [—1, 1], Sparsity is introduced by zeroing the last d; columns of W, as
W, = (W, 044-4,). For d =5 and L = 2, (di,dy) = (5,2); for d = 20 and L = 4,
(dy,ds,ds,dy) = (20, 10,5, 2).

Non-linear diffusion. We consider Equation (4.1) where f; are 2-layer neural networks
with random weights in [—1,1], ReLU activation, and hidden layers of size h = 20 for
d =15, and h = 60 for d = 20.
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Baselines. For linear rewards, we use LinUCB (Abbasi-Yadkori et al., 2011), LinTS
(Agrawal and Goyal, 2013a), and HierTS (Hong et al., 2022b), marginalizing out all
latent parameters except ¢y, which corresponds to HierTS-1 in Section B.3. For non-
linear rewards, we include UCB-GLM (Li et al., 2017) and GLM-TS (Chapelle and Li, 2012).
We exclude GLM-UCB (Filippi et al., 2010) due to high regret and HierTS as it’s designed
for linear rewards. We name dTS as dTS-dr, where d refers to diffusion type (L for linear,
N for non-linear) and r indicates reward type (L for linear, N for non-linear). For example,
dTS-LL signifies dTS in linear diffusion with linear rewards.

Results and interpretations. Results are shown in Figure 4.1 and we make the follow-
ing observations:

1) 4TS demonstrates superior performance (Figure 4.1). dTS consistently outper-
forms the baselines across all settings, including the four combinations of linear /non-linear
diffusion and reward (columns in Figure 4.1) and both bandit settings with varying K,
L, and d (rows in Figure 4.1).

2) Latent diffusion structure may be more important than the reward distri-
bution. When rewards are non-linear (second and fourth columns in Figure 4.1), we
include variants of dTS that use the correct diffusion prior but the wrong reward distribu-
tion, applying linear-Gaussian instead of logistic-Bernoulli (dTS-LL in the second column
and dTS-NL in the fourth). Despite the reward misspecification, these variants outperform
models using the correct reward distribution but ignoring the latent diffusion structure,
such as GLM-TS and UCB-GLM. This highlights the importance of accounting for latent
structure, which can be more critical than an accurate reward distribution.

3) Performance gap between dTS and LinTS widens as K increases (Figure 4.2a).
To show dTS’s improved scalability, we evaluate its performance with varying values of
K € [10,5 x 101, in the linear diffusion and rewards setting. Figure 4.2a shows the final
cumulative regret for varying K values for both dTS-LL and LinTS, revealing a widening
performance gap as K increases.

4) Regret scaling with K, d and L matches our theory (Figure 4.2b). We
assess the effect of the number of actions K, context dimension d, and diffusion depth
L on dTS’s regret. Using the linear diffusion and rewards setting, for which we have
derived a Bayes regret upper bound, we plot dTS-LL’s regret across varying values of
K € {10,100,500,1000}, d € {5,10,15,20}, and L € {2,4,5,6} in Figure 4.2b. As
predicted by our theory, the empirical regret increases with larger values of K, d, or L,
as these make the learning problem more challenging, leading to higher regret.

5) Diffusion prior misspecification (Figure 4.2c). Here, dTS’s diffusion prior pa-
rameters differ from the true diffusion prior. In the linear diffusion and reward setting, we
replace the true parameters W, and ¥, with misspecified ones, W, 4+ ¢; and X, + €5, where
¢; and €, are uniformly sampled from [v, v+0.5]9%4, with v controlling the misspecification
level. We vary v € {0.5,1,1.5} and assess dTS’s performance, comparing it to the well-
specified dTS-LL and the strongest baseline in this fully-linear setting, HierTS. As shown
in Figure 4.2¢, dTS’s performance decreases with increasing misspecification but remains
superior to the baseline, except at v = 1.5, where their performances are comparable.
Additional misspecification experiments are presented in Section 4.4.2, where the bandit
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environment is not sampled from a diffusion model.

4.4.2 True Prior is Not a Diffusion Model

Swiss roll data. Unlike previous experiments, the true action parameters are now sam-
pled from the Swiss roll distribution (see Figure B.1 in Section B.6.1), rather than from a
diffusion model. The diffusion model used by dTS is pre-trained on samples from this dis-
tribution, with the offline pre-training procedure described in Section B.6.2. Figure 4.3a
shows that larger sample sizes increase the performance gap between dTS and LinTS. More
samples improve the estimation of the diffusion prior (see Figure B.1 in Section B.6.1),
leading to better dTS performance. Notably, comparable performance was achieved with
as few as 10 samples, and dTS outperformed LinTS by a factor of 1.5 with just 50 sam-
ples. While more samples may be required for more complex problems, LinTS would also
struggle in such cases. Therefore, we expect these gains to be even more significant in
more challenging settings.

We studied the effect of the pre-trained diffusion model depth L and found that L = 40
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yields the best performance, with a drop beyond that point (Figure 4.3b). While our
theory doesn’t apply directly here, as it assumes a linear diffusion model, it still offers
some intuition on the decreased performance for L > 40. The theorem shows dTS’s regret
bound increases with L when the true distribution is a diffusion model. For small L,
the pre-trained model doesn’t fully capture the true distribution, making the theorem
inapplicable, but at L = 40, the distribution is nearly captured, and further increases in
L lead to higher regret, consistent with our theory.

MovieLens data. We also evaluate dTS using the standard MovieLens (Lam and Her-
locker, 2016) setting. In this semi-synthetic experiment, a user is sampled from the rating
matrix in each interaction round, and the reward is the rating the user gives to a movie
(see Clavier et al. (2023, Section 5) for details about this setting). Here, the true distri-
bution of action parameters is unknown and not a diffusion model. The diffusion model
is pre-trained on offline estimates of action parameters obtained through low-rank factor-
ization of the rating matrix. Figure 4.3c demonstrates that dTS outperforms LinTS in this
setting. Additional CIFAR ablations are provided in Section B.6.4 where similar strong
improvements are observed.

4.5 Conclusion

We use a pre-trained diffusion model as a strong and flexible prior for dTS. Diffusion
pre-training leverages abundant offline data, which is then fine-tuned through online in-
teractions via our tractable posterior approximation. This approximation enables efficient
posterior sampling and updates while maintaining strong empirical performance. More-
over, dTS admits a simple Bayesian regret bound in the linear-Gaussian setting.

Our work has several limitations. First, our Bayes regret analysis applies only to the linear-
Gaussian setting with a well-specified prior; extending formal guarantees to nonlinear
diffusion models remains open. Second, our posterior approximation, while motivated by
exact solutions in the linear case, lacks theoretical justification for general nonlinear link
functions: its strong empirical performance does not come with formal approximation
error bounds. Finally, dTS requires offline pre-training of the diffusion model, which
assumes access to historical estimates of action parameters; in domains where such data
is unavailable or expensive to obtain, the benefits of diffusion priors may not be realized.
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Part 11

Off-Policy Learning in Large Action
Spaces
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CHAPTER 5

Introduction to Part 11

This second part of the thesis addresses the following fundamental question:

How can we reliably learn high-performing policies from static logged data when the
number of actions is large?

5.1 Setting and Background

In this part, we consider the off-policy (offline) setting where an agent is provided with
a static logged dataset D,, = {(X;, A;, R;)}; collected by a logging policy my. The data
collection process proceeds as follows: for each round i € [n]:

1. The environment draws a context X; ~ v, where v is a distribution with support X
forming a compact subset of R%;

2. The logging policy selects an action A; ~ mo(- | X;) from the action set A = [K];
3. The environment generates a stochastic reward R; ~ p(- | X;, A;), where R; € [0, 1].

Unlike the on-policy setting of Part I, no further interaction with the environment is
permitted. The objective is to learn a new policy 7 from this static dataset that maximizes
the true (but unknown) expected value:

V() = Exey [Bavr [r(X, A)] (5.1)

where 7(2,a) = Erp(jo,a)[R] is the expected reward function. Performance is measured
by the suboptimality gap of the learned policy:

so(#) = V(m,) — V(#), (5.2)

where 7, = arg max,cn V(7) is the optimal policy within a class II.

Since V/(m) cannot be computed directly, off-policy learning algorithms often rely on an
empirical estimate V' (7) constructed from D,,. This estimation task is known as off-policy
evaluation (OPE) in the literature. The two dominant estimation approaches are: direct
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method (DM) and inverse propensity scoring (IPS). DM employ a learned reward model
7(z,a) to estimate the value as:

Vo () = %Zzw(a | X3)#(Xi,a) . (5.3)

i=1 acA

IPS re-weights observed rewards using importance sampling as:

N 1 = 7(4; | X;
Vins(m) = = ; W&. (5.4)

Given an estimator V(ﬂ'), the agent must then select a policy. This step distinguishes
between greedy policies, which directly maximize & = argmax,cyy V' (7), and pessimistic
policies, which incorporate an uncertainty penalty & = arg max,en[V (7) — pen(r)].

5.1.1 Scalability Challenges

When the number of actions K is large, both estimation paradigms and their associated
optimization procedures encounter fundamental obstacles:

Statistical inefficiency of DM. Standard DM approaches model each action’s reward
function independently. As K grows, the data available per action diminishes, leading to
poorly estimated reward functions and lower performance.

High variance of importance sampling. IPS’s variance grows with the importance
weights 7(a|z)/my(alx). These weights explode in large action spaces, producing estimates
too noisy for reliable optimization.

Intractable optimization landscapes. Beyond estimation challenges, the optimiza-
tion problem arg max,cn V(W) itself becomes computationally intractable in large action
spaces. IPS-based objectives induce highly non-concave landscapes with exponentially
many local maxima and flat plateaus that trap gradient-based optimizers. As we show in
Chapter 7, this optimization bottleneck often dominates estimation error, making even
statistically superior estimators ineffective in practice.

5.2 Methodological Approaches

To address these challenges, the methods developed in this part pursue three complemen-
tary strategies: structured reward modeling for sample-efficient DM, surrogate objectives
that prioritize optimization tractability over estimation accuracy, and principled reqular-
1zation and pessimism for importance-weighted estimators.

Structured Bayesian models. Drawing inspiration from the hierarchical framework
of Part I, we introduce latent structure into reward modeling. Action parameters are
coupled through shared latent variables :

0, | P~ pa('; fa(¢))7 Va € ./4,
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This formulation enables information sharing across actions: observations from frequently
selected actions inform the posterior over ¢, which in turn improves reward estimates for
rarely observed actions.

Optimization-aware objectives. Rather than designing sophisticated value estima-
tors and then optimizing them, we propose objectives designed primarily for favorable
optimization landscapes. The policy-weighted log-likelihood (PWLL) family:

A~

) = = 3 gl Fismo(A: | Xo)logm(A: | X,), (5:6)

where ¢ is a positive weighting function, yields concave objectives for linear-softmax
policies . This guarantees efficient convergence to a unique global maximum, bypassing
the optimization pathologies of value estimation altogether.

Regularized importance weighting. For practitioners committed to IPS-based meth-
ods, we develop variance-controlled estimators through importance weight regularization.
The exponential smoothing estimator:

n

Vo) = & > —WZ((j; |‘ j((;a R, acl01]. (5.7)

smoothly trades variance for bias while preserving differentiability. Combined with pes-
simistic optimization and PAC-Bayes generalization bounds, this yields principled, tractable
objectives that are amenable to stochastic gradient ascent for safe off-policy learning.

5.3 Roadmap of Part II

The following chapters develop these methodological approaches.

Chapter 6: Scaling Direct Methods with Latent Parameters. We begin by ad-
dressing the statistical inefficiency of DM through structured Bayesian modeling. Building
on the hierarchical framework of Part I, we introduce the structured direct method (sDM),
which couples action parameters through a shared latent vector. The posterior over these
latent variables aggregates evidence across all actions, enabling effective generalization
to actions with sparse data coverage. We analyze performance through Bayesian sub-
optimality and prove that greedy policies paired with sDM achieve O(1//n) convergence
under mild assumptions on the alignment between logging and optimal policies.

Chapter 7: Optimization Matters More Than Estimation. We then challenge
the conventional paradigm of off-policy learning. Through theoretical analysis and large-
scale experiments, we demonstrate that optimization error dominates estimation error
in large action spaces. Specifically, we prove that for any IPS-based estimator, gradient
ascent can remain trapped in suboptimal regions for O(K) iterations, and that the op-
timization landscape contains exponentially many local maxima in K. We then propose
objective-aware policy parametrizations: by aligning the policy class with the estimator’s
inductive bias, we can partially mitigate these optimization challenges. However, for a
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more complete solution, we propose policy-weighted log-likelihood (PWLL) objectives as
an alternative to IPS-based objectives. These objectives are provably concave for linear
softmax policies, guaranteeing efficient convergence to a global optimum. Experiments
on datasets with up to one million actions validate that PWLL consistently outperforms
state-of-the-art estimator-based methods.

Chapter 8: Principled Pessimism for Exponential Smoothing and Beyond.
Finally, for practitioners committed to importance weighting methods, we develop a the-
oretically grounded framework for variance control and pessimistic policy learning. We
propose exponential smoothing estimators that regularize importance weights, trading
controlled bias for reduced variance. To leverage these regularized estimators for safe pol-
icy learning, we derive two-sided PAC-Bayes generalization bounds where all quantities
are empirical and differentiable. The pessimistic learning objective maximizes the lower
bound on policy value, penalizing policies with high bias or variance and steering optimiza-
tion toward reliable regions. This also yields tractable objectives amenable to stochastic
gradient optimization. We further present a unified PAC-Bayes framework covering the
major importance weight regularization techniques in the literature (clipping, exponential
smoothing, implicit exploration), enabling principled comparison and demonstrating that
the choice of pessimistic objective often matters more than the specific regularizer.
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In this chapter, we address the statistical inefficiency of direct methods (DMs) in large
action spaces: the first challenge highlighted in Chapter 5. Standard DMs estimate inde-
pendent d-dimensional parameters for each action. This approach becomes statistically
inefficient in large action spaces, where data are collected by a logging policy that explores
only a small subset of available actions, leaving many actions rarely or never observed. To
overcome this limitation, we analyze DMs through a Bayesian lens and propose making
them sample-efficient by incorporating informative priors.

We make the following contributions. 1) We introduce the structured direct method (sDM),
a Bayesian approach that uses informative priors to share reward information across ac-
tions. By updating beliefs about similar actions based on observed data, sDM improves
statistical efficiency without compromising computational scalability. 2) To evaluate sDM,
we propose Bayesian metrics that assess the average performance across problem instances
sampled from the prior. This departs from the standard frequentist focus on worst-case
scenarios. These metrics formally quantify the benefits of informative priors. 3) Our
theoretical analysis of Bayesian suboptimality (BSO) reveals two key insights: (1) perfor-
mance degrades gracefully even without the standard assumption of full logging support,
and (2) greedy policies are provably optimal under the BSO metric, standing in contrast
to the pessimistic policies typically favored in frequentist settings. 4) We empirically
validate sDM and our theoretical findings using both synthetic and real-world datasets.
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6.1 Setting

We consider the setting described in Section 5.1. The only additional assumption is the
existence of unknown true parameters 0, , € R? for each action a, such that rewards are
distributed as R; ~ p(- | X;; 0. a,). Let 0, = (0, 4)aca € R denote the concatenation of
all action parameters. The reward function r(z, a; 0.) = Egrp(|z0. .) [ 1] gives the expected
reward of action a in context x. The goal is to find a policy 7 € II that maximizes:

V(?T; 9*) = EXNVEAMT(-\X) [T(X, A; 9*)] .
This chapter focuses on DM that estimates the value V (m;6,) as:

Vo (1) = % > wla| X)X, a), (6.1)

i€[n] ac A

where 7(z,a) is an estimation of r(z,a;6,). DM estimators may exhibit modeling bias,
but they generally have lower variance than IPS (Saito and Joachims, 2022). Another
advantage of DM is its practical utility without assuming access to the logging policy m
(Jeunen and Goethals, 2021; Aouali et al., 2022¢; Hong et al., 2023). Also, DMs can be
incorporated into a Bayesian framework, where informative priors can be used to enhance
statistical efficiency. This allows for the development of scalable methods suitable for
large action spaces, as shown in our work.

6.2 Structured DM

6.2.1 Structured Priors

Pitfalls of non-structured priors. Before presenting sDM, we first describe the pitfalls
of using the following widely used standard prior,

0y ~ N (e, Xa) Va € A, (6.2)
R | 97X7A NN((b(X)TGA;UQ)?

where ¢(z) provides a d-dimensional representation of the context x € X', and N (p1q, X4)
represents the prior density of 6,, with 02 being the reward noise variance. Under this
prior, each action a has an associated parameter 6,. Given the prior in Equation (6.2),

the posterior distribution of an action parameter follows a multivariate Gaussian: 6, |
D, ~ N (fiq, X,), where

Sl=nt 4G, S e = Y7 e + B,
with
Go=0") Lia-ad(X)o(X,) ", B, =0 la-aRid(X))
i€[n] i€[n]

Note that G, and B, only use the subset of samples D,, where action a was observed,
meaning data from other actions b # a do not contribute to the posterior inference for
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action a. This results in statistical inefficiency, especially if the logged data D,, doesn’t
cover all actions. In particular, the posterior for an unseen action a, 6, | D,,, would simply
revert to the prior N (p,, 2,), since we would have G, = 0454 and B, = 0, in such case.

Structured priors. To address the above issue, we assume that action rewards correlate
and embed this knowledge into the prior. While one could model these correlations by
considering the joint posterior distribution of (6,)sc4 | Dy, this becomes computationally
burdensome when the number of actions K is large. Instead, we introduce an unknown d’-
dimensional latent parameter 1) € R | sampled from a latent prior q(-), such as ¢ ~ ¢(-).
The correlations between actions naturally arise because each action parameter 6, is
derived from the same latent parameter .

Specifically, the action parameters 6, are conditionally independent given v and are sam-
pled from a conditional prior p, as 6, | ¥ ~ pu(-; fa(¥)) for all a € A. Here, p, is
parameterized by f,(¢), where f, : RY — R? is a known prior function that encodes
the hierarchical relationship between action parameters 6, and the latent parameter .
This structure allows for sparsity, meaning that 6, may depend only on a subset of )’s
coordinates. Moreover, p, accounts for model uncertainty, allowing for cases where 6, is
not a deterministic function of ¥, i.e., 0, # f,(¢¥).

The reward distribution for action a in context x is given by p(- | x;6,), which depends
only on x and #,. To summarize, the structured prior is defined below, and its graphical
representation is given in Figure 6.1.

ea | ¢ Npa(';fa(¢))a Ya € .,4,
R|v,0, X, A~p(-| X;04).

To derive the posterior under this prior, we assume that: (i) (X, A) is independent of 1,
and given ¢, (X, A) is independent of 8; and (ii) given v, the parameters 6, for all a € A
are independent.

Figure 6.1: Graph representation of the structured prior.

Now, we discuss how to perform off-policy learning under this general structured prior in
Equation (6.3), before applying it to linear-Gaussian distributions in Section 6.3.
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6.2.2 Off-Policy Learning

Off-policy learning relies on an estimate of the value function V(m;60,) obtained using
the logged data D,. In DMs, the estimator Vu in Equation (6.1) requires access to
the learned reward 7(z,a) ~ r(z,a;6,). In our Bayesian setting, this requires access to
the action posterior 6, | D,, under the prior in Equation (6.3) since the reward is then
estimated as 7(z,a) = E[r(z,a;0)|D,] for any (z,a) € X x A, and this estimate is
plugged into V;,, in Equation (6.1) to estimate V(m;6,). Thus, we need to derive the
posterior density of the action parameter 6,, p(8, | D,), under the structured prior in
Equation (6.3), which reads

p(6a | D) = /w p(0a | 4, D) | Dy) o, (6.4)

where ¢ | D, is the latent posterior and 6, | 1, D,, is the conditional action posterior. To
compute p(6, | D,,), we first compute p(d, | ¥, D,) and p(¢ | D,,) and then integrate out
1 following Equation (6.4). First,

p(0a | ¥, Dy) x Lo(0a)pa(0a; fa(¥)), (6.5)

with £4(0a) = [I(x 4 r)es, P(R|X;0,) is the likelihood of observations of action a (S, =
(Xi, A, Ri)icin),4,=a is the subset of D, where A; = a). Similarly,

p(¢ | Dy) o H Eb ) (Ov; fo(10)) A0y q(2)) (6.6)

be A

This allows us to further develop Equation (6.4) as

(61 D,) / Lollulpaltn £ T | 600 0 ) gy aw. (67)

be A

All the quantities inside the integrals in Equation (6.7) are given (the parameters of p,
and q) or tractable (the terms in £,). Thus, if these integrals can be computed, then the
posterior can be fully characterized in closed form, which we will do in Section 6.3 in the
fully linear case. Otherwise, the posterior should be approximated.

Finally, we act greedy with respect to our estimator Vi and define the learned policy
as the one maximizing it: 7, = argmax_ . Vou(m). If the set of policies II contains
deterministic policies, then

7e(a | ) = 1{a = argmax 7(x,b)} . (6.8)
beA

In particular, we do not adopt the common pessimism approach (Jin et al., 2021).
In pessimism, one constructs confidence intervals of the reward estimate 7(z,a) of the
form |r(x,a;0) — 7(z,a)| < u(x,a), and then defines the learned policy as 7.(a | x) =
1{a = argmax,. 4 7(z,b) — u(z,b)}. The advantage of one over another depends on the
evaluation metric used. Our metric is the Bayesian suboptimality (BSO), defined in
Section 6.4. It assesses the average performance of algorithms across multiple problems
rather than the worst-case. The Greedy policy is more suitable for BSO optimization
than pessimism (demonstrated theoretically and empirically in Sections C.3.3 and C.4.4).
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6.3 Linear-Gaussian Case

In this section, we use linear functions f, combined with Gaussian distributions for
the structured prior Equation (6.3). Precisely, we assume that the latent prior ¢(-) =
N(-;p,Y) is Gaussian with mean g € R? and covariance ¥ € R¥*?. Moreover, let
W, € R be the miring matriz for action a, we define f,(v) = W,v for any v € R?.
We define the conditional prior p,(-; fo(¥)) = N(;Wat),3,) is Gaussian with mean
fa(¥) = Wah € R? and covariance ¥, € R™?. The reward distribution p(- | z;6,) is
also linear-Gaussian as N'(-; ¢(x) "0,, 0%), where ¢(-) outputs a d-dimensional representa-
tion of x and o > 0 is the observation noise variance. The whole prior is

b~ N(p, X)), (6.9)
ealeN(Wawuza)7 \V/GEA,
R| 1,0, X, A~N(H(X)04,0°%).

6.3.1 Applications

Mixed-effect modeling. Equation (6.9) allows modeling that action parameters depend
on a linear mixture of effect parameters (Chapter 3). Precisely, let J be the number of
effects and assume that d’ = dJ so that the latent parameter v is the concatenation of J,
d-dimensional effect parameters, 1; € R, such as ¢ = () jel € R/, Moreover, assume
that for any a € A, W, = w, ® I; € R™% where w, = (wy)jeis] € R’ are the mizing
weights of action a. Then, W,y = Zjem w,,;v; for any a € A. Sparsity, i.e., when
an action a only depends on a subset of effects, is captured through the mixing weights
We: W,,; = 0 when action a is independent of the j-th effect parameter ¢; and w, ; # 0
otherwise. Also, the level of dependence between action a and effect j is quantified by
the absolute value of w, ;. This mixed-effect model can be used in numerous applications
(the reader can refer to the first paragraphs of Chapter 3 for examples).

Low-rank modeling. Equation (6.9) can also model the case where the dimension of
the latent parameter v is much smaller than that of the action parameters 6,, i.e., when
d' < d. Again, this is captured through the mixing matrices W,, when W, is low-rank.

6.3.2 Closed-Form Solutions for sDM

The conditional action posterior is known in closed-form as 6, | ¥, D,, ~ N (i, ia), with

S =50+ G, 3, o = X' Wat) + Ba, (6.10)

a

where

Go=02) 1{A; = a}p(X;)e(X)" B,=0") 1{A = a}R¢(X;).

i€[n] i€[n]
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This posterior has the standard form except that the prior mean W,y now depends on
the latent parameter v. Similarly, the effect posterior writes ¢ | D,, ~ N (fi, X), where

ST =T Y WIS - B YW,
acA
ST =S4 Y WIS 'SB,. (6.11)
acA
The latent posterior precision X! is the sum of the latent prior precision ¥~! and the
learned action precisions ¥, 1 — X158, 51 weighted by W] W,. The contribution of each
action’s learned precision to the latent precision is proportional to W, W,. This intuition

similarly applies to interpreting fi. Finally, from Equation (6.7), the action posterior is
0, | Dy, ~ N(fia, X4), where

Sp = S0 + 5.2 W, ESWI B, flo = % (S, "Wofi + B,) . (6.12)

Finally, from Equation (6.9), the reward function is 7(z,a;0) = ¢(x)"6,. Thus, the
estimated reward is

Pz, a) = E[r(z,a;0) | Do) = é(z) " fia V(r,a) e X x A.
This can then be plugged in Equation (6.8) for decision-making, leading to
fo(a | z) = 1{a = argmax ¢(x) " iy} .
beA

To see why this is more beneficial than the standard prior in Equation (6.2), notice that
the mean and covariance of the posterior of action a, fi, and f)a, are now computed us-
ing the mean and covariance of the latent posterior, fi and ¥. But i and ¥ are learned
using the interactions with all the actions in D,,. Thus i, and ﬁ]a are also learned us-
ing the interactions with all the actions in D,,, in contrast with the standard prior in
Equation (6.2) where they were learned using only the interaction with action a. The ad-
ditional computational cost of considering the structured prior in Equation (6.9) is small.
The computational and space complexities are O(K ((d? + d*)(d + d'))) and O(Kd?).
For example, when d’ = O(d), these complexities become O(Kd?) and O(Kd?), respec-
tively. This is exactly the cost of the standard prior in Equation (6.2). In contrast, this
strictly improves the computational efficiency of jointly modeling the action parameters,
where the complexities are O(K?3d*) and O(K?d?) since the joint posterior of (0,)aca | Dy
requires converting and storing a d/X X dK covariance matrix.

Remark 6. sDM with linear-Gaussian hierarchies can be used even with data generated
from non-linear rewards, and we empirically investigate its robustness to misspecification.
We found that this model performs well even if the true rewards are not generated from a
linear-Gaussian distribution.

6.4 Analysis

6.4.1 Bayesian Metrics

The performance of a learned policy 7 is evaluated using suboptimality (SO):
SO(ﬁ'; 9*) = V(ﬂ-*; 9*) - V<ﬁ-7 0*) ;
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where 7, = argmax_.;; V/(7; 6.) is the optimal policy. This metric is well-suited when the
environment is governed by a unique, fixed ground truth 6,. It applies to any policy 7,
whether learned through frequentist approaches (e.g., MLE) or Bayesian ones (e.g., ours).
However, when the environment is modeled as a random variable 6, sampled from some
prior distribution, SO becomes less appropriate. Thus, drawing on recent developments
in Bayesian analysis for online bandits through Bayes regret (Russo and Van Roy, 2014),
we introduce a new metric for offline settings, termed Bayes suboptimality, defined as:

Bso(#) = E[V(r,;0.) — V(#:0.)] | (6.13)

where the expectation is taken over all random variables: the logged data D, and #6,,
which is treated as a random variable sampled from the prior. The BSO can be computed
in two ways. One method involves taking the expectation under the prior 6., followed by
taking an expectation under data generated from a fixed environment 6, as D,, | .. The
other method involves taking an expectation under the data D,,, followed by taking an
expectation under the posterior 0, | D,,. The BSO is a reasonable metric for assessing the
average performance of algorithms across multiple environments, due to the expectation
over #,. It is also known that Bayes regret captures the benefits of using informative
priors (Chapter 3), and this is similarly achieved by the BSO.

6.4.2 Theoretical Results

Our theory relies on the important well-specified assumption:

Assumption 1 (Well-specified priors). Action parameters 0., and rewards are drawn
from Equation (6.9).

We also make simplifying assumptions for the sake of exposition.

Assumption 2 (Diagonal covariances for simplicity). We assume ¥, = 031y, ¥ = 721,
() ||2 < 1, and the matrices W, are normalized such that \{(W,W]) = \g(W,W]) = 1.

This yields our bound on the BSO of sDM.

Theorem 2 (Covariance-Dependent Bound). Let m.(x) be the optimal action for context
x. Then the BSO of sDM under the structured prior in Equation (6.9) satisfies

iﬁ*(m} N \/(2 log(2K) —;2)(03 + 7'2)’ (6.14)

Bso(#o) < anE [[[9(X)

where o, = \/d—i- 2y/dlog(Kn)+ 2log(Kn).

Scaling of the bound in Theorem 2 aligns with existing frequentist results (Jin et al.,
2021, Theorem 4.4). The main differences lie in the constants and the fact that this rate
is achieved using greedy policies in Equation (6.8). This contrasts with the frequentist
setting where pessimism is used (Jin et al., 2021) and known to be optimal (Jin et al., 2021,
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Theorem 4.7). In fact, greedy policies are optimal when BSO is used as the performance
metric. Specifically, Bso(7;) < Bso(w) for any policy 7, including pessimistic ones.
Therefore, in the Bayesian setting and when BSO is used as a performance metric, greedy
policies should always be preferred to pessimistic ones. This fundamental difference is
proven in Section C.3.3 and it is of independent interest beyond this work.

Theorem 2 suggests that the BSO primarily depends on the posterior covariance of action
7.(X) in the direction of the context ¢(X). That is, when the uncertainty in the posterior
distribution of the optimal action m,(X) is low on average across different contexts X and
logged data D,,, then the BSO bound is correspondingly small. In particular, the tightness
of the bound depends on the degree to which the logged data covers the optimal actions
on average.

Theorem 2 can highlight the advantages of using sDM over the non-structured prior in
Equation (6.2). To see this, notice that the parameters of the non-structured prior in
Equation (6.2), p, and 3,, are obtained by marginalizing out ¢ in Equation (6.9). In this
case, (1S < Wou and ¥ « %, + W,XW/. The corresponding posterior covariance is
SN = (8 + W,ZW] )1+ G,) !, and is generally larger than the covariance of sDM, 3,
in Equation (6.12). This is more pronounced when the number of actions K is large and
when the latent parameters are more uncertain than the action parameters. Thus, the
BSO bound of sDM is smaller due to the reduced posterior uncertainty it exhibits. Also,
note that even when 7, (X)) is unobserved in the logged data D,,, sDM’s posterior covariance
2m( x) can remain small since we use interactions with all actions to compute it. This
contrasts with standard non-structured priors in Equation (6.2), where observing . (X)
is necessary; without such observations, the posterior covariance XA]W* (x) would simply be
the prior covariance X, (x).

Next, we provide another bound on the BSO that scales as O(1/4/n). To simplify the
exposition, we roughly present its scaling with n in Theorem 3 and defer the complete
general statement to Section C.3.2. We make the following additional assumptions:

Assumption 3. Let G = Ex.,[X X "] with g = M\g(G). We assume that g > 0.

Assumption 4 (Context-independent logging policy). A is independent of X, i.e., my(a |
x) = mo(a) = pa for all x and a. Equivalently, (X;) are i.i.d. ~ v and independent of
(A;), with P(A = a) = p,.

Theorem 3 (Scaling with n). For n large enough, the BSO of sDM under the structured
prior in Equation (6.9) scales as

where px = mo(m(X)).

The above bound becomes smaller or larger depending on how well the logging policy
covers the optimal actions for each context x.
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6.5 Experiments

We evaluate sDM using both synthetic and real datasets. We use the average reward of
the learned policy relative to the optimal policy as the evaluation metric.

6.5.1 Synthetic Problems

Setting. We simulate synthetic data using the linear-Gaussian model in Equation (6.9)
with ¢ = 1. The contexts X are sampled uniformly from [—1,1]¢, with d = 10. The
matrices W, are sampled uniformly from [—1,1]%*? | where we very d’ as d’' € {5, 10.,20}.
We set ¥ = 31y and ¥, = I;, meaning the latent parameters are more uncertain than the
action parameters. The latent mean p is randomly sampled from [—1,1]¢. The number
of actions is varied as K € {100,1000}, and we use a uniform logging policy to collect
data. Additional experiments with different logging policies are presented in Section C.4.

Baselines. First, we use sDM under prior in Equation (6.9). Second, we examine DM
(Bayes), which uses the standard non-structured prior in Equation (6.2), where param-
eters p, and X, are obtained by marginalizing out the latent parameters ¢ in Equa-
tion (6.9). Thus DM (Bayes) is a standard Bayesian DM that does not capture arm
reward correlations. We also include DM (Freq), which estimates 6, , by the MLE. We
include IPS (Horvitz and Thompson, 1952), self-normalized IPS (snIPS) (Swaminathan
and Joachims, 2015b), and doubly robust (DR) (Dudik et al., 2014), which we optimize
to learn the optimal policy. MIPS (Saito and Joachims, 2022) and PC (Sachdeva et al.,
2024) are also included. Implementation details of baselines is provided in Section C.4.1.

Results. In Figure 6.2, we plot the results and we observe that sDM consistently out-
performs the baselines across all settings. This performance gap becomes even more
significant when sample size n is small. These results highlight sDM’s enhanced efficiency
in using available logged data, making it particularly beneficial in data-limited situations
and scalable to large action spaces.

Synthetic - OPL Synthetic - OPL Synthetic - OPL Synthetic - OPL
B 10 K=100, d'=5, d=10 K=1000, d'=5, d=10 K=1000, d'=10, d=10 K=1000, d'=20, d=10
5 09T T 7 T T T 1 T T T T 1T 9
208 Z{( i [ i
= 0.7 3 E E
2 0.6} L 1} :
EH : ]
g 0.3 f#= = ﬂfzzf/i %5//?
g 92 ‘ ‘ ‘ Nr ‘ ‘ ‘ ‘ 1 & ‘ ‘
0 500 1000 1500 200m 500 1000 1500 20000 500 1000 1500 200m 500 1000 1500 2000
Number of samples n Number of samples n Number of samples n Number of samples n
— sDM (Ours) DM (Bayes) — DM (Freq) — DR — IPS — snlIPS MIPS — PC

Figure 6.2: The average relative reward of the learned policy using one of the baselines
on synthetic problems with varying n, K and d'.

Scaling to large action spaces. sDM achieves improved scalability compared to stan-
dard DM as it leverages data more efficiently. While it still learns a d-dim. parameter
for each action a, it does so by considering interactions with all actions in the logged
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data D, instead of only using interactions with the specific action a. This is crucial,
especially given that many actions may not even be observed in D,. To show sDM’s
improved scalability, we compare it to the most competitive baseline, DM (Bayes), for
varying K € [10,100000] with n = 1000. The results in Figure 6.3 reveal that the perfor-
mance gap between sDM and DM (Bayes) becomes more significant when the number of
actions K increases. Hence, despite the necessity for sDM to learn distinct parameters for
each action, accommodating practical scenarios like recommender systems where unique
embeddings are learned for each product, it still enjoys good scalability.

Varying K, d'=5, d=10

© 1.0 T T

@©

o =
o 0.8 .
>

2 07 .
9 0.6l — sDM (Ours) 4
:?::h 05| I?M (Bayes)I

10 500 5000 100000

Number of actions K

Figure 6.3: sDM vs. DM (Bayes) for varying K.

6.5.2 MovieLens Problems

Setting. We use MovieLens 1M (Lam and Herlocker, 2016), which contains 1 million
ratings representing the interactions between 6,040 users and 3,952 movies. To create a
semi-synthetic environment, we first apply a low-rank factorization to the rating matrix,
producing 5-dim. representations: z, € R’ for user u € [6040] and 6, € R® for movie
a € [3952]. Movies are treated as actions, and contexts X are sampled randomly from
the user vectors. The reward for movie a and user u is modeled as N (z,! 0,, 1), serving as
proxy for ratings. A uniform logging policy is used to collect data.

Baselines. We consider the same baselines as in synthetic data. A prior is not needed
for DM (Freq), IPS, snIPS, and DR. However, for DM (Bayes), a standard prior in Equa-
tion (6.2) is inferred from data, where we set p, to be the mean of movie vectors across
all dimensions, and ¥, = diag(v), where v represents the variance of movie vectors across
all dimensions. Unlike the synthetic experiments, the latent structure assumed by sDM
is not inherently present in MovieLens. But we learn it by training a Gaussian Mixture
Model (GMM) to cluster movies into J = 5 mixture components. This gives rise to the
mixed-effect structure described in Section 6.3, which represents a specific instance of
sDM with d' = dJ = 25. MIPS also has access to movie clusters, while we use the knn
smoothing implementation of PC (see (Sachdeva et al., 2024, Section 3)). Note that DM
(Bayes), sDM, MIPS and PC use the same subset of data (of size 1000) to learn their pri-
ors/assumed structure and thus we compare them fairly. We conduct experiments with
K € {100, 1000} randomly selected movies.

Results. Results are in Section 6.5.2. Even though the latent structure assumed by sDM
is not inherently present in MovieLens, sDM still outperforms the baselines by learning it
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offline.

MovielLens - OPL MovielLens - OPL
K=100, d'=25, d=5 K=1000, d'=25, d=5
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— DM (Freq) — snIPS

Figure 6.4: The average relative reward of the learned policy using one of the baselines
on MovieLens problems with varying n, K and d'.

6.6 Conclusion

We introduced sDM, a structured approach to off-policy learning that leverages latent
structure among actions to enhance statistical efficiency while maintaining computational
tractability, particularly in large action spaces with limited data coverage. Within a
Bayesian framework, we proved that greedy policies outperform pessimistic ones under
Bayesian suboptimality and established O(1/y/n) convergence without requiring restric-
tive full-support assumptions.

Our work has several limitations. First, our theoretical analysis assumes a well-specified
prior; while we empirically observed robustness to misspecification, formal guarantees
under prior mismatch remain an open question. Second, closed-form posterior updates
are available only for linear-Gaussian hierarchies; extending to nonlinear reward models
requires approximate inference, which may compromise computational efficiency or sta-
tistical accuracy. Third, the latent structure must be specified or learned pre-trained,
adding an additional modeling task. Finally, extending sDM to handle nonlinear hierar-
chies, building on the diffusion-based approach of Chapter 4, is a promising avenue for
future work.
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This chapter challenges the dominant paradigm in off-policy learning (explored in Chap-
ter 8), which frames the problem as finding a policy # = argmax_V () (or, with pes-
simism, # = argmax_[V (7) — pen(n)]), where V is an IPS-based! estimate of the true
policy value V(7). The rationale behind these objectives is that maximizing a more accu-
rate value estimate yields a better policy. However, this estimator-centric view neglects

a crucial factor: the optimization landscape.

'Recall that IPS is an importance-weighting estimator of the policy value. We use IPS-based to refer

to any estimator derived from or inspired by importance weighting.

86



IPS-based objectives (Dudik et al., 2011; Dudik et al., 2012; Dudik et al., 2014; Wang
et al., 2017; Farajtabar et al., 2018; Su et al., 2020; Metelli et al., 2021; Kuzborskij
et al., 2021; Saito and Joachims, 2022) are highly non-concave under common policy
parameterizations (Chen et al., 2019), prone to suboptimal local maxima and plateaus:
issues that are exacerbated in large action spaces. Even sophisticated estimators designed
to reduce variance fail to overcome this optimization barrier, as they often induce equally
difficult landscapes.

We make the following contributions. 1) We show that objective-aware policy parametriza-
tion can partially alleviate these difficulties by structuring the policy class to match the
implicit biases of the estimator. Such parametrizations reduce the effective search space
and can shorten optimization plateaus and local maxima. However, this strategy does not
eliminate the fundamental non-concavity of IPS-based objectives, leaving optimization as
the central bottleneck. 2) Motivated by this limitation, we advocate for an alternative
approach based on policy-weighted log-likelihood (PWLL) objectives. Unlike traditional
estimators, PWLL optimizes an objective U () designed for ease of optimization rather
than accuracy in estimating V(7). Although PWLL objectives perform poorly as value
estimators, their favorable concave landscape makes them significantly more effective for
policy learning. 3) Through theoretical and empirical analysis, we demonstrate that this
optimization-centric approach consistently enables simpler PWLL objectives to outper-
form complex, state-of-the-art IPS-based methods, particularly in large action spaces.

Setting and organization. This chapter considers the general setting of Section 5.1 with
R € [0,1]. The remainder is organized as follows. Section 7.1 employs an asymptotic lens
to analyze IPS-based objectives and derives objective-aware policy parametrizations that
partially alleviate their optimization challenges. Section 7.2 introduces PWLL objectives
and establishes their favorable optimization properties. Section 7.3 presents large-scale
experiments. We conclude in Section 7.4.

7.1 Analysis of IPS-Based Objectives

IPS-based objectives optimize an estimator V(r) of the policy value V(). To under-
stand the policies to which these estimators converge, we study their oracle policies
myETHOP — argmax E[VMETHOD(W)]. Taking the expectation removes sampling fluctuations
and isolates the inductive bias of each objective: different estimators yield different oracle
policies, even with infinite data. Crucially, oracle policies admit closed-form expressions,
enabling precise characterization of each estimator’s implicit bias. This analysis motivates
objective-aware parametrizations that align the policy class with the estimator’s bias to

ease optimization: the first improvement we propose in this chapter.

7.1.1 Standard IPS-Based Objectives

The foundational IPS estimator (Horvitz and Thompson, 1952) re-weights observed re-
wards by the ratio between the target policy m and the logging policy m:

N 1 = 7(4; | X;
Vino(m) = = ; m((Tl\Xi))Ri' (7.1)
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In expectation, IPS selects the best-rewarding action among those in the support of 7y:

| r) =1 {a = argmax r(z,a’ ) 1[m(a’ | ) > 0]] . (7.2)
a’€A

Clipped IPS (cIPS). To mitigate the high variance of IPS, a widely used variant is cIPS
(Bottou et al., 2013) that clips small propensity scores at a threshold 7 € (0, 1):

n

Forlr) = 20 el KT )

=1

This clipping introduces a bias. The oracle policy down-weights the rewards of rare ac-
tions, causing it to favor actions that were frequent under 7y, even if they are suboptimal:

mo(d' | )

r(z,a’)|. (7.4)

cIPS
e (a | :v) a argg;ax maX{Wo(a/ | :70),7'}

Exponential smoothing (ES). Instead of hard clipping, ES (Aouali et al. (2023a), Chap-
ter 8) smooths importance weights by raising propensities to a fractional power a € (0, 1):

n

Vis() = % 3 %Ri. (7.5)

=1

Its oracle policy balances reward maximization with preference for frequent actions:

] x)=1 [a = argmaxr(z,a)mo(a’ | ) 7| . (7.6)
a’eA

Another variant of ES regularizes the entire importance weight as (%)6 instead of only
the denominator. In contrast to the deterministic policies derived from IPS, cIPS, and
the ES formulation above, this approach yields a stochastic oracle policy: 755 (a | z)
r(z,a)"/0 P ry(a | ). Other regularizations include logarithmic smoothing (Sakhi et al.,
2024), implicit exploration (Gabbianelli et al., 2024), harmonic correction (Metelli et al.,
2021), shrinkage (Su et al., 2020). But we do not include as ES and cIPS are already
representative of them.

Doubly robust (DR). The DR estimator incorporates a reward model 7(z, a) to reduce
variance and enable generalization to actions outside my’s support. A common clipped
variant 1s:

Von () = %Zl — {7:01?2 |X)2) 5 (s = 7(X0 A0) + Baery [F(X A (77)

Its oracle policy interpolates between the reward model prediction and an importance
weighting correction for the reward model error:

mo(d | x)

Ra|z) =1 [a — argmax #(z, a') + (r(z,a) — #(z,d)) ] (7.8)

aeA IHaX{ﬂb(&l|$),T}
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7.1.2 Large-Scale IPS-Based Objectives

In large action spaces, importance weights % can become huge, leading to estimators
with high variance. To mitigate this, modern methods compute marginalized importance
weights over a lower-dimensional action representation, trading bias for reduced variance.

Marginalized IPS (MIPS). MIPS (Saito and Joachims, 2022) tackles large action spaces
by clustering actions. It maps each action a to a cluster ¢ via a function h : A — C, where
| C |<| A|. Estimation is then performed at the cluster level:

~ 1 - s Cz Xl

Virs () = - ; WR“ where C; = h(4;) and 7(c | ) = ;ﬂ(a | z). (7.9)
This cluster-level marginalization introduces bias: the oracle policy only selects the best
cluster based on its average reward under 7y, and cannot differentiate between actions

within that cluster:

(el x) =1 [c = argmax{ (7.10)

ceC

>_ace Mola | z)r(z, a) H
ZaEc’ 71—0(@ | ‘T)
Hence, MIPS offers no specific guidance for selecting an action within the optimal cluster;

any action is considered equally valid. Consequently, one possible induced action-level
oracle under uniform tie-breaking is:

Za o T (a\x)r(:v,a)
I [h(a) = argmaX..cc { Zejaej mo(alz) H
|h(a)]

where |h(a)| denotes the size of the cluster containing action a.

ﬂ_MIPS<a | I’) —

*

Conjunct effect modeling (0ffCEM). Building on MIPS, 0ffCEM (Saito et al., 2023)
uses a reward model 7 to correct for the cluster-level aggregation bias, in a doubly robust
fashion:

Vorrom () = %Z (% (R; — #(Xi, Ay)) + EANW(.|XZ.)[?(X,;,A)]) . (7.11)

The resulting oracle policy selects the action that maximizes the model-predicted reward
7, plus a cluster-level correction term that accounts for model error:

D acn(@) Mol@ | 2)(r(z, @) — 7(z,a)) H
] :

> aen(a) Mol | x

OHECEN (o |2) =1 [a = argmax {f(% a)+
a’eA

(7.12)

Two-stage decomposition (POTEC). In this chapter, we see POTEC (Saito et al., 2025) as
an optimization strateqy of 0f£CEM (rather than seeing it as a new estimator). It restricts
the policy to a cluster-informed form,

m(a|x) = Zﬂ' (a]x,c)n(c|x),

ceC
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where 7™ (a | z,¢) = 1[a = argmax,.,7(z,a’)] is fixed, model-based policy that de-
terministically selects the best action within each cluster. Learning is then simplified
to finding the optimal cluster-level policy 7% that maximizes the 0ffCEM objective in
Equation (7.11):

n

Veorse () = % > (% (Ri = #(X3, A)) + > 7% (c | Xo) (XZ-)> ., (7.13)

i=1 ceC

where 7 (z) = max,e. (2, a) is the estimated reward of the best action in cluster ¢. This
practical decomposition has the same optimal oracle policy as 0ffCEM:

POTEC 0f£CEM
T =T .

* *

Policy convolution (PC). Moving beyond hard clustering, PC (Sachdeva et al., 2024)
leverages the assumption that actions close in an embedding space yield similar rewards.
For each action a, it aggregates over its neighborhood of nearest neighbors N (a) = {a’ :
d(a,a’) < €}, where d is a pre-defined distance metric (e.g., {5 distance between action
embeddings):

n i1 WO(NE(Ai) | Xz)

R;, with7(N(a)|z)= Y w(d|z). (7.14)

a’€Nc(a)

The induced oracle policy is deterministic: it selects the action ¢’ that maximizes an
aggregated neighborhood score. Each logged neighbor a € N.(a’) contributes its reward
r(z,a), weighted by the conditional probability of observing a under the logging policy
restricted to its neighborhood.

m¢a | z) =1 |a = argmax Z mo(@ | 2)r(z, ) : (7.15)

a’eA

Other recent IPS variants for large action spaces (Peng et al., 2023; Cief et al., 2024; Taufiq
et al., 2024) are often extensions of MIPS that relax its core assumptions. We focused
on four methods (MIPS, 0ffCEM, POTEC, and PC), which we consider representative of this
family. Since these variants largely share the same MIPS foundation and optimization
procedure (with the notable exception of POTEC), we expect our findings to be generally
applicable.

7.1.3 Optimization Challenges

The effectiveness of IPS-based estimators in off-policy learning is often limited by their
challenging optimization landscape. These objectives become difficult to optimize when
paired with standard, expressive policy classes such as the softmax. This section explores
why this occurs and introduces objective-aware parametrization as a strategy to mitigate,
though not entirely solve, the problem.
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To analyze the optimization process, we consider policies parametrized by a softmax
function over an effective action space* Ae.g C A, which is the set of actions that can be
assigned non-zero probability. By default, A.s = A, but we explain below why restricting
it to match the structure of the estimator’s oracle policy can be beneficial. Specifically,
the policy takes the form:

exp(sy(x,a))
> wea, eXD(so(z, a

mo(a | z) = ,))]laeAeff , Yae A, (7.16)

where sy(x,a) is a learnable score function. Common choices are linear softmax scores:
lightweight: sq¢(z,a) = ¢(z,a)' 0, heavyweight: sq(z,a) = ¢(x)"0,, (7.17)

which we call lightweight parametrization (a single shared parameter vector , correspond-
ing to a joint reward model) and heavyweight parametrization (separate parameters 6, for
each action, corresponding to a disjoint reward model).

The size of the effective action space, Ko = |Aegl, is the critical factor governing opti-
mization difficulty. The following propositions (proofs in Section D.2, adapted from Chen
et al. (2019); Mei et al. (2020a)) reveal the severity of the problem.

First, gradient-based methods can become trapped in suboptimal regions for extended
periods.

Proposition 3 (Optimization plateaus). For any IPS-based estimator V that is linear in
7, even with a linear softmax policy, there exist problem instances where gradient ascent
remains trapped in a suboptimal region for O(Kg) iterations.

Second, the optimization landscape has numerous poor local maxima.

Proposition 4 (Local maxima). Under similar conditions, the optimization landscape
for IPS-based objectives can contain a number of local mazima that is exponential in K.

These results highlight that K.¢ plays a central role in optimization difficulty. The stan-
dard choice of A.g = A, which sets K.y = K, leads to optimization failure in large action
spaces where K can reach millions: learning must navigate a landscape with potentially
O(K)-length plateaus and exponentially many local maxima.

Surprisingly, even sophisticated methods designed specifically for large action spaces often
fall into this trap. At first glance, methods such as MIPS, 0ffCEM, and PC appear to operate
in a smaller space because their objectives involve marginalized probabilities: 7(C; | X;)
in MIPS and OffCEM, or m(N.(A;) | X;) in PC. However, these marginalized terms are
defined as sums over an underlying action-level policy:

T(Ci | X)) =) wa| X)), and  w(Nfa)|x)= > w(d|x).

acC; a’€Nc(a)

2The effective action space can also depend on context x, i.e., Aog(x) C A. We omit this dependence
for notational simplicity.
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Then, if 7(a | z) is a softmax over A, then K.z = K and Propositions 3 and 4 apply with
Kot = K which is large. The only exception is POTEC, which fixes the intra-cluster policy
7 and only optimizes a cluster-level policy 7. This reduces the effective action space
to Aeg = C with Keg = |C| < K, directly mitigating the optimization pathologies.

Design implications: objective-aware parametrization

The choice of K¢ introduces a fundamental trade-off. A smaller effective action space
simplifies the optimization landscape, but risks excluding the optimal action and reduces
policy expressiveness. If A.g is chosen arbitrarily, it may degrade performance. The chal-
lenge is to find the sweet spot: a parametrization constrained enough to be optimizable,
yet expressive enough to contain the objective’s maximizer.

This is precisely where our asymptotic analysis helps. The oracle policy 7}'*™°" reveals

the minimal sufficient set of actions required to maximize each objective. By aligning
the policy parametrization with this structure, we can reduce K.z without sacrificing
performance: the core principle of our proposed objective-aware parametrization.

For instance, the oracle policies for IPS, cIPS, and ES are confined to the support of the
logging policy, So(z). This implies that A.g = Sp is sufficient, reducing Kg from K
to |So] < K. Similarly, for 0f£CEM and MIPS, the cluster-level structure of their oracle
policies suggests a two-stage decomposition similar to that of POTEC, reducing K¢ to |C|.
We summarize these observations as claims, validated empirically in Section 7.3:

Claim 1. For IPS, cIPS, and ES, restricting the policy support to Sy reduces K.g and
yields superior learned policies.

Claim 2. For 0ffCEM and MIPS, a two-stage POTEC-style decomposition that optimizes at
the cluster level outperforms action-level parametrization.

While objective-aware parametrization mitigates the optimization pathologies of Proposi-
tions 3 and 4 by reducing K, it only treats the symptoms without curing the underlying
non-concavity. In the next section, we propose a more fundamental shift: abandoning
value estimation in favor of inherently tractable objectives.

7.2 Analysis of PWLL objectives

To overcome the optimization challenges of IPS-based objectives, we consider policy-
weighted log-likelihood (PWLL) objectives. These methods trade accurate value esti-
mation for a well-behaved, concave optimization landscape, leading to more robust and
effective policy learning.

General form. Given a positive weighting function g(r, pg), the PWLL objective is:

Uy() = % > g(Ri mo(A; | Xi))logm(A; | X3). (7.18)

i=1
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The key motivation behind PWLL is to replace the linear dependence on the policy in
IPS-based estimators, responsible for plateaus and local maxima in Section 7.1, with a
concave transformation. Softmax policies are parametrized through scores sy(x,a), and
the map s — logsoftmax(s) is concave. Consequently, for common linear parametriza-
tions in Equation (7.17), the composition logmy(a | x) is concave in 6. This removes
the optimization pathologies inherent to IPS-based objectives. Proposition 5 (proof in
Section D.2.) formalizes this advantage.

Proposition 5. For linear softmax policies my, the PWLL objective Ug(ﬂ'g) 1S concave 1n
0. With {5 reqularization, it is strongly concave.

Proposition 5 makes PWLL appealing for stochastic optimization. In Section D.3, we
show that under standard assumptions of bounded feature norms ||¢(x,a)|| and weights
g(R;, mo(A;, X;)), these objectives satisfy the regularity conditions necessary to invoke
established convergence theorems (Garrigos and Gower, 2023). This allows us to derive
problem-dependent convergence guarantees: stochastic gradient ascent attains a global
O(1/+/T) rate in the general (concave) case (Proposition 12), accelerating to a geometric
rate under ¢y-regularization (Proposition 13).

Beyond optimization properties, PWLL also admits a simple statistical interpretation.
U, () in Equation (7.18) is a weighted log-likelihood: the term logm(A; | X;) performs
standard behavior cloning, while the weight g(R;, mo(A; | X;)) determines how desirable®
each logged sample is. This turns off-policy learning into a form of logging-aware and
reward-weighted maximum-likelihood estimation. Different choices of g encode different
notions of desirability. For example, the weighting

r

g(r,mo(a | ) = max{mo(a | z), T}

emphasizes samples with high reward while reducing the influence of actions that the
logging policy selected very frequently. At the same time, the clipping at 7 prevents ex-
tremely rare actions from receiving disproportionately large weights, ensuring that their
contribution is attenuated once mo(a | z) falls below the threshold. In this view, desir-
able samples are those that provide strong reward evidence without allowing very small
propensities to dominate the updates. Many other PWLL variants arise from different
choices of g (see below), each specifying a distinct prioritization scheme for the logged
data, while all benefit from the concavity induced by the logarithmic term.

To illustrate the qualitative difference between PWLL and IPS-based objectives, we con-
struct a simple offline bandit problem with K = 3 actions and visualize the resulting
optimization landscapes in a two-parameter policy space. Concretely, we consider a non-
contextual setting with deterministic mean rewards r = (0.9, 0.7, 0.2) and a logging
policy my whose support places almost all mass on action 3 (m(1) = 0.002, my(2) = 0.003,
mo(3) = 0.995). We generate a fixed dataset of n = 60 logged samples (A4;, R;) by draw-
ing actions A; ~ my and binary rewards from the corresponding Bernoulli distributions,
R; ~ Bern(r(4;)). To obtain a two-dimensional visualization, we parameterize the target

3By how desirable an action is, we mean how strongly this action should influence the learned policy.
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Figure 7.1: Optimization landscapes on a toy example. PWLL (cLPI) vs IPS-based
(cIPS).

policy using a softmax over three logits: my(a) = e/ Zbe[?»] e’ fixing the logit associated
with action 3 as f3 = 1, and letting the remaining two logits be free parameters (61, 62).

In Figure 7.1, the PWLL landscape is concave with well-scaled gradients, and optimization
trajectories converge reliably from roughly any initialization. In contrast, the IPS-based
landscape consists of flat regions, separated by a narrow band of extremely steep curva-
ture. This creates both vanishing and exploding gradients, severe ill-conditioning, and
high sensitivity to initialization and learning rate. This aligns with the optimization
pathologies in Propositions 3 and 4.

Remark 7 (Beyond linear-softmax policies). The concavity guarantee of Proposition 5
assumes linear-softmax policies. In many large-scale recommendation systems, a deep
encoder 1s pre-trained and kept fized, and only a final linear head is optimized for the
downstream task; in this case, the policy is still linear-softmaz in the trainable parameters,
and PWLL objectives retain their concavity. When the full network is trained end-to-
end, concavity no longer holds. Yet, PWLL’s gradients g(R;, mo(A;|x;))Velogma(A; | X5)
match the structure of cross-entropy gradients, which are known to produce stable and
well-scaled updates in deep architectures. Thus, even without formal guarantees, PWLL
maintains substantially more benign optimization dynamics than IPS-based objectives.

Local policy improvement (LPI). Liang and Vlassis (2022) set g(r,po) = 7, which
optimizes the log-likelihood of actions weighted by their observed rewards:

~

1 n
Uim(m) =~ > Rilogm(A; | X;). (7.19)
=1

The oracle policy balances reward-seeking with imitation of the logging policy:
7 (a | ) o< r(x,a)mo(a | x) . (7.20)

r
max(po,T)

Clipped LPI (cLPI). uses importance-weight clipping, setting g(r, py) =

~

Ucrpi(m) = logm(A; | X;). (7.21)

&
n < max{m(A; | X;), 7}
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In a similar spirit to cIPS, its oracle policy corrects for action frequency under my, down-
weighting the influence of rare actions due to the clipping:
mo(a | )

7 a | ) o< r(x,a)

max{m(a | z), 7} (7.22)

KL regularization (RegKL). To further amplify the reward signal relative to the logging
policy prior, RegKL uses an exponential weighting function g(r, py) = exp(r/fB):

n

U () = % > " exp(R;/B)logm(A; | X;) . (7.23)

i=1

The oracle policy is proportional to the logging policy, weighted by the exponentiated
reward:

T8 (a | 1) o< Brnp(eja,a) [exp(r/B)] mola | ). (7.24)

The temperature parameter /5 smoothly interpolates between behavior cloning (8 — oo)
and greedy reward maximization (3 — 0).

Note that BPR (Rendle et al., 2012) can be seen as an approximate PWLL objective, and we
included it in our experiments. In fact, this general form of PWLL lends itself to numerous
variations by modifying the weighting function ¢g. For instance, one could introduce
variants inspired by regularized IPS like exponential smooting (Chapter 8). While many
such variants can be proposed for specific use cases, the central message of our work is
that the well-behaved optimization landscape of the PWLL family is of greater practical
importance than the estimation accuracy of IPS-based objectives. Thus, an exploration
of these PWLL variants is beyond our scope. We contend that the foundational methods
analyzed above, LPI, cLPI, and RegKL, along with the widely used BPR are sufficient to
demonstrate the inherent advantages of PWLL objectives.

Finally, PWLL resembles reward- or advantage-weighted behavioral cloning objectives
in RL (Nair et al., 2020; Wang et al., 2020; Peng et al., 2019; Peters, 2006). While
those methods address multi-step MDPs and often focus on mitigating distributional
shift and bootstrapping errors, we focus on offline contextual bandits with large action
spaces: identifying objectives and parametrizations that remain optimizable as K grows,
rather than accurately estimating V(m). PWLL is critic-free and uses logged rewards
and propensities through a weighting function g(R;, mo(A4; | X;)) that induces concave
optimization landscapes for common policy classes. This yields substantial gains in large-
K bandits without the overhead of value-function estimation. PWLL’s optimization-
centric perspective complements the usual KL-regularized or trust-region interpretations
of these RL methods.

7.3 Empirical Analysis

We conduct our empirical evaluation on three large-scale recommendation datasets: MovieLens
(K = 60k) (Lam and Herlocker, 2016), Twitch (K = 200k) (Rappaz et al., 2021), and
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GoodReads (K = 1M) (Wan et al., 2019). These benchmarks feature action spaces with up
to one million items, representing some of the largest settings studied in the offline policy
learning literature. For all experiments, we employ the common softmax inner-product
policies. We compare methods from both objective families. For IPS-based objectives, we
include IPS, ES, DR, MIPS, 0ffCEM, POTEC, and PC in Section 7.1. For PWLL objectives,
we evaluate LPI, cLPI, RegKL, and BPR in Section 7.2. All implementation details are
provided in Section D.4.

7.3.1 Optimization is the Main Bottleneck

To test our central hypothesis that optimization challenges are a more significant barrier
than estimation accuracy, we evaluate how objectives perform under various optimization
configurations. If an algorithm’s success is highly dependent on specific hyperparameters
like batch size or learning rate, it suggests a difficult, non-robust optimization landscape.
This experiment directly probes the practical trainability of each method, a key aspect
our paper argues is often overlooked.

The results strongly support our claim. As shown in Figure 7.2, IPS-based objectives
are highly sensitive to batch size and learning rate schedule: minor changes can cause
performance collapse, making them difficult to tune and train reliably. In contrast, PWLL
objectives remain robust, achieving consistently high reward across all configurations. This
stability translates directly into better learned policies: PWLL objectives outperform IPS-
based objectives on all datasets. Even POTEC, a state-of-the-art method designed for large
action spaces, is surpassed by the much simpler and easier-to-optimize cLPI.

One might assume that an objective designed for estimation fidelity, such as a low-MSE
IPS-based estimator, would naturally yield a better policy. Our findings show this is not
the case. The superiority of PWLL objectives, which are poor value estimators by design,
provides compelling evidence against this estimator-centric view. This reinforces our main
takeaway: in large action space settings, a tractable optimization landscape is a more
critical feature for a learning objective than its statistical accuracy. For completeness, an
experiment tracking the MSE of methods is given in Section D.4.

The figure also supports Claim 2. Indeed, there is a consistent performance gap between
POTEC and OffCEM. Both methods are designed to maximize the same asymptotic objec-
tive as we show in Section 7.1; their statistical goals are identical. The divergence in
performance, therefore, can be attributed entirely to their differing optimization strate-
gies. POTEC’s use of a two-stage, cluster-level optimization proves far more effective than
0ffCEM’s naive, action-level parametrization.

7.3.2 Objective-Aware Parametrization

To empirically validate Claim 1, we compare a naive, whole-action-space parametrization
against our proposed objective-aware approach, which restricts the policy’s effective action
space to the logging policy support, Sy. As shown for the IPS objective in Figure 7.3,
the naive approach is highly unstable, with performance collapsing under simple learning
configurations. In contrast, the objective-aware version is very robust, achieving high
reward consistently across all batch sizes and schedules. This benefit extends even to
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Effect of Optimization Hyperparameters on Performance
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Figure 7.2: Effect of batch size and learning rate schedule on final validation reward
using three large-scale datasets. IPS-based objectives are highly sensitive, while PWLL
objectives are robust.

97



Effect of Objective-Aware Parametrization on Performance
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Figure 7.3: The effect of objective-aware parametrization for IPS and cLPI on MovieLens.

inherently stable PWLL objectives like cLPI, which achieve even better performance with
the restricted support. This provides strong evidence for Claim 1: aligning the policy
structure with the objective’s inductive bias simplifies the optimization landscape, leading
to greater stability and superior learned policies. This finding holds across all datasets,
with full results available in Section D.4.

7.4 Conclusion

The dominant approach to off-policy learning focuses on developing sophisticated IPS-
based estimators while neglecting a crucial factor: the optimization landscape. We demon-
strated, both theoretically and empirically, that this landscape becomes prohibitively dif-
ficult to optimize in large action spaces, undermining the practical effectiveness of even
state-of-the-art estimators.

Our analysis motivates two strategies. First, objective-aware policy parametrizations align
the policy class with the estimator’s inductive bias, reducing the effective search space.
Second, PWLL objectives abandon value estimation entirely in favor of inherently concave
optimization landscapes. Experiments confirm that this focus on optimization tractability
yields more robust learning, reduced sensitivity to hyperparameters, and superior policies.

Our work has several limitations. First, PWLL objectives are not value estimators: they
cannot be used for off-policy evaluation or policy selection (choosing the best policy from
a finite candidate set) when accurate value estimates and their comparison are required.
Second, the concavity guarantee of Proposition 5 holds only for linear-softmax policies;
when training deep networks end-to-end, PWLL retains favorable gradient structure but
loses formal concavity guarantees, although IPS-based objectives face even more severe
optimization challenges in this setting. Third, PWLL’s oracle policies inherently depend
on the logging policy (e.g., m*t o r(x,a)mo(a | x)), which may be suboptimal when 7
has poor coverage of high-reward actions; however, this limitation is shared by IPS-based
methods, whose oracle policies similarly depend on 7y’s support.
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Having explored structured direct methods in Chapter 6 and optimization-focused objec-
tives in Chapter 7, we now turn to inverse propensity scoring (IPS). Despite its current
practical limitations in large action spaces, many practitioners remain committed to IPS-
based methods for their unbiasedness and theoretical guarantees, which enable principled
safe off-policy learning. In this chapter, we improve IPS through exponential smoothing, a
differentiable importance-weight regularization technique that enables a controlled bias-
variance trade-off. Then, we adopt the pessimistic framework introduced in Section 5.1,
deriving principled uncertainty penalties for our regularized estimators for safe policy
learning. Prior work on pessimistic off-policy learning has derived objectives from gen-
eralization bounds (Swaminathan and Joachims, 2015a; London and Sandler, 2019), but
these approaches suffer from critical limitations: (i) they provide only one-sided bounds
that fail to control estimation error in absolute value, limiting their ability to certify esti-
mator quality, (ii) the resulting bounds are intractable and incompatible with stochastic
optimization, and (iii) the pessimistic objectives require careful hyperparameter tuning.

99



We address these limitations by deriving tractable two-sided PAC-Bayes generalization
bounds that can be optimized directly via stochastic gradient ascent. Unlike prior work
(Sakhi et al., 2022), our analysis applies to standard IPS without assuming bounded
importance weights, requiring only bounded second moments. Our bounds reveal that
the optimal importance-weight smoothing parameter a depends on the quality of the
logging policy. Furthermore, our framework generalizes to a broad class of importance-
weight regularization techniques, yielding unified pessimistic objectives that enable fair
comparison across different importance-weight regularization techniques. We present this
extension in the final two sections of this chapter.

The chapter is organized as follows. Section 8.1 presents background on regularized IPS
and pessimism. Section 8.2 identifies the shortcomings of hard clipping and introduces
our exponential smoothing estimators. Section 8.3 leverages PAC-Bayes theory to derive
two-sided generalization bounds within the pessimistic framework. Section 8.4 discusses
implications of our results. Section 8.5 demonstrates favorable performance across diverse
benchmarks. Finally, Sections 8.6 and 8.7 extend the framework to other importance-
weight regularizations and compare them under a unified pessimistic objective.

8.1 Background

We consider the off-policy setting in Section 5.1, where we have access to logged data
D, = {(Xi, A, R;)}, collected by a known logging policy m. As additional notation,
we let u, be the joint distribution of (X, A, R);

pr(z,a,7) =v(z)r(alz)p(r|e,a), sothat (X, Ai, Ri) ~ fin, -
Our goal remains to find a policy 7 € II that maximizes the value

V(7)) = Exevamnx)[r(X, A)].

8.1.1 Regularized IPS

This chapter focuses on the IPS estimator (Horvitz and Thompson, 1952; Dudik et al.,
2012), which estimates the value V() by re-weighting the samples as

. 1 <&
Vis () = EZRiw(AAXi), (8.1)
i=1

where w(a|x) = w(a|x)/m(a|z) are the importance weights. While IPS provides an unbi-
ased estimate of V' (7) when the common support condition holds (i.e., mo(a|x) = 0 implies
m(alx) = 0), its variance grows with these importance weights (Swaminathan et al., 2017),
which can be arbitrarily large when the target policy 7 and logging policy 7y differ sig-
nificantly. To mitigate this variance issue, it is common to transform the importance
weights using regularization functions that introduce controlled bias to reduce variance.
A regularized IPS estimator takes the form:

~

Vim) = %Z R; w(Ai|X5), (8.2)
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where w(a|r) < w(a|r) are the regularized importance weights. A common importance-

weight regularization approach is clipping where w(a|z) = min(%, M), M > 0.

8.1.2 Pessimistic Objectives

Within the pessimistic framework introduced in Section 5.1, we seek to maximize: 7 =
argmax, [V (m)—pen(m)| where pen(-) is a penalty term. The construction of this penalty
has been approached in various ways, but generally relies on lower confidence bounds on

the policy value:

Evaluation bounds (Metelli et al., 2021) provide confidence intervals for a fized target
policy 7, showing that with probability at least 1 — §:

\V(x) = V(n)| < (8,7, 79, n). (8.3)

Essentially, Equation (8.3) indicates that for a fixed policy © € II, the event |V (7) —
V(ﬂ)| < f(8,m,mo,n) holds with high probability. However, this event depends on the
target policy m. Thus Equation (8.3) is useful for evaluating a single target policy when
having access to multiple logged data sets D,,. This poses a problem for off-policy learning,
where we optimize over a potentially infinite space of policies using a single logged data
set D,,. This is the fundamental theoretical limitation of using evaluation bounds similar
to Equation (8.3) in off-policy learning. While one can transform Equation (8.3) into a
generalization bound that holds uniformly over all 7 € II via a union bound, this typi-
cally introduces intractable complexity terms, making the resulting pessimistic objectives,
which maximize the lower confidence bound, equally intractable.

One-sided generalization bounds (Swaminathan and Joachims, 2015a; London and
Sandler, 2019; Sakhi et al., 2022) address this limitation by providing bounds that hold
simultaneously for all policies €€ II. For § € (0, 1), with probability at least 1 — ¢:

V(n) > V(n) — g(6,11,m,m,n), Vrell, (8.4)

where the function g now depends on the policy space II. This leads to the pessimistic
objective:

# = argmax V (r) — (6, 1L, 7, mo, n). (8.5)

well

However, one-sided bounds fail to attest to the quality of the estimator. To illustrate,
consider a degenerate estimator V?°*(z) = 0 for all 7 € II. Since V(x) € [0,1], we
trivially have a one-sided bound V (7) > V*°°%(7) with probability 1, yet this estimator
is entirely uninformative about the true rewards.

Two-sided generalization bounds resolve this issue by controlling both the upper and
lower deviations leading to

V(r) =V (n)| < g(6,,7,m,n), Vrell (8.6)

These bounds ensure the estimator quality and enable oracle inequalities of the form
V(r) > V(m) — 2¢9(0,11, ., m9, m), where 7 is learned using Equation (8.5) and m, =
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argmax, . V() is the optimal policy. This shows the appeal of pessimism: the sub-
optimality gap depends on the bound evaluated at the optimal policy m,, meaning the
estimator only needs to be precise for near-optimal policies rather than uniformly across
the policy class II.

Alternative approaches include heuristics that simplify theoretical bounds for tractabil-
ity (Swaminathan and Joachims, 2015a; London and Sandler, 2019; Wang et al., 2023),
often penalizing by empirical variance or policy divergence while discarding complex-
ity terms. Recent work on implicit pessimism (Gabbianelli et al., 2024; Sakhi et al.,
2024) (published after the work in this chapter) shows that careful analysis of spe-
cific importance-weight regularizations can yield bounds where the penalty is policy-
independent. In this case, maximizing the lower bound reduces to maximizing the es-
timator directly: the pessimism becomes implicit in the regularization itself.

In this work, we derive a tractable two-sided PAC-Bayesian generalization bound for
our exponential smoothing estimator and then generalize it to other importance-weight
regularizations.

8.2 Exponential Smoothing

Importance-weight clipping (Swaminathan and Joachims, 2015a) yields the following com-
monly used estimators

IPS-min V(1) = %ZR’ min (w(A;|X;), M),
i=1

n

i 1 m(Ail Xy)
IPS- "(m) = - ‘ ' |
max  V7(r) n ; fi max(mo(A;| X;), 7) o

Here IPS-min clips the weights while IPS-max only clips 7y in the denominator since 7

is always smaller than 1. For instance, M € R* in V" () trades the bias and variance of

the estimator. When M is large, the bias of V() is small but its variance may be large.

On the other hand, the variance goes to 0 when M = 0 since in that case V" (7) ~ 0 for

any 7 € II. Similarly, 7 € [0, 1] trades the bias and variance of VT(W) and can be seen as
1

T .

M

This hard clipping has some limitations. First, min(-, M) leads to non-differentiable
objectives that may require additional care in optimization (Papini et al., 2019). Also,
min(-, M) is constant on [M, 00) leading to objectives with zero gradients for any policy 7
that satisfies w(A;|X;) > M for any i € [n]. More importantly, hard clipping is sensitive
to the choice of the clipping threshold M. In practice, tuning M is challenging and may
cause the learned policy to match the logging policy, leading to minimal improvements.
To see this, consider the following illustrative example.

For simplicity, suppose that the problem is non-contextual, in which case the reward
function r only depends on the actions a € A. It follows that policies do not depend on
xr € X; they are now probability distributions 7 (-) over A. Also, assume that A = [100]
and that the reward received after taking action a € [100] is binary. That is, R ~
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Bern(r(a)) where 7(a) = 0.1 —1073(a — 1) is the expected reward of action a, and for any
€ [0, 1], Bern(p) is the Bernoulli distribution with parameter p. This means that the
best action is 1 and the worst is 100. Finally, the logging policy 7r0( ) is e-greedy centered

at action 50. That is mo(50) = 1 — ¢, and for any a # 50, mo(a) = 55, with € = 0.05.

Now consider 100 deterministic policies m,(-) for a € [100] such that m,(-) is the Dirac
distribution centered at a. In Figure 8.1, we plot the estimated reward of the policies 7,
using either IPS in Equation (8.1) or IPS-min in Equation (8.7). We generate n = 50k
samples and set M = 100 = O(y/n) as suggested by lonides (2008). With this choice of
M, IPS-min underestimates the reward of all policies 7, for a # 100 since their weights
7o/ mo are either 0 or 99/¢ > M. The estimated reward of IPS-min is maximized in
50 &~ o only. Thus, if we optimize f/M() over Dirac policies, we will converge to the
logging policy despite its bad performance.

Although the other variant of hard clipping, IPS-max in Equation (8.7), is differentiable,
it is still sensitive to 7 and may induce high bias similar to Figure 8.1. This is due to some
loss of information related to the preferences of the logging policy. Indeed, for two actions
a and a' such that m(a|X;) < m(a’|X;) < 7 for an observed context X;, the propensity
scores mo(a|X;) and mo(a’|X;) will be clipped to the same value 7. Thus the information
that, for context X;, action a’ is preferred by the logging policy than action a will be lost.

025 T T T T
true
0.20 e ips T
. . ips-min, M=100
0.15 } . . .
010 < ™ o o0 o [ ] -1
0.05 i .. .-. .... [ ] \‘. q... ..... -0 .... ... [ ]
OOO L 1 1 |
0 20 40 60 80 100

Figure 8.1: Effect of hard clipping on the estimation quality. The z-axis corresponds to
actions a € [100]. The y-axis is the estimated reward of each of the 100 policies 7, using
either IPS or IPS-min. The cyan line is the true reward for each policy 7.

To mitigate this, we propose the following exponential smoothing correction for IPS. Our
estimators are defined as

IPS-a : ZR Y(A]X;), ae0,1],

IPS-3: VP(n) = EZRME(AAXQ, Belo1], (8.8)
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where w*(alz) = ﬂ:((sﬂ;c))a and WP (a|z) = ;(8‘2);. Here standard IPS is recovered for o = 1

and 8 = 1. These estimators yield smooth, everywhere-differentiable objectives and avoid
the flat regions induced by hard clipping; this improves optimization in practice. Also, in
contrast with IPS-max in Equation (8.7), V() preserves the preferences of the logging
policy. Precisely, for two actions a and a’ such that m(a|X;) < m(a'|X;) for an observed
context X;, we still have my(a|X;)* < mo(a'|X;)* and the information that action o’ is
preferred by the logging policy than action a is preserved.

While a similar correction to IPS-S was proposed in Korba and Portier (2022), its use
in off-policy learning is novel. Also, Su et al. (2020); Metelli et al. (2021) regularized
the importance weights w as Ai\jj”ﬂ ;A1 > 0 and m , A2 € [0, 1], respectively. Thus,
the expression of both corrections is very different from ours. More importantly, these
corrections entail different properties than ours. Roughly speaking, our correction allows
us to simultaneously (1) control a tuning parameter o € [0, 1] that is in a bounded domain
[0,1], (2) without constraining the resulting importance weights to be bounded, (3) and

to obtain tractable PAC-Bayes generalization bounds as the correction 75 is linear in

m; a technical requirement of PAC-Bayes analysis. In contrast, Metelli et ;1. (2021); Su
et al. (2020) do not provide generalization guarantees; they focus on estimation accuracy
(e.g., through mean squared error) and only propose heuristics for off-policy learning.
Those heuristics are not based on theory, in contrast with ours which is directly derived

from our generalization bound. Also, our approach has favorable empirical performance
(Section E.3.6).

Although Korba and Portier (2022, Lemma 1) show that smoothing the importance
weights similarly to IPS-£ in Equation (8.8) reduces the variance, it might still be unclear
how a and S trade the bias and variance of our estimators in off-policy learning. To see
this, let a € [0, 1], then we have

IB(V(7))| < Extanamm(ix) [1 = To(A[X) 7] (8.9)

~ o 1 T(A|X)
V [Vo(m)] < ZExeaencin eIk

with B(Ve(n)) = E[V(r)]=V (x) and V[V*(r)] = E[(V*(x)—E[V*(r)])?] are respectively
the bias and the variance of V(). The bound of the bias in Equation (8.9) is minimized
in @« = 1 (standard IPS); in which case it is equal to 0 (standard IPS is unbiased). In
contrast, the bound of the variance is minimized in « = 0. Thus if the variance is small
or n is large enough such that E[r(A|X)/m(A|X)**!]/n — 0, then we set a — 1.

Otherwise, we set @ — 0. This shows that « trades the bias and variance of Ve, More
details and a similar discussion for V?(r) are deferred to Section E.1.

8.3 PAC-Bayes Analysis for Off-Policy Learning

We now derive generalization bounds for our estimator. We opt for the PAC-Bayes frame-
work for the following reasons. First, it is known to provide some of the tightest gen-
eralization bounds in challenging scenarios (Farid and Majumdar, 2021), for aggregated
and randomized predictors (Alquier, 2021). Second, the bounds have a Kullback—Leibler
(KL) divergence (Van Erven and Harremos, 2014) term Dgp,(QJ|P) that depends on a
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fized prior P and a learning posterior Q (see Section 8.3.1 for a brief introduction). This
quantity can be seen as a complexity measure, similarly to the covering number (Maurer
and Pontil, 2009). The difference is that complexity measures are uniform on the space
of policies while the KL term in PAC-Bayes depends on the prior P and the posterior Q.
This allows getting sharper bounds when the former is well chosen. Third, the PAC-Bayes
perspective fits very well with off-policy learning. In fact, a policy 7w can be written as an
aggregation of predictors under some distribution Q. Thus the prior P can be associated
with the logging policy m that we want to improve upon while the posterior Q is related
to the learning policy 7. Fourth, London and Sandler (2019) showed that PAC-Bayes can
lead to tractable and scalable objectives, an important consideration for this thesis.

8.3.1 Elements of PAC-Bayes

Let Z = X x Y be an instance space: e.g., X and ) are the input and output space in
supervised learning. Let H = {h : X — Y} denote a hypothesis space of mappings from
X to Y (predictors). Also, let L : H x Z — R be a loss function and assume access to
data D,, = (Z;)icn) drawn from an unknown distribution D. Let

Risk(h) = Ezp [L(h, Z)
be the risk of h € H while
_— 1 <&
Risk, (h) = — L(h, Z;
Sle(h) = 2 3 L0 2)

is its empirical counterpart. Then the main focus in PAC-Bayes is to study the gen-
eralization capabilities of random hypotheses Q on H by controlling the gap between
the expected risk under Q, E,.q [Risk(h)], and the expected empirical risk under Q,

g [fi@n(h)} .
For example, assume that L(h, Z) € [0,1] for any (h,Z) € H x Z, let P be a fized prior

distribution on H and let § € (0,1). Then with probability at least 1 — § over D,, ~ D",
the following inequality holds simultaneously for any posterior distribution Q on H:

Dx1.(Q||P) + log 24
2n ’

Epq [Risk(h)] < Envg [@{n(h)] + \/

This was originally proposed by McAllester (1998), and the reader may refer to Alquier
(2021); Guedj (2019) for more elaborate introductions of PAC-Bayes theory.

Connection to value functions. The loss L is often chosen as the negative reward,
L(h,Z) = —r(h,Z). In this case, minimizing the Risk(h) is equivalent to maximizing the
value function. Thus, PAC-Bayes bounds on the risk directly translate into guarantees on
the discrepancy between empirical and true value, providing a principled way to reason
about generalization in off-policy learning.

8.3.2 PAC-Bayes for Off-Policy Learning

Let H = {h : X — A} be a hypothesis space of mappings from X (contexts) to A
(actions). Given a policy 7 and a context x € X, the action distribution 7 (-|z) is induced
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by a distribution Q over H (London and Sandler, 2019) such as
7T(CL|.1') = WQ(G‘Z‘) = EhN@ []l{h(r):a}} . (8.10)

This is not an assumption since any policy 7 has this form when # is rich enough (Sakhi
et al., 2022, Theorem 2). From Equation (8.10), we observe that policies can be seen as
an aggregation Ej g [-] (under some distribution Q on the pre-defined hypothesis space
H) of deterministic decision rules 1y(z)=q}. This allows formulating off-policy learning as
a PAC-Bayes problem. Before showing how this is achieved, we start by providing two
practical policies of such form.

Example 1 (softmax and mixed-logit policies). We define the hypothesis space
H = {hy,;0 € R ~ € RE} of mappings hg,(z) = argmax,e 4 ¢(x) "0, + Va. Here ¢(x)
outputs a d-dimensional representation of x, and 7, is a standard Gumbel perturbation,
Yo ~ G(0,1) for any a € A. Then

sor( 1y exp(d(x) " 0a)
) = exp(0(a) )
(1)
=E, <conx []l{hgﬁ(x):a}] ) (8.11)

where (i) follows from the Gumbel-Max trick (GMT) (Luce, 2012; Maddison et al.,
2014). Thus a softmax policy m;°" can be written as in Equation (8.10). Now we also
consider random parameters 6 ~ N(u,0%lzx) with p € R* and ¢ > 0. Then, let
Q = N(p, 0°Iix) x G(0,1)%, it follows that 7o = 7" is a mixed-logit policy and it
reads

exp(¢(z) '0a)
W!T,?LWM) = ]EHNN(N:UQId) Z Aexp(gb(x)TG ,> )
a’e a
= Egn(p021) y~G(0,1)E []l{hgw(x):a}} . (8.12)

Example 2 (Gaussian policies): Sakhi et al. (2022) removed the Gumbel noise 7 in
Equation (8.12) and consequently defined the hypothesis space as H = {h(; 0 € RIK }
of mappings hy(z) = argmax, 4 #(x) "0, for any x € X. Then, let Q = N'(p, 0% Lyx), it

follows that mq = 74" reads

WE,/ZUS(@\%’) = Eon(u,0214) []l{hg(m)za}] . (8.13)
To see why removing the Gumbel noise can be beneficial, the reader may refer to Sec-
tion E.3.2.

After motivating the definition of policies in Equation (8.10), we are in a position to
relate our estimators to the general PAC-Bayes framework in Section 8.3.1. One technical
requirement of our proof is that the estimator should be linear in 7. Thus we focus on
V() since VP(r) is non-linear in w. Let h € H, z € X, a € A and r € [0,1], we define
the objective U, as

1 T)=a
Us(h,z,a,1) = %7& (8.14)
Tola|x)®
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Using the definition in Equation (8.10) and the linearity of the expectation, we have that
V*(-) in Equation (8.8) can be written as

. 1<
V(o) = Ereg EZUa(h,Xi,A,»,RZ-) .
=1

Moreover, the expectation of V(mg) reads
V(71q) = EnoE(x,4,R)~pin, [Ualh, X, A, R)] .

Finally, the main quantity of interest, the value V(mg), can be expressed in terms of the
objective with o =1, Uy, as

V<7TQ) = EhNQE(X,A,R)N,uWO [Ul<h7 X7 A7 R)] .

Since Va(qQ) is an unbiased estimator of V%(mg), PAC-Bayes can be used to bound
V(mg) — V*(ng). This will allow bounding our quantity of interest V(mg) — V*(mg).

8.3.3 Main Result

To ease the exposition, we assume that the rewards are deterministic. Then, in logged
data D, R; = r(X;, A;) for any i € [n]. Note that the same result holds for stochastic
rewards. We discuss our result and sketch its proof in Section 8.4. The complete proof
can be found in Section E.2.1.

Theorem 4. Let A >0,n>1,0 € (0,1), a € [0,1], and let P be a fized prior on H, then
with probability at least 1 — ¢ over draws D, ~ uy , the following holds simultaneously for
any posterior Q on H

KLy(mg) = A

9 KLl(/]TQ) a n a
——— + B (mq) + —x T3 Var, (mq) .

[V(mq) — V*(mg)| < o

where KLy (mg) = Dxi(Q|P) + In %ﬁ , and

4 N 1< .
KLy(mg) = Die(QIF) +In <, Bi(mg) =1- Y Eaergrixy [m *(A1X3)]
=1

o — E o (- ) ! .
Vara(mo) = ; Ao [WO(A|Xi)2a mo( Ay X;)2

We start by clarifying that the prior P can be any fixed distribution on H. If we have
access to Py on H such that my = 7p,, then it is natural to set P = Py. But this is just a
choice and one may use priors that do not depend on m5. Now we explain the main terms
in our bound. First, the terms KL;(mg) and KLy(mg) contain the divergence Dk, (Q||P)
which penalizes posteriors Q that differ a lot from the prior P. Moreover, BY(mg) is the
bias conditioned on the contexts (X;)icpm; Ba(mg) = 0 when o = 1 and BS(mg) > 0
otherwise. Also, the first term in Varj (mg) resembles the theoretical second moment of
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the regularized importance weights 2 (without the reward) when they are seen as random
0

variables. Similarly, the second term in Var( (mg) resembles the empirical second moment
of =R (with the reward). Finally, if Varj,(7mg) is bounded, then we can set A = 1/4/n, in
0

which case our bound scales as O(1/y/n + B%(mg)). In practice, we set a ~ 1 leading to
B%(mg) ~ 0 and the bound would scale as O(1/y/n).

One of the main strengths of our result is that it holds for standard IPS with a =
1 under the assumption that Var; (mg) is bounded. This assumption is less restrictive
than assuming that the importance weight as a random variable, mg(A|X)/m(A|X),
is bounded, a required assumption for traditional concentration bounds. In contrast,
Var®(mg) only involves the expectations of the random variables mo(A|X;)/mo(A|X;)%?,
and ratios of 7 evaluated at observed contexts and actions and (X, A;)ic[,), that have
non-zero probabilities under 7y by definition.

Our result holds for fixed A > 0 and « € [0, 1]. In Section E.2.2, we extend this to any po-
tentially data-dependent A € (0,1) and o € (0, 1]. The assumption that R € [0, 1] can be
relaxed to R € [0, B] up to additional factors B> and B in Var?(mg) and KL (mq), respec-
tively. Finally, our bound is suitable for stochastic gradient ascent (Robbins and Monro,
1951) since data-dependent quantities are not inside a square root. This is important for
scalability.

Limitations. Our bound in Theorem 4 has two main limitations. (i) Using it to directly
derive a data-independent suboptimality gap bound is not straightforward. This difficulty
arises because our bound involves empirical quantities such as BS(mg) and Var, (mg),
whose dependence on the logged data prevents expressing the gap purely as a function of
n. However, obtaining data-independent suboptimality guarantees was not the goal of this
chapter. Instead, our focus was on deriving tractable and theoretically grounded bounds
for exponential smoothing, that also perform well in practice when used for pessimistic ob-
jectives. (ii) Our result provides symmetric deviation bounds that simultaneously control
the upper and lower deviations of V"‘(W@) from V(mg). Yet, recent work (Gabbianelli et al.,
2024), published after the paper corresponding to this chapter, indicates that the tails of
regularized IPS estimators are inherently asymmetric. Consequently, tighter bounds may
arise from developing asymmetric two-sided bounds that treat each deviation separately.
We explored this direction in our follow-up work (Sakhi et al., 2024), where we derived
some of the tightest bounds in the literature, with strong empirical performance.

8.3.4 Adaptive and Data-Driven Tuning of «

Theorem 4 assumes that « is fixed (although we extend it for data-dependent « in Sec-
tion E.2.2). However, providing a procedure to tune « in an adaptive and data-dependent
fashion is important in practice. Thus we propose to set

\/ 2KLy(mg) Var, (mq) (8.15)

’
n

o, = argmin By (mg) +
a€l0,1]

where all the terms are defined in Theorem 4. Roughly speaking, «, establishes a bias-
variance trade-off; it minimizes the sum of the bias term B%(mg) and the square root of the

second moment term Var( (mg), weighted by 4/ ZKLQT(”Q). Here Equation (8.15) is obtained
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by minimizing the bound in Theorem 4 with respect to both a and A as follows. First, we

minimize the bound in Theorem 4 with respect to A; the minimizer is A, = 7?\};;3—"(7(2?))'
Then, the bound in Theorem 4 evaluated at A = A\, becomes

KLy (T 2KLy(mg) Vars (m

—12(n ) | Bomy) +\/ 2( Q)n a(ma) (8.16)

Finally, a. is defined as the minimizer of Equation (8.16) with respect to o € [0, 1], and

%nw) does not appear in Equation (8.15) as it does not depend on a. Note that a,

depends on both logged data D,, and the learning policy mg. Thus it is adaptive; its value
changes in each iteration during optimization.

8.4 Discussion

We start by interpreting and comparing our results to related work. Then, we present the
technical challenges in Section 8.4.2. After that, we sketch our proof in Section 8.4.3.

8.4.1 Interpretation and Comparison to Related Work

Theorem 4 gives insight into the number of samples needed so that the performance of 7 is
close to that of the optimal policy m,. To simplify the problem, we consider the Gaussian
policies in Equation (8.13) and assume that there exists Q. = N (s, lx) with u, € RE
such that the optimal policy is 7, = mg,. Also, we let the prior P = N(uo, lix) and
assume that my is uniform. This is possible since as we said before, the prior IP does not
have to depend on the logging policy my. Then we have that Dgr,(Q.[|P) = ||us — pol]?/2,
B%(mg,) = 1—-1/K'"* and Var? (mg,) < 2K**. The last inequality is not tight but it allows
getting an easy-to-interpret term that does not depend on n. Now let € > 2(1 — K*71)
for a € [1 —log2/log K, 1]. This condition on « ensures that € € [0,1] and it is mild as
« is often close to 1. Then, it holds with high probability that

~ (s = pol|* + K>\ 2 3
n>(”€’“‘_ 2(’;0! o ) = V(#) 2 V(mg,) e,
where we omit constant and logarithmic terms in >. This gives an intuition on the sample
complexity for our procedure. In particular, fewer samples are needed in four cases. The
first is when € is large, which means that we afford to learn a policy whose performance
is far from the optimal one. The second is when the prior P is close to Q,, that is when
|| pt« — po]] is small. This highlights that the choice of the prior P is important. The third
is when the second-moment term K?* is small. The fourth is when the bias B%(mg,) is
small. In particular, when o = 1, the bias is 0. In contrast, the second-moment term is
minimized in o = 0. This is where the choice of o matters. The proofs of these claims
and more detail can be found in Section E.2.4.

Our chapter derives a tractable generalization bound for an estimator other than clipped
IPS in Equation (8.7), which also holds for the standard IPS in Equation (8.1). The
bounds in Swaminathan and Joachims (2015a); London and Sandler (2019); Sakhi et al.
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(2022) have a multiplicative dependency on the clipping threshold (M or 1/7 in Equa-
tion (8.7)). Standard IPS is recovered when M — oo (or 7 = 0) in which case their bounds
are infinite. We successfully avoid any similar dependency on a. Moreover, Swaminathan
and Joachims (2015a); London and Sandler (2019) only used their generalization bounds
to inspire pessimistic objectives. Although we directly optimize our theoretical bound
(Theorem 4) in our experiments, our analysis also inspires a pessimistic objective where
we simultaneously penalize the Lo distance, the variance and the bias. That is, we find
p € R that maximizes

Va(ﬁu) — Aiflp— MOH2 — Ay Varg(”u) - >\3Bf§(m) . (8.17)

Here A1, A2 and A3 are tunable hyper-parameters, 7, can be the Gaussian policy in Equa-
tion (8.13), m, = 751", with a fixed o = 1, and y is the mean of the prior P = N (o, Ik ).
Existing works either penalize the Ly distance or the variance. For completeness, we also

show that this pessimistic objective should be preferred over existing ones in Section E.3.5.

8.4.2 Technical Challenges

London and Sandler (2019); Sakhi et al. (2022) derived PAC-Bayes generalization bounds
for the estimator IPS-max in Equation (8.7). Extending their analyses to our case is
not straightforward. First, their estimator IPS-max is upper bounded by 1/7, and thus
they relied on traditional techniques for [0, 1]-objectives (Alquier, 2021). In contrast, our
objective in Equation (8.14) is not upper-bounded, and controlling it without assuming
that the importance weights are bounded is challenging.

Moreover, their bounds have a multiplicative dependency on 1/7, hence they explode as
7 — 0. This makes them vacuous for small values of 7 and inapplicable to the standard
IPS estimator in Equation (8.1) recovered for 7 = 0. In contrast, our bound does not
have a similar dependency on « and it is also valid for standard IPS recovered for oo = 1.
Moreover, we derive two-sided inequalities rather than one-sided ones for the important
reasons that we priorly discussed. This requires carefully controlling in closed-form the
absolute value of the bias. Prior works only used that the bias is negative which was
enough to obtain one-sided inequalities.

Explaining other challenges requires stating a result that inspired our analysis: Kuzborskij
and Szepesvari (2019) derived PAC-Bayes generalization bounds for unbounded losses by
only controlling their second moments. Recently, Haddouche and Guedj (2022) proposed
a similar result using Ville’s inequality (Bercu and Touati, 2008). Adapting their theorem
to our problem is given Proposition 6. We slightly adapt their proof to get a two-sided
inequality for a negative loss. The proof is deferred to Section E.2.3.

Proposition 6. Let A >0, n > 1, § € (0,1), o € [0,1] and let P be a fized prior on H,
then with probability at least 1—9 over draws Dy, ~ pu7; , the following holds simultaneously
for all posteriors, Q, on H

. Dkr(Q[P) +1og2 A N mo(AilXi)
« _ ‘/'Of < J— — " R
V(o) (o)l < An +2nizl T (A X;)
A mo(AlX) s
—E ~ R 1
+ 2 (X,A,R) Hrg |:7Tga<A’X> ) (8 8)
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There are two main issues with Proposition 6. First, the term E(x 4 r)~, [%‘%(ﬁ‘))% RZ} in
Equation (8.18) is intractable. One could bound R? by 1, but the resulting term will still
be intractable due to the expectation over the unknown distribution of contexts v. Second,
we need an upper bound of [V (7g) — V*(mg)| while Proposition 6 only provides one for
V(1) —V*(ng)|. Thus it remains to quantify the approximation error |V (mg)—V®(mg)|-
This will also require computing an expectation over X ~ v, which is intractable.

8.4.3 Sketch of Proof for Theorem 4

We conclude by showing how the technical challenges above were solved. First, We de-
compose V(mg) — V(mg) as

~

Vi(mg) =V (mg) =1 + I+ I3, where

I =Vi(mg) ~ - > VimalXy),

i=1

1 & 1 &
L= > VimglXi) — - > V(mglXy),
=1 1=1

1 - «a Cro
I3 = - E VH(molXi) — V*(mq),
=1

where
mo(A]Xi)

V(mglX;) = EAcrg(1x:) r(Xi, A)],  V(molX;) = E aro(1x,) To(A|X;)®

T(XZ,A) .

I, is the estimation error of the empirical mean of the value using n i.i.d. contexts (X;)ic[n-
This term is introduced to avoid the intractable expectation over X ~ v. Moreover,
I, is the bias term conditioned on the contexts (X;)ic, and we bound it in closed-
form. Finally, I3 is the estimation error of the value conditioned on the contexts (X;)icp-
Again, this conditioning allows us to avoid the intractable expectation over X ~ v and
to consequently bound |I3| by tractable terms. First, Alquier (2021, Theorem 3.3) yields
that with probability at least 1 — g, it holds for any Q on H that

NG
n

Also, |I5| is bounded similarly to Equation (8.9) as

1 n
|Io| < EZEANWQ(%) [1—m *(AlX))] -

=1

Bounding |/3| is achieved by expressing it using martingale difference sequences (f; (A, h))icp
that we construct as follows. Let (F;)icfojup be a filtration adapted to (5;)cjn) where
Si = (Ag)ecp) for any @ € [n], we define

x)=ay" (X, A1 Lynix=a B
mo(A|X;)* mo(Ag| Xi)>

1y
fi (A, h) = Eacm(x)) { {(
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Then we show that for any h € H, (fi(Ai, h))icp is a martingale difference sequence.
After that, we apply Haddouche and Guedj (2022, Theorem 5) and obtain that with
probability at least 1 — /2, it holds for any Q on #H that

Dxr,(Q[P) +1log: A

o (01, () < DBV ERES  Ap o v, ).

where My, (h) = Y1, f; (Ai, h) and Var, (h) = S0 fi (A, h)>+E [ fi (Ai, h)? | Fi—1]. Then
notice that Ej.q [M,(h)] can be expressed in terms of I3 as

Eneg [Ma(h)] = 3 V¥(mq|X,) — nV*(rq) = nls.

i=1

Moreover, Ej,q [Var,(h)] is bounded by

- To(A|X:) To(AilXy) L,
E (/X 2
; Armol1Xs) LO(AW)M T (A X

Thus with probability at least 1 — g, it holds for any Q that

DxL(QP) +1og3 A o= mo(Ai| X))
< - A S
[fs] < nA + 2n ;

P 1o(A|X))
24 2NTEL e | 2D
71'0(14”)(1‘)20‘lEiZ + 2n Z Armo(t1Xs) |:7T0(A|Xi)2a
=1

Our result is obtained by bounding |I;| + |Is| + |I3]. One shortcoming of our analysis is
that Var((mg) is not exactly and only resembles the sum of the theoretical and empirical
second moments of our estimator. Precisely, the terms mg/m3® should be g /73*. This
problem arises due to our definition of the martingale difference sequences (f;(A;, h))icin]
in Equation (8.14). Precisely, in our proof, we compute the square f;(A;, h)2. However,
the square of an indicator function is the indicator function itself. Thus applying the
expectation afterwards, Ej.q [f;(Ai, h)?], leads to mg appearing instead of Wé. This issue
is inherent in the PAC-Bayes formulation and seminal works (London and Sandler, 2019;
Sakhi et al., 2022) would suffer the same issue. Solving this would be beneficial and we
leave it to future work.

8.5 Experiments for Exponential Smoothing

We briefly present our experiments. More details and discussions can be found in Sec-
tion E.3. We consider the standard supervised-to-bandit conversion (Agarwal et al., 2014)
where we transform a supervised training set S * to a logged bandit data D,, as described
in Algorithm 3 in Section E.3.1. Here the action space A is the label set and the con-
text space X is the input space. Then, D, is used to train our policies. After that, we
evaluate the value of the learned policies on the supervised test set S;° as described in
Algorithm 4 in Section E.3.1. Roughly speaking, the resulting value quantifies the ability
of the learned policy to predict the true labels of the inputs in the test set. This is our
performance metric; the higher the better. We use 4 image classification datasets MNIST
(LeCun et al., 1998), FashionMNIST (Xiao et al., 2017), EMNIST (Cohen et al., 2017) and
CIFAR100 (Krizhevsky et al., 2009).
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Figure 8.2: The reward of the learned policy using one of the baselines with varying
quality of the logging policy 7 € [0, 1].

SOF

The logging policy is defined as 7o = 732", in Equation (8.11), where jig = (t10,0)aca € R
and 79 € [0,1] is the inverse-temperature parameter. The higher 7y, the better the
performance of mg. When 19 = 0, 7y is uniform. The parameters py are learned using
5% of the training set Si*. In our experiments, we consider both, Gaussian and mixed-
logit policies, in Equation (8.12) and Equation (8.13), for which we set the prior as
P = N(nopo, Lax) and P = N (nopo, Lsrc) x G(0,1)%, respectively. Given that pg are
learnt on 5% of S}*, we train our policies on the remaining 95% portion of S'* to match
our theory that requires the prior to not depend on training data. The policies are trained
using Adam (Kingma and Ba, 2014) with a learning rate of 0.1 for 20 epochs.

Main results. We compare our bound to those in London and Sandler (2019); Sakhi
et al. (2022); discarding the intractable bound in Swaminathan and Joachims (2015a) as it
requires computing a covering number. Here we do not include the pessimistic objectives
in Swaminathan and Joachims (2015a); London and Sandler (2019) since we directly
optimize our bounds. But we make such a comparison in Section E.3.5 for completeness,
showing the favorable performance of our bound and the newly proposed pessimistic
objective in Equation (8.17). Also, we do not compare to Su et al. (2020); Metelli et al.
(2021) since they do not provide generalization guarantees; they focus on estimation
accuracy and only propose a heuristic for off-policy learning. However, we still show the
favorable performance of our approach in off-policy learning compared to Su et al. (2020);
Metelli et al. (2021) in Section E.3.6 for completeness.

Prior methods are not named. Thus we refer to them as (Author, Policy) where Author
€ {Ours, London et al., Sakhi et al. 1, Sakhi et al. 2} and Policy € {Gaussian,
Mixed-Logit}. Here Ours, London et al., Sakhi et al. 1 and Sakhi et al. 2
correspond to Theorem 4, London and Sandler (2019, Theorem 1), Sakhi et al. (2022,
Proposition 1), and Sakhi et al. (2022, Proposition 3), respectively. Since we have two
classes of policies, each bound leads to two baselines. For example, London and Sandler
(2019, Theorem 1) leads to (London et al., Gaussian) and (London et al., Mixed-
Logit). More details are provided in Section E.3.3.

In Figure 8.2, we report the value of the learned policies. Here we fix 7 = 1/y/n = 0.06
and o = 1 —1/\/n ~ 0.94 so that when n is large enough, both V7(x) and V*(r)
approach V7 () (Ionides, 2008). This is because standard IPS should be preferred when
n — oo. To have a fair comparison, we fixed « instead of tuning it in an adaptive fashion
as described in Section 8.3.4. However, we also provide the results with an adaptive «
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in Figure 8.3. Let us start with interpreting Figure 8.2 (with fixed o and 7). Overall,
our method outperforms all the baselines. We also observe that Gaussian policies behave
better than mixed-logit policies. However, this is less significant for our method where
the performances of both Gaussian and mixed-logit policies are comparable. Moreover,
our method reaches the maximum value even when the logging policy has an average
performance. In contrast, the baselines only reach their best value when the logging
policy is well-performing (79 ~ 1), in which case minor to no improvements are made.
Finally, the baselines induce a better value when the logging policy is uniform (ny = 0).
But our method has a better value when 7y > 0, which is more common in practice.

Larger action spaces. The experiments above did not consider very large values of
K. However, Chapter 7 evaluated IPS-based methods, including exponential smoothing
and clippped TIPS, on datasets with up to one million actions. In those experiments,
exponential smoothing outperformed clipped IPS, though the improvements were modest
compared to the gains observed here.

Choice of hyperparameters. Our choice of 7 and a does not affect the above con-
clusions. In Figure 8.3 (left-hand side), we compare our method with the best baseline,
(Sakhi et al. 2) with Gaussian policies, for 20 evenly spaced values of 7 € (0,1) and
a € (0,1). We also include the results using the adaptive tuning procedure of « described
in Section 8.3.4 (green curve). This procedure is reliable since the performance with an
adaptive a (green curve) is comparable with the best possible choice of a. Also, our
method consistently outperforms the best baseline (Sakhi et al. 2) with the best value
of 7 when the logging policy is not uniform (ny > 0). Also, there is no very bad choice
of v, in contrast with 7 = 1075 (dark blue plot) which led to minimal improvement upon
all logging policies. This might be due to the 1/7 dependency in existing bounds.
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Figure 8.3: On the left-hand side is the reward of the learned policy with varying 7 € (0, 1),
a € (0,1) and 1y € [0, 1], and for an adaptive « using the procedure in Section 8.3.4 (green
curve). The blue-to-cyan and red-to-yellow colors correspond to varying values of 7 and
«, respectively. The lighter the color, the higher the value of 7 or . The green curve
corresponds to the reward of the learned policy with an adaptive and data-dependent «
(Section 8.3.4). On the right-hand side is the average reward of the learned policies using
our method across the modest and good logging groups, 19 € [0,0.5] (red) and 7y € [0.5, 1]
(green), respectively.
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To see the effect of a;, we consider the following experiment. We split the logging policies
into two groups. The first is called modest logging which corresponds to logging policies
mo whose 19 is between 0 and 0.5. This group includes the uniform policy and other
average-performing policies. The second is called good logging and it includes the logging
policies whose 1) is between 0.5 and 1. Then, for each «, we compute the average value of
the learned policy, with that value of «, across these two groups. This leads to the two red
and green curves in Figure 8.3 (right-hand side). Overall, we observe that a ~ 0.7 leads
to the best performance across the modest logging group. Thus when the performance
of the logging policy is bad or average, which is common in practice, importance-weight
regularization can be critical. In contrast, when the performance of the logging policy
is already good and n is large enough, importance-weight regularization might not be
needed and o =~ 1 would also lead to good performance. This is one of the main strengths
of our bound; it holds for the standard IPS recovered with « = 1. This result goes
against the belief that clipped IPS should always be preferred to standard IPS. Here, our
bound applied to standard IPS outperformed clipping by a large margin when the logging
policy is relatively well-performing. Similar results for the other datasets are deferred to
Section E.3.4.

8.6 Extension to Other Regularizations

The experiments above demonstrated that exponential smoothing substantially outper-
forms clipping. However, we compared exponential smoothing with our pessimistic objec-
tive against clipping with pessimistic objectives specifically designed for it. This makes it
difficult to isolate whether the gains stem from exponential smoothing as a regularization
technique or from our pessimistic objective. Moreover, exponential smoothing and clip-
ping are only two instances within a broader class of importance-weight regularizations.

While numerous methods have been proposed to stabilize IPS through importance-weight
transformations (Bottou et al., 2013; Swaminathan and Joachims, 2015a; Su et al., 2020;
Metelli et al., 2021), most focus on estimation accuracy rather than learning performance.
As highlighted in Chapter 7, improved estimation does not necessarily yield improved poli-
cies, motivating a reassessment of importance-weight regularization specifically within the
learning paradigm. Moreover, existing approaches followed a case-by-case basis: each
regularization technique comes with its own theoretical analysis and corresponding pes-
simistic objective. This inconsistency makes it impossible to determine whether empirical
improvements arise from the regularizer itself or from its specific objective formulation.

This reveals a critical gap: the absence of a unified framework providing principled pes-
simistic objectives across diverse importance-weight regularizations. We address this by
developing a generic PAC-Bayesian generalization bound that applies uniformly to a broad
family of regularizations, enabling fair comparison within a single theoretical framework.

Recall that the regularized IPS estimator has the form:

Vim) = %zn:Riw(XiaAi>a (8.19)

i=1
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where (X, A) are the regularized importance weights. We further assume that (X, A) =
g(m(A]X), m(A|X)) for some function g : [0,1] x [0,1] — R*. Examples of w include
clipping (Clip) (London and Sandler, 2019), exponential smoothing (ES) (Aouali et al.,
2023a), implicit exploration (IX) (Gabbianelli et al., 2024), and harmonic (Har) (Metelli
et al., 2021), defined as

Clip:  w(z,a) = maxz;(oa(; TL%T) LT elo1], (8.20)
ES: w(x,a):%,ae[o,l],
IX : w@,@:%mew,l},

Har:  a(z,a) = wz, a) ,Aeo,1].

(1 —=XNw(z,a)+ A

8.6.1 Generalization Bounds

PAC-Bayes theory (Section 8.3) allows bounding ‘E(;NQ[V(m)) - V(ﬂ'@)]‘, with

. 1 e .
V(m9) = Exron, Ay (1) [M(X, A)], Vi(mo) = — > iop(Xi, Ai) i,
=1

where we make the dependence of wy on 6 explicit to avoid confusion when taking the
expectation Ey.q. Below is our first general result that extends Theorem 4 to any regu-
larization function g, instead of just exponential smoothing. Its proof follows exactly the
same techniques we employed for Theorem 4.

Theorem 5. Let A >0, n > 1, § € (0,1), and let P be a fixed prior on ©. The following
inequality holds with probability at least 1 — & for any distribution Q on O:

KL(mq) | Klz(mg)
2n nA

EovlV (o) — V()] < FBAQ) 4 Var(@), (321

where KLy () = Dir,(QP) + log 2, KLy(mq) = Dxi(Q||P) + log ¢, and

1 & . R
Var,(Q) = - ZE9~Q [E Ao (10 [Wa (X3, A)?] + wo( X5, Ai)°R7 ]
=1

Ba@) = = 3 3 EpcalIm(A1X,) — mo(A| XX, A)].

i=1 AcA

The terms in the above bound have similar interpretations to those in Theorem 4.

Linear vs. non-linear regularization. If @(X, A) is linear in (X, A) (i.e., g linear
in its first variable), then V' is also linear in my, yielding

EgnqlV(m0) = V(mo)]| = |V () = V()] |
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where we define (similar to Section 8.3.2)
TQ = EQNQ[TI'Q] . (8.22)

As seen in Section 8.3.2, this technique allows translating the bound in Theorem 5, which
controls ’EQNQ [V (mg) — V()] ‘, into a bound that controls |V (mg) — V (mg)|, the quantity

of interest in off-policy learning. The main requirement is to find linear importance-weight
regularizations and policies that satisfy Equation (8.22). Fortunately, many importance-
weight regularizations, such as Clip, IX, and ES in Equation (8.20), are linear in 7, and
several practical policies adhere to the formulation in Equation (8.22); see Section 8.3.2
for an in-depth explanation of such policies, including softmax, and Gaussian policies.

In Corollary 1, we specialize Theorem 5 to linear importance-weight regularizations of
the form wy(z,a) = hgfo(a'mm))), where h(my(alz)) > mo(alx) for all (z,a) € X x A. We
additionally assume that the base policies 7y are deterministic, i.e., mo(a | z) € {0,1},
which implies 7y (a|z)? = mg(a|r). This assumption is only needed here and it is mild: the
PAC-Bayes policies mg defined in Equation (8.22) are mixtures of deterministic policies
under Q, and common policy classes such as softmax, mixed-logit, and Gaussian policies
admit such representations (Section 8.3.2). Under these assumptions, Theorem 5 yields

the following result.

Corollary 1. Assume the reqularized importance weights can be written as we(z,a) =

hgr:o(élallmm with h : [0,1] — R* wverifies h(p) > p for any p € [0,1]. Moreover, for any

dzstmbutzon Q in the parameter space ©, we define 7y = Egq|ms] where my is binary.
Then, let A > 0, n > 1, § € (0,1), and let P be a fized prior on O, The following

iequality holds with probability at least 1 — & for any distribution Q on ©

KL1(Q)
2n

KLy(Q) A

V() - V(rg)| < + Ba(mg) + —= + = Vary(rq) (8.23)

where KLi(Q) and KLy(Q) are defined in Theorem 5, and

To(A|X;) mo(Ail Xi) o
Var,(mg) ZEANWO( | X3) [h(w@(A|Xi))2] + h(?TQ;(Ai|Xz‘))2 B

_ mg(A|Xi)
By(mq) = 1——22 A]Xm

i=1 AcA

The main benefit of Corollary 1 compared to Theorem 5 is that it eliminates the need
for the expectation Eg.q [-], which is now embedded in the definition of policies in Equa-
tion (8.22). For example, Corollary 1 allows us to recover the main result of ES above
Aouali et al. (2023a) when h(p) = p*, a € [0, 1]. Similarly, we can apply it to IX (Gab-
bianelli et al., 2024) by setting h(p) = p+, v > 0, and to Clip (London and Sandler,
2019) by setting h(p) = max(p, 1), 7 € [0, 1]. However, if wy(z, a) is not linear in my(a|x),
then this technique cannot be used, and the original expectation Eg g[-] in Theorem 5
must be retained.
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8.6.2 Pessimistic Objectives
Theorem 5 yields two pessimistic objectives.

Bound optimization. The first approach directly maximizes the lower bound from
Theorem b:

KL1(Q)
2n

KLy(Q) A
- —§Varn((@), (8.24)

argmax Egg [V(ﬂg)} - - B,(Q)
Q

The main challenge is that the objective involves expectations under Q. We address
this using the local reparameterization trick (Kingma et al., 2015), which expresses gra-
dients of expectations as expectations of gradients, estimated via Monte Carlo sam-
pling. Specifically, we consider softmax policies 73°"(a|z) from Equation (8.11) and set
Q = N(p,0%I;x) with learnable parameters u € R and o > 0. All terms in Equa-

tion (8.24) take the form Egn(u021,0) [f (75" (a]x))], which can be rewritten as:

EQNN(/L,UQIdK) [f(Tr;OF(a|x))]

exp(P(x) " p1a + o¢€a) )] ‘

=FE__
e~ N (0] p(2) |31 k) |:f (Za/eA exp(gb(x)T[La/ + O'éa/)

This expectation is approximated by sampling ¢; ~ N(0, ||¢(z)||3/x) and computing the
empirical mean; gradients are estimated similarly. However, this approach can exhibit
high variance when K is large. For linear importance-weight regularizations, this can be
mitigated by optimizing the bound in Corollary 1. For the general case, we propose a
practical alternative.

Heuristic optimization. The second approach avoids the challenges of direct bound
optimization at the cost of additional hyperparameters. Inspired by Theorem 5, we maxi-
mize the estimated value penalized by bias, variance, and proximity to the logging policy:

V() — M0 — 6| — Ao Var, (mg) — AsBn () , (8.25)

where Var, () and B, (my) are the terms inside the expectations in Var,(Q) and B,(Q),
respectively, 0y parameterizes the logging policy 7y, and Aq, A2, A\3 are hyperparameters.

Both objectives in Equations (8.24) and (8.25) are amenable to stochastic gradient op-
timization and are generic across importance-weight regularizations, enabling fair com-
parison. We empirically compare these objectives and evaluate different regularization
techniques in Section 8.7.

8.7 Experiments for Other Regularizations

We adopt the experimental setting of Section 8.5 and conduct two main experiments. In
Section 8.7.1, we fix the importance-weight regularization to Clip (Equation (8.20)) and
compare our pessimistic objective against PAC-Bayesian objectives from the literature
specifically designed for clipping. The goal is to demonstrate that our objective not
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only applies more broadly but also outperforms existing alternatives. In Section 8.7.2,
having validated our pessimistic objective, we fix it and compare across importance-weight
regularizations. The goal is to determine whether any particular regularization technique
yields superior off-policy learning performance.

8.7.1 Varying Pessimistic Objectives, Fixed Regularization

We examine the impact of different pessimistic objectives on learned policy performance,
fixing the importance-weight regularization to Clip: w(z,a) = #(lj\)x)f) in Equa-
tion (8.20), with 7 = 1//n following ITonides (2008). For fair comparison, we consider
PAC-Bayesian objectives from prior work where the theoretical bound is optimized di-
rectly. Specifically, we include London et al. (London and Sandler, 2019, Theorem 1),
and two bounds from Sakhi et al. (2022): Sakhi et al. 1 (Sakhi et al., 2022, Proposition
1), based on Catoni (2007), and Sakhi et al. 2 (Sakhi et al., 2022, Proposition 3), a
Bernstein-type bound. Since these baselines use linear importance-weight regularization
(Section 8.6.1), we compare against our bound in Corollary 1. Following Sakhi et al.
(2022); Aouali et al. (2023a), we optimize over Gaussian policies (Equation (8.13)), which
perform better in this setting. We also include the logging policy as a baseline.

Figure 8.4 plots the reward of learned policies as a function of logging policy quality
no € [0,1]. Our objective outperforms all baselines across a wide range of logging policies.
Thus, in addition to being generic across importance-weight regularizations, our approach
proves more effective than objectives tailored specifically for C1ip. This advantage holds
when 7y is not too close to zero: a realistic scenario where logging policies typically
outperform uniform random selection. Note that all methods (including ours) improve
upon the logging policy (dashed black lines).
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Figure 8.4: Performance of the learned policy with different PAC-Bayes pessimistic ob-
jectives (our Corollary 1 and those in London and Sandler (2019); Sakhi et al. (2022))
using the Clip IPS estimator in Equation (8.20) .

8.7.2 Varying Regularization, Fixed Pessimistic Objective

Having demonstrated the favorable performance of our pessimistic objective, we now
compare different importance-weight regularization techniques: Clip, Har, IX, and ES
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Figure 8.5: Performance of the policy learned by Bound optimization (i.e, Equa-
tion (8.24)) for different importance-weight regularizations. The z-axis reflects the quality
of the logging policy 7y € [—0.5,0.5]. In the first four columns, we plot the reward of the
learned policy using a fixed importance-weight regularization technique (Clip, Har, IX,
or ES as defined in Equation (8.20)) for various values of its hyperparameter within [0, 1].
In the last column, we report the mean reward across these hyperparameter values.

(Equation (8.20)). We evaluate both pessimistic objectives from Section 8.6.2, optimizing
over softmax policies. For bound optimization, we use Theorem 5 rather than Corollary 1,
since Har is non-linear in w. We set A to its optimal value A, minimizing the bound.
While our theory requires A to be fixed a priori (since A, is data-dependent), we found
this yields good empirical performance. For heuristic optimization (Equation (8.25)), we
set )\1 = )\2 = /\3 = 10_5.

Figures 8.5 and 8.6 present learned policy rewards as a function of logging policy quality 7,
for bound optimization and heuristic optimization respectively. We vary ny € [—0.5,0.5],
including logging policies worse than uniform (79 < 0) to highlight settings requiring
stronger regularization, though such scenarios are rarely encountered in practice. Rows
correspond to MNIST and FashionMNIST. The first four columns show results for each
regularization technique across hyperparameter values in [0, 1]; the last column reports
mean reward across hyperparameters for each regularization technique to assess sensitivity
to hyperparameters.

Bound optimization (Figure 8.5). All regularizations improve over the logging policy
(all curves above the dashed baseline), with Har showing less improvement. Clip, IX,
and ES achieve comparable performance despite regularizing importance weights differ-
ently. These results align with the generality of our bound and suggest that the choice of
regularization has limited impact when optimizing the theoretical bound directly.

Heuristic optimization (Figure 8.6). Heuristic optimization achieves better perfor-
mance than bound optimization, likely due to practical limitations of Monte Carlo estima-
tion in high dimensions (Section 8.6.2). The far-right column reveals comparable average
performance across regularizations, with two exceptions: ES outperforms the others while
Har underperforms. This clarifies our results from Section 8.5: the superior performance
of exponential smoothing is more related to our pessimistic objective than the smooth
regularization itself. Here, the smooth regularization adds some improvements compared
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Figure 8.6: Performance of the policy learned by Heuristic optimization in Equa-
tion (8.25) for different importance-weight regularizations. The z-axis reflects the quality
of the logging policy 7y € [—0.5,0.5]. In the first four columns, we plot the reward of the
learned policy using a fixed importance-weight regularization technique (Clip, Har, IX,
or ES as defined in Equation (8.20)) for various values of its hyperparameter within [0, 1].
In the last column, we report the mean reward across these hyperparameter values.

to others, but the improvments are not significant compared to the improvments we get
by simply changing the pessimistic learnin principle even with the standard clipping reg-
ularization(Figure 8.4)

Larger action spaces. The experiments in this section did not consider very large val-
ues of K. However, Chapter 7 evaluated numerous [PS-based methods on datasets with
up to one million actions. In those experiments, exponential smoothing outperformed
other IPS-based methods, though the improvements were modest. Combined with the
results above, this reinforces our conclusion: the choice of the objective has a larger im-
pact on learning performance than the choice of importance-weight regularization, which
primarily affects estimation accuracy.

8.8 Conclusion

In this chapter, we investigated importance-weight regularization techniques within the
pessimistic paradigm, with particular focus on exponential smoothing as a principled alter-
native to hard clipping. Our key contributions include: (i) tractable two-sided PAC-Bayes
generalization bounds that, unlike prior work, apply to both regularized and standard IPS
estimators and are amenable to stochastic gradient optimization; and (ii) the first uni-
fied framework for comparing diverse importance-weight regularizations under a common
pessimistic objective. This work addresses fundamental theoretical limitations in exist-
ing approaches, including the reliance on one-sided inequalities and the misapplication
of evaluation bounds in off-policy learning. Rather than using theoretical bounds merely
as inspiration for heuristics, we directly optimize them, representing a first step toward
making [PS-based pessimism more practical.

Our work has two primary limitations. First, the inclusion of empirical bias and variance
terms in our bounds makes deriving data-independent suboptimality gaps challenging.
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Second, two-sided bounds for regularized IPS can be loose as they treat both tails sym-
metrically, whereas recent work indicates significant asymmetry between lower and upper
tails. We address both limitations in Sakhi et al. (2024), which investigates tail-specific
bounds to achieve significantly tighter guarantees and sharp suboptimality results.

This chapter serves practitioners committed to IPS-based methods, whose appeal is well-
founded: unbiasedness, theoretical guarantees, and the ability to derive principled pes-
simistic objectives for safe policy learning in high-stakes scenarios. However, from a purely
empirical perspective, particularly in very large action spaces, we would favor the PWLL
objectives introduced in Chapter 7, which consistently outperform IPS-based methods.
The reader can find a direct comparison of these approaches on datasets with up to one
million actions in that chapter.
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CHAPTER 9

Conclusions and Future Work

This thesis addressed, from both a practical and theoretical perspective, the core obstacle
to deploying contextual bandits in modern applications: scalability to large action spaces
while maintaining computational tractability.

On-Policy Learning (Part I). We introduced structured Bayesian models that enable
principled information sharing across actions and derived scalable exploration algorithms.
meTS in Chapter 3 couples action parameters through shared latent effects, yielding regret
and complexity that scale with an effective number of actions rather than K. dTS in
Chapter 4 further develops this idea by using a pre-trained diffusion model to encode
richer structure. These algorithms perform well in practice in their theoretical form,
without additional tweaks or hyperparameter tuning.

Off-Policy Learning (Part II). We tackled both pillars: DM and IPS approaches.
sDM in Chapter 6 extends the structured modeling of Part I to the offline regime. We
then showed in Chapter 7 that, in large action spaces, optimization matters more than
estimation: estimator-based objectives induce highly non-concave landscapes, whereas
policy-weighted log-likelihoods produce concave objectives for common policy classes and
win decisively at scale. Finally, we developed a principled pessimistic framework for regu-
larized IPS in Chapter 8: smooth importance-weight regularization (exponential smooth-
ing) paired with two-sided PAC-Bayes bounds, and a unified analysis that clarifies when
regularization matters and how to compare it across methods. Our additional work on
logarithmic smoothing (Sakhi et al., 2024) sharpens the concentration analysis further and
yields tighter learning guarantees.

Thesis message and practical implications. Scaling to large action spaces causes
methods that perform well in small settings (e.g., standard IPS) to fail at scale. This
thesis advances three design principles to address this challenge: (i) encode structure
to shrink the effective action space; (ii) prioritize objectives with favorable optimization
properties over faithful but intractable estimators; and (iii) when relying on IPS with pes-
simism, couple differentiable importance-weight corrections with theoretically grounded,
data-driven bounds amenable to stochastic gradient descent. Together, these principles
yield algorithms that are statistically efficient, computationally tractable, and numerically
stable.
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Future work. This thesis opens several promising directions for future research. A
key theoretical challenge is to establish robust guarantees under model misspecification,
extending the Bayesian analysis of sDM, meTS, and dTS beyond the well-specified set-
ting. For on-policy learning, developing a comprehensive nonlinear diffusion theory for
Thompson sampling remains an open problem. In the off-policy setting, future work could
investigate the extensions and applications of our methods to LLM and diffusion model
fine-tuning, where the objective closely mirrors offline contextual bandit objectives. More-
over, integrating these approaches into large-scale recommender pipelines requires efficient
action retrieval, slate constraints, and systems-level optimization. Some of these aspects,
such as coupling decision-making with approximate maximum inner product search, were
explored in our applied studies (see Additional Contributions in Section 1.3) but omitted
from this manuscript. These practical directions have a tangible impact on the online
advertising industry and beyond, and are worth pursuing.
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CHAPTER A

Supplementary Materials for Chapter 3

A.1 Preliminaries

In this section, we recall some basic properties of matrix operations.

(a) The mixed-product property. We have that (A ® B)(C ® D) = AC ® BD for
any matrices A, B, C, D such that the products AC and BD exist.

(b) Transpose. We have that (A ®B)" = AT ® BT for any matrices A, B.

(c) Vectorization. Let A € R B € R™*?, then Vec(AB) = (I, ® A) Vec(B) =
(BT ® I,,) Vec(A).

(d) For any matrix A, we have that I; ® A = A.
(e) For any positive semi-definite matrices A and B, we have that A\; (A®B) = A;(A)A\;(B).

(f) For any matrix A and any positive semi-definite matrix B such that the product
ATBA exists, the following inequality holds A;(ATBA) < A\{(B)A;(ATA).

A.2 Posterior Derivations

Here we provide the derivations of the effect posterior and action posteriors for the set-
ting presented in Section 3.1.1. Precisely, we present the proof for Proposition 1 in
Section A.2.1 and the proof of Proposition 2 in Section A.2.2.

A.2.1 Effect Posterior Derivation

Proof of Proposition 1 (derivation of q;). First, from basic properties of matrix opera-
tions, we observe that the mean of the action parameter can be rewritten using Kronecker
products. Specifically, ZZG[L] ba, e = T, where U = (1) sepz) € R is the concatenated
effect vector and I'y = b ® I; € R¥>L4 Thus, the model in Equation (3.2) (up to round
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t € [T]) can be written as

v~ N(,ullfa E\I/) )
g | U~ N(T,W, Y0,4), Va € A,
Ri| X5, A:,0,0 ~ N (X, 04,07, Vielt—1]. (A1)

Under this model, conditional on (6,).ca and (X;, A;);<;, the rewards (R;);<; are inde-
pendent and each R; depends on ¥ only through 6,4,. Hence

P((Ri)i<e | (X3, A)ict, V) = / . P((Ri)i<t | (Xis Ai)ict, 0) p(0 | ) dO
feR
Moreover, since p(6 | ¥) = [],c4 Po.a(0a | ¥) and

p(( Z)’L<t | (Xz;A 'L<t7 H H NR“XTHQ,O' H‘Ct,a(e

a€A €St acA

the integral factorizes across arms:

P(Rico | (X At ¥) = [T [ £ral0) a0 | 9) o

acA

It follows that the joint effect posterior in round ¢ reads

Qt(\p) X P(( i)i<t ’ (Xi>A')i<t,‘D) QO(‘I’) (A-Q)
—H/ Lta pan ‘\I]>d9aqo( )
acA
11 / Loal00N (003 TaW, D) Ay N(W: iy, ) (A3)
aE.A ~ /
Zo ()

where Ly4(0a) = [Tics, . N(Ri; X; 04, 0?).

We compute the integral term Z,(V) using Lemma 1. Specifically, we obtain that Z,(¥)
is proportional to a Gaussian density on ¥, denoted N (V; iz 4, Xt.4), where

Sra =Ta (B0a — Z0a(Gra +Z0a) "' 204) Ta,

ﬂt,a - it,a (Fzzai(Gt,a + Za’;)_lBt,a) 5
and G, and By, are defined in Section 3.2.2. Consequently, the effect posterior ¢ (V)
is proportional to the product of K + 1 multivariate Gaussian distributions: the prior
N (pw, Xy) and the likelihood contributions N (fi¢ 4, X¢.4) for each a € A. Since the product

of Gaussians is Gaussian, ¢; = N(is, ¥;), where the precision matrix is the sum of the
individual precisions:

C = D S = ) T (S0h — Soa(Gra + S04 ' S00) T
acA acA
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Using that I', = b ® I, we rewrite the term inside the sum as:

Tl (20 = S0k (Gra + S0 '800) o = (b © 1) (252 — 20k (Gra + o) 71851) (0] © 1)
= (baby ) ® (Sgh — Soa(Gra+ S0a) " S00) -

Similarly, for the mean ji;, we have:

fir = 5 (zm +) i;,;ut,a>

acA

=%, <EW1M + Z Iy Soa(Gra+ Emi)lBt,a> .
acA
Using the mixed (Kronecker) product property,
Ly Soa(Gra+350) "Bra = by ® (S 4(Gra + Zga) " Bra) -

This recovers the expressions in Proposition 1. ]

To reduce clutter in the following lemma, we fix an action a € A and a round t. We drop
the sub-indices a and ¢, so that we have the following correspondences:

F'<To, o200, N&No, 00, (X, Ri)ie[N} — (X, Ri)iGSz,a )

Lemma 1 (Gaussian posterior update). Let I' € R4 35 € R4 and o > 0. Consider
a dataset of N observations (X;, R;)N.,. Then,

N
0 \i=1

where
SR =TT (3t -5t (G + 55 T )T
S by = (FTEgl (Gy+350) " BN> .
with Gy = 023N, X, X" and By = 023N | R X

Proof. Let v = 072 and Ay = ¥;'. We denote the integral in the lemma by f(¥).
Completing the square for €, we have:

N

F(I) /eexp [—g S (R - X[ 0)? - %(9 —T0)TAg(0 — T)

=1

N N
o /Bexp [ — %<9T <U ZXiXiT + Ao) 6 —207 (v Z R, X; + AOF\I/>
i=1

=1

dé

—1
VN

+ (F\IJ)TAO(F\II)H de.
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To reduce clutter, let

N
Gv=v) XX|, Vy=(Gn+A)", Uyv=Vy',
i=1

N
BN = ’UZRle and ﬁN = VN (BN + A()F\I/) .

i=1

We have that UyVy = VyUy = I;, and thus

f0) /exp —% (0"Un0 — 20" UnViy (By + Aol'0) + (F‘I’)TAO(F‘I’))} do,
0

/ 1

= [ exp |—

0

= / exp |—
0

(0TUnO — 20" UnBy + (F\II)TAO(F\I/))} dé,

N — DN

((0— Bn)"Un(0 — Bx) — ByUnBy + (F\II)TAO(F\II))} a6,

1
ocexp |~ (—BI,UNﬁN + (F\I/)TAO(F\II))} ,
1
= exp | —3 (— (By + AD0) T Viy (By + AgDT) + (F\I/)TAO(F\D)>] ,
1
o exp [~ (TTDT (Ao — AgVivAg) T — 207 (FTAOVNBN))} :
1
= exp —§\IITE]‘V1\IJ + qﬁz;w} :
where
S =TT (Mg — AgVnAo) T,
Syun = (TTAVNBy) - (A.4)
Plugging the expression of Vi concludes the proof. O

A.2.2 Action Posterior Derivation

Proof of Proposition 2 (Derivation of p;,). This proposition is a direct application of Lemma 2;
in which case we get that the posterior p; , is a multivariate Gaussian distribution N (fiz q, Xt.0),
where

—1 -1
2t,a = Gt,a + ZO,a )

L
fitq = 2itq (Bt,a + Z&; Z ba,ﬂ’t,ﬂ) .

=1
[

To reduce clutter, we consider a fixed action @ € [K] and round ¢ € [T, and drop
subindexing by ¢ and a in Lemma 2. In summary, fix a € [K] and ¢ € [T] such that we
have the following correspondences:

b[ — ba,€7 E0 — Eo,a7 N — Nt,a7 9 — eav (Xl7 Rl)ZE[N] — (XZ7 Ri)iGSt,a .
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Lemma 2. Consider the following model

L
0 | WNN(Zb€¢€7ZO> )
=1
R | Xi,0 ~ N (X;'0,0%) , Vi € [N].

Let H={X1,Ry,..., XN, Ry} then we have that p(6 | ¥, H) = N (0;,&1\;,21\/) , where

N
SV =07 XX+ 557

=1
~ N L
AN = 2N (0’2 ZXle + 261 Zbgwg) .
i=1 (=1

Proof. Let v=0"2, Ag=Y;"'. Then the action posterior decomposes as

p(9 ’ ‘I’,H) (08 p((Ri)ie[N] \ v, 0, (Xi)ie[N]>p(6 ‘ ‘I’>a
= p((Ri)ien | 0, (Xi)ieny)p(0 | ©),

N L
:HN(R“XIQ,O'Z)N(Q,bewﬁz())7
=1 /=1

N L
1 2 T T2 T T
:exp[—§<02(Ri CORXTO 4 (XT0)2) + 0T Ao — 26 AO;@W

L T L
= (Z w) Ag (Z w) )
1 N NE:l . (=1
X exp [—5 (9T('U Z XZXlT + Ao)e — 29T (’U ; XzRZ + AO ; bgl/)g) >] s

=1

o (81 () )

where AN =0 Zﬁ\il XZXZT + A() s and ]\N,[LN =v Zz]\il Xsz + Ao Z£:1 bﬂ/]g .

A.3 Regret Proofs

In this section, we establish a more general version of Theorem 1. As explained in Sec-
tion 3.1.1, we analyze meTS in the linear setting under the assumption of a fully well-
specified model. That is, the true action parameters and rewards are generated according
to the same hierarchical structure assumed by meTS:

L
‘9*,a ‘ \I]* ~ N(Z ba,Zw*,Ev E(),CL) ) Va € A?
/=1
Rt ’Xt,At,e*,\If*NN(XJG*,AHOE), Vte [T],
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where the subscript * denotes the true action and latent parameters.

To derive the regret bound, we proceed as follows: First, we provide a compact problem
formulation in Section A.3.1. Next, we employ total covariance decomposition to derive
the posterior covariance of 6., | H; in Section A.3.2. Finally, we present preliminary
eigenvalue results in Section A.3.3 before completing the proof in Section A.3.4.

A.3.1 Problem Reformulation for Regret Analysis

Here, we aim at rewriting Equation (A.5) in a compact form to simplify regret analysis.
We first introduce K independent multivariate Gaussian variables Z, ~ N(0,%,,) for
a € [K], and the following matrix

\Ij*,mat = [w*,h ce ,w*,L] € RdXL .

First, we have that Vec(V, ynat) = V. where U, is defined in Equation (A.5). Moreover
notice that Zle baoVsp = Vimatba, Where by = (bgr)eeqr) and thus given matrix W, ja¢
we have that

Ova = Vimathe + Za Va € [K]. (A.6)
We vectorize Equation (A.6) to obtain
9*,@ = vec(e*,a) = vec(qj*,matba + Za) = Vec(\p*,matba) + Za ) (A7)
where we used that if X € R? (a column vector), then X = Vec(X) and that Vec(-) is
a linear transformation. Also, we know from (c) in Section A.1 that Vec(AB) = (B' ®
I,,) Vec(A) for any A € R B € R"™*P. Therefore,
0.0 =TV, + Z,, (A.8)

where I', = b] @ I; and we used that Vec(¥, pat) = U,. It follows that

Ora | U ~ NV, X040), (A.9)

This allows us to rewrite our model as a single-parent hierarchical model

Uy~ N(pw, Bw) (A.10)
9*,(1 | \I/* ~ N(Fa\pMEO@) , Ya € [K] ,
Ri| Xy, Ay 0., 0, ~ N(X,[ 0, 4,,0%), vt € [T].

A.3.2 Derivation of cov [0, , | H]
Let

Ga=0"> XX, Bu=07") RX.

1€St,a 1€St,a
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Lemma 3 (Expression of cov [0, , | H;]). Consider the model in Equation (A.10), then we
have

Sia = cov [0 | Hi] = S0 + S0 Dg el Sl B0t Va € [K].
where

-1

¥, = (Eg,l + i baby @ (Sga — Eoa(Gra+ Soa) ' Sos) )
a=1
Sia= (Gra+55h)
Proof. Before proceeding with the proof, we emphasize that
cov [V, | H)] = cov [V | H] =%, E[V, | H]=E[V|H| =,
and
COV [Oua | Ve, H] = cov [0 |V, H)] =10,  Efuo| Vs H) =E[6, |V, H)] = jiya,

where the explicit expressions of these covariances and expectations are provided in Propo-
sition 1 and Proposition 2, respectively. These equalities hold because the true action
parameters and rewards are assumed to follow the exact generative process defined by the
meTS model.

Now let Ay, = Z(Icll. Proposition 2 and the fact that ZEE[L] ba e = T'gW, where I'y =
bl @ I; (Section A.3.1) yield

Cov [9*@ | \Ij*, Ht] = (Gt,a + A/\O,a)i1
]E [9*,0, | \II*’ Ht] = Ccov [6*@ | \11*7 Ht] (Bt,a + AO,aFaqj*)

First, given Hy, cov [0y | V., Hy] = (Gpq + Ago)”" is constant (does not depend on W,).
Thus

E [cov [Buq | Wy, Hy] | Hy] = cov [0,a | U, HY = (Gra + Aoa)
In addition, given Hy, both (G, + A07a)71 and By, are constant. Thus

cov [E 0.0 | Vs, He| | Hy] = cov [cov [Oug | Vs, Hy) Ao o0V | Hy)
= (Gt,a + AO,(}L)_1 AO,aFaCOV [\Ij* ’ Ht] FIAO,G (Gt,a + A(),a)_1
- (Gt,a + AO,a)_1 AO,aFaitF;—AO,a (Gt,a + A/\O,a)_1 .

Finally, total covariance decomposition (Weiss, 2005) concludes the proof. O

A.3.3 Preliminary Eigenvalues Results

Next we present some preliminary upper bounds on the maximum eigenvalues of our
covariance matrices.
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[ ] Deﬁnitions: Let )\1,0 = maxae[;q )\1(207(1) s >\d,0 = minae[K] )\d(zoﬂ) s )\17\11 = )\1(2\1/) s
and K, = maxgex] || ball3-
e upper bound of \(I',I']):
M) <k, Va € [K]. (A.11)
Similarly, we have that

M(DIT,) < ky, Va € [K]. (A.12)

e upper bound of Al(f]t7a):

Va € [K]. (A.13)

1_ 1 1 1
A(D255L NE) < 14 K ( _ )
1(B5Er2g) <1+ IRAZ) Ao )\%70(MT+L)

0'2 )‘d,O

(A.14)

Proof. We start with Equation (A.11). First, recall that I, = b ® I, for any a € [K].
Thus T, I') = (b) @ 1;)(by ® 1) = ||ba||314 for any a € [K]. Then A\ (T. I} ) = ||ba||2 < &y .
The second result follows from the fact that A\ (I,I']) = A (') Ty).

Now we prove the result in Equation (A.13). This follows from the expression of f]m in
Lemma 3. Precisely, we have that

Sie = Sia + LraZoal Tl o elia, Va € [K].

where im = (Gt,a + X, }1)_1. Thus Weyl’s inequality combined with the properties in
Section A.1 yields that

~ ~ ~ — ~ )\2 A v Ry

M(Bia) S M (Bea) + >\1(Et,a))\l(2(1(11))\1(Fa2tr;r))\1(Eo_,(ll))\l(zt,a) < Ao+ 1’0/\+
4,0

In the last inequality, we used that A\ (F,2:]) < A\ (Z)A (L)), ((f) in Section A.1),

)\1(2&}1) S ﬁ,o’ and )\1(2,5@) S )\170.

Finally, we prove the result in Equation (A.14). First, we rewrite the precision matrix of
the effect posterior 3; ! using the compact notation introduced in Section A.3.1. Precisely,
it follows from Equation (A.4) that

K
S 9yt 3T (Sok - Bok(Gea + T5h) ISl T,
a=1
.. K i
Dyt 30T (S50 - a8 ) I

a=1
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Here, (i) and (i7) are the same; (ii) follows from plugging ¥, = (Gya + Yoa) " in (i).
Then we have that

1 _ 1
M(EGETLE)
K ~ 1
=\ (ILd +3 T (2;3 - z&;xm,az&;) razg)
a=1
K ~
<1+ de 3 AT (Tok — ZatSrinaSod) Ta) -
a=1

AN
[S—
_|_
>
=
M= 1
g
/N
>
™
(=]

S

—’1) + /\1 <_Z(I1112T+17a20_,111>> s
K
L o —1v —1
<1 Ae ) m (= A (SoaSreaBos
d

K
1 ~
<1 o (5 A ) A (B e (552))

a=1
K 1 1 -
<14+ Aw ; Kb (V,O - E)\d <2T+l,a>)
K
1 1
=1+NMyw ) Hp - - )
; Ad,0 /\%0)\1 (GT+1,a + Eo,zlz)
K
1 1
<1+ Ao Z Kb -
S\ Mo (s
1
=14+ K\ vk - .

A.3.4 Regret Proof

Here we prove a more general version of Theorem 1 where we do not assume that the
covariance matrices Xy, and Xy are diagonal. We still assume that there exists xk, > 0
such that || X;||3 < k. for any t € [T].

Theorem 6 (General version of Theorem 1). For any § € (0,1), the Bayes regret of meTS
i the mixed-effect model in Section 3.1.1 is bounded as

BR(T) < /2T (RA(T) + R=(T)) log(1/5) + cT'6 (A.15)
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2
)\17(])\1,\1//61,

with ¢ = \/%K/x ()\170 + TO)K, Rp = maxae[K] HbaH% s )\170 = maxae[K] )\1(20@) s )\d,O =
minaem Ad(EO,a) s )\1?\1; = )\1<qu) and

ThzA )
RAT) = dKe,log (1 + —2M0) o, = 220
o%d log(1 + =52)
1 1 FakipA? gApp (1 + 380
R*(T') = dLcylog (1 T K’ibAL‘I’()\ T N2 (sl L 1 )) o= Mfi A2 (;2 ) '
a0 Mo +55) A3 log (1 + =507
) 0

In particular, the result in Theorem 1 is retrieved when Ao = Ago = os, and AMp = o2, .

Proof. Consider our model rewritten in Equation (A.10). Then, the posterior distribution
of the action parameter 6., | H; is a multivariate Gaussian distribution N ({4, i]t,a) for
some fi;, € R? and f]t,a € R™? (Lemma 3). Now we let 0;, = (X, 0, 4)aeix] € R" be
the concatenation of the expected rewards of actions in round ¢. Notice that the context
X, is known in round ¢, and thus we include it in the history H;. This is important,
with slight abuse of notation, H; now denotes H; <— H; U{X;}. Then, the joint posterior
of the expected rewards, 6;. | Hy, is also a multivariate Gaussian N (ét,it) for 0, =
(XtT fit,a)ac[k] € RE and some covariance 3; € RE*X . This follows from the properties of
Gaussian distributions (Koller and Friedman, 2009) and the fact that X; is now included
in Hy. Let A; € {0,1}* and A,. € {0,1}* be indicator vectors of the taken action A,
and optimal action A; ., respectively (The vector representations are in bold letters while
the integer representations are in regular letters). Then the Bayes regret can be rewritten
and consequently decomposed following standard analysis (Russo and Van Roy, 2014) as

T
BR(T)=E > X/0.4,.—X/ e)*,At] : (A.16)
t=1
T
_ E[Z Al 6. — A] @4 : (A.17)
t=1

I
]~

E[E[A] (61 —6) | H]] +E [E [A] (6 — 6,.) | Hy]] -

t=1

This follows from the fact that 6, = (X, fit.i)ic[k] is deterministic given H, (since H; now
includes X}), and that A, , and A, arei.i.d. given H;. Moreover, given H;, ét—et,* is a zero-
mean multivariate random variable independent of A, and thus E[A; (6, —0,.) | H,] = 0.
Therefore, we only need to bound the first term in (A.16). With slight abuse of notation,
let A be the set of all possible indicator vectors of actions a € [K]. Precisely, an action
a € [K] is also represented by an indicator vector a € A C {0, 1}* (in bold letter). Then
we define the following events

Era(d) = {la” (0. 8] < V2loR(1/0)]lalls,} . W€ (0,1),VacA.

Fix history H;, we split the expectation over the two complementary events £, 4, ,(d) and
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Ei a,.(9), and use the Cauchy-Schwarz inequality to obtain
FE[A], (6. — 0)1{Eya. ()} | Hi] .

Now the second term in Equation (A.18) can be bounded as follows. For any a € A, let
Zo=a'(0;, —0;). Then we have that

E[A]. (61 — 0)1{E,4,.(0)} | H)]
VR (Za,1{|Za,.| > V2IoR(1/0) | Auulls, } | ]
1{1Za,.| > V2106 1/0)| v s, } | H1]
Y g 1Za[1{1Zal > v/2108(1/6) alls, } | Hi] .

acA

(1)
S E |:’ ZAt,*

(i) 2

< Z / uexp —u—2 du,
= ||a||2t\/27T \/mog(l/a alls, 2||alf3,

u? (i) |2
23 Jalls, = e ks, (a19)
,;4 V27 Ju=\/210g(1/5) 2 m

In (i), we simply rewrite the terms using the random variable Z4,,. In (i), we use
the fact that Zs,, < [Z4,.|. In (iii), we upper bound the expectation of the ran-

dom variable |ZAt,*|]l{|ZAt’* > \/2log(1/5)HAt,*H2t} with the sum of the expectations
of \Za\ll{]Za] > \/210g(1/(5)|\aH2t} for a € A since all these random variables are non-

negative. Moreover, (iv) follows from the facts that given H,, Z, ~ N(0, HaHQg)? and
that if Z ~ N(0,0?), then for any € > 0, P(|Z| > €) < 2P(Z > ¢). In (v), we use
the change of variables v < u/||la||s,. Finally, in (vi), we compute the integral and set
Amax,t = MaXqe4 ||la||s,. We combine Equation (A.18) and Equation (A.19) with the fact
that A; and A, . are i.i.d. given H; to obtain that

3 2
E[A], (0. — 6,) | H] < \/21log(1/0)E [|| Aels, | He] + \/;)\max,thS. (A.20)

The bound in Equation (A.20) holds for any history H, and thus we take an additional

expectation and get that
\/7K5 Z )\max t

T
2T10g(1/(5>E \ Z |AtH + \/;Kéz)\max,lh
=1 t=1

BR(T) =E

Z A, | +

T
> AlL6. - Ajet,*] < /2log(1/6)E
t=1

(i0) [ 2 &
< /2T log(1/8), | E ZHAtH%t +\/;K52Amax,t,
L t=1 i t=1
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where we use the Cauchy-Schwarz inequality in (i), and (i7) follows from the concavity
of the square root. Now note that any a € A is an indicator vector and that %, is the
covariance of the joint posterior of the expected rewards (X, 6,4 )acx) | Hi. Therefore, for
any a € A, |la|)§, = 57 is the variance of X,' 0, , | H;. But we know that 0., | H; is a mul-

tivariate Gaussian and its covariance is ¥; , (Lemma 3). Thus the variance of X TG*,G | H

is 52 = X, %, o X;. It follows that for any a € A, ||a,||2 = X, 5K, = HXtHQiz

. In par-

ticular, HAtH2 =X TEt 4, X¢. Combining this with Equation (A.13) yields that Apax: =

A2 A
maXgeA Ha’HEt = MaXgecA HXtHZ < maxXge A \/ /\1 Eta Ko < \/ )\10 + 10 : q//ib) Ry

we let ¢ = \/ ()\1 o+ M) kK which allows us to write

BR(T) < /2T log(1/6)

+cT9 .

Z IX:IS,

. Then

(A.21)

Now we focus on the the term \/ E [23:1 Rk } that we decompose and bound as
Ay

QXtTZA]t,AtXt @
=0 5 =

1
(id)

15, ,, = -

< calog(l4 072X, 5 4, X)) + erlog(1+ 072X, S 4,50 4, Ta, Sl 4, S0 %, S04, Xo)
(A.22)

< XS0 X+ 072X S S Ta ST S0k 5 AtXt> ,

where (i) follows from XA]t,At = it,At + it,AtE&htFAtitFlE&htit,At, and we use the fol-

lowing inequality in (i7)

T
~ log(1 + ) z€l0,u) log(1 + x)

which holds for any x € [0, u|, where constants ¢, and ¢; are derived as

C. = ’i:p)\l,o - Cy o — KJ:CKJbAi()/\l,\I/
M log(l+ 0 2koM10) 0 log(l4+02cq) Aio ’

The derivation of ¢, uses that
XtTiEAth < )‘1<it7At)||Xt||2 < AEI(Z&}% + Gt,At) < )‘ (EO ,14,5) - /\1(20,1415)
The derivation of ¢; follows from

Xt—riuAtE FAtZ FA ZOA Zt AtXt <\ (ZtAt)/\2(20A )>\1<FAtEtFA )lim,
< A (Z0,4,) M,0M1 (Ca, I}, ) o
- A5 (Zo,4,) ’

2

— 2
)\d,O
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The first inequality follows from Weyl’s inequality and the fact that M2 < M (Sy) =
Ao and A(Zea,) < Ai(Zo.4,). Now we focus on bounding the logarithmic terms in
Equation (A.22).

First Term in Equation (A.22) We first rewrite this term as

~ i ~ 1 ~ 1
log(1 4 02X, 4, X,) Llogdet(ly+ 0257, X, X, 57, ),
= log det(i;jt + 0_2XtXT) — log det(i;}h) ,
= log det(f];rlLA ) — log det (%, At)

where (i) follows from the Weinstein-Aronszajn identity. Now note that for any a # A,
the arm-a precision does not update at round ¢, hence X! e = >} and the increment is
zero; therefore we may sum over all a € [K] without changing the value. Then, we sum
over all rounds t € [T], and get a telescoping that leads to

T T
~ 1 ~ 1 ~ ~
D logdet(ly+ 0287, X X[T02, ) =) logdet(Xy) 4,) — logdet(X;)),

t=1 t=1
T K )
= ZZ og det( Et—i—l .) — log det(2 i) ZZIog det (X 1) — logdet(X;,),
t=1 a=1 a=1 t=1
K
= Z log det(i;}kl,a) —log det(ii}l) ,
a=1
K K
© 2 1 3@ 1 3 -1 3
= Zlog det(EO QET+1aEO,a) = Zdlog d Tr(X6,0X741,020.0)
a=1 a=1
K
Hx)\l(EOa)T KaA,0T
dl S ) < Kdl 1 ’ :
; % ( - o2d - s\t o%d

where (i) follows from the fact that i]m = Xy, and we use the inequality of arithmetic
and geometric means in (7).

Second Term in Equation (A.22) First, we rewrite the covariance matrix of the effect
posterior ¥; using the compact notation introduced in Section A.3.1. Precisely, it follows
from Equation (A.4) that

51 Wy +ZFT (Zon = ZoalGra +250) " 50) T,

a=1

Wyt Z T (20; - Ea;it,azgg) r,. (A.23)

a=1
Recall that (i) and (i7) are the same; (i7) follows from plugging ¥, = (Gya + Soa)

137



(7). Now let u = a_lizAtXt. Then it follows from (i7) in Equation (A.23) that

S - 57 =T, (Zok, - Soh (Erk, + 02X X)) 'S5k, - (S5h, — 24, BeaS7h)) T,
=17, (Zoh Coa - G, + U*QXtXT)*l)zg}%) T,

(Lo — (ot 07258, XX, )78, 5%, ) Ta,

0,A¢
T (vl § s vl
=Ty, (ZO,A 74, — (Ig+uu By )Et,Atzo,At> L4,

L1 3
= F:gt (Z(;,zl‘thZAt 1+ uTuztzAtZO At) FAt ’

~ X X,
= 0'72rlt (Zo’ztztAth—uzt Atz(] At) PAt (A24)

In (i) we use the Sherman-Morrison formula. Moreover, we have that || X;||* < ,. There-
fore,

l+u'u=1+ U_QXtTf]t7AtXt <1+ J_an)\l(ZQAt) <1+ 0_2/%)\170 = 9.
This allows us to bound the second logarithmic term in Equation (A.22) as

log(1+ 02 X," 5 4,50 0, T, Sl k, Sk, S, Xe)
2 calog(1+ 3 02X, 8y 4,50 5, Ta, Sl 4, 50, Bea, X0
W ¢y log det (I + ¢ 0 257} S5 S a XX S 4 554 T 57,
(@) Co [log det(3; 1 + chg_zFXtZ&ztf]t AtXtXTit,AtE&itFAt) — log det(i;l)] ,
(iv) X, X/

< ¢y {logdet(z +o” QFthoAtZtAtTZtAtZOAtFAt) logdet(it_l)} ;

© ¢; [logdet(S; ) — logdet(E;1)] .

Here (i) follows from the fact that log(1+x) < cylog(1 + ¢, 'w) for any o > 0 and ¢ > 1.
In (i), we use the Weinstein—Aronszajn identity. In (ii7), we use the log product formula
and the fact that the det is a multiplicative map. In (iv), we use that c;* < 1/(1+u'w).
Finally, (v) follows from Equation (A.24). Now we sum over all rounds and get telescoping

T

D log(l+ 072X, 5y 4,50 4, Ta, ST 4, S0 4, Sea, X0
t=1

1
—1&—12\%) )

M
el

_ 1
< ¢y [logdet(S7L ) — logdet(S71)] = cp log det (X2
(@) 1 1_ 1

< c2Ldlog <m Tr(E{‘f,Z;}rlZ&,)) ;

2 ey Ldlog(\ (B35 v € epLdl (1+ K = ))
C2 0g(A1 U T U =~ Co og Ry 1,v )\d70 )\%’0(5;2 _l_L) )
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In (i) we use the inequality of arithmetic and geometric means. In (i7) we bound all
eigenvalues in the trace by the maximum eigenvalue. In (iii) we use the result in Equa-
tion (A.14). We combine the upper bounds for both logarithmic terms and get

E
o2d

T

KaeA1 0T
Z”Xt”%tﬂt] < Kde, log (1 + ~252—)
t=1

1 1
+ Ldcico log <1+Kl€b)\1,\p(/\d0 - /\%O(MT—FL)))'

Finally, we set ¢; = c¢ico, which concludes the proof for the general case. To retrieve the
result in Theorem 1, we only need to set A\; g = A\go = 02 and A\, g = 03, since we assumed
that 3¢ = 02114 and that 3y, = 021, for any a € [K]. In that case, the second term
simplifies as

1 1 ! .
log (1+ Kk (5~ e Ce— )) =1og (1+ Kmoy (5 = mn :
I’ UO
).

Tk,

= log (1 +K/<;b0\21,TK i
00

A.4 Additional Experiments

We provide additional experiments where we evaluate meTS using synthetic and real-world
problems, and compare it to baselines that either ignore or partially use effect parameters.
In each plot, we report the averages and standard errors of the quantities. Both settings
are described in Section 3.4.

A.4.1 Synthetic Experiments

In Figures A.1 and A.2, we report regret from 12 experiments with horizon 7" = 5000,
where we vary K and d and use both linear and logistic rewards. For the linear setting, we
compare meTS-Lin (Section 3.2.2), LinUCB (Abbasi-Yadkori et al., 2011), LinTS (Agrawal
and Goyal, 2013a) and HierTS (Hong et al., 2022b). For the logistic setting, we compare
meTS-GLM (Section 3.2.3), meTS-Lin (Section 3.2.2), UCB-GLM (Li et al., 2017), GLM-TS
(Chapelle and Li, 2012) and HierTS (Hong et al., 2022b). We also include the factored
approximation of meTS (meTS-Lin-Fa and meTS-GLM-Fa). In all experiments, we observe
that meTS-Lin and meTS-Fa outperform other baselines that ignore the effect parameters
or incorporate them partially. We also notice that the gain in performance becomes
smaller when K/L decreases.
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Figure A.1: Regret of meTS-Lin on synthetic linear bandit problems with varying feature
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Figure A.2: Regret of meTS-GLM on synthetic logistic bandit problems with varying feature
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A.4.2 MovieLens Experiments

We plot the regret of meTS and the baselines up to 7' = 5000 rounds in Figures A.3
and A.4. We observe that meTS outperforms the other baselines. This is despite the
fact that we did not fine-tune the mixing weights, which attests to the robustness of our
approach to model misspecification. Similarly to the synthetic problems, we observe that
the gap in performance between meTS and other baselines is less significant when K/L is

small.
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Figure A.3: Regret of meTS-Lin on the MovieLens dataset with linear rewards and varying
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Figure A.4: Regret of meTS-GLM on
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varying feature dimension d € {2,5} and number of actions K € {20, 50, 100}.

A.4.3 Robustness to Model Misspecification

We conduct additional synthetic experiments where the hyper-parameters do not match
the parameters of the bandit environment to assess the robustness of our approach to mis-
specification. We provide results for this experiment in Figure A.5. Here we consider the
setting described in Section 3.4.1 except that the true hyper-parameters are misspecified
as follows. At each run, we sample uniformly 4 misspecification constants ¢y, ¢, c3, and ¢4
from (0,2) and set the hyper-parameters of meTS-Lin as ¢1Xy, Copiw, €350, and ¢4b, for
any a € [K]; where Xy, piy, 204, and b, for a € [K] are the true hyper-parameters. Model
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misspecification is only applied to meTS-Lin and we refer to it as meTS-Lin-mis. We com-
pare it to meTS-Lin and the other baselines, all with the true hyper-parameters. Although
the baselines are not misspecified, meTS-Lin-mis still performs better. meTS-Lin-mis also
performs similarly to meTS-Lin (with true hyper-parameters).
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Figure A.5: Regret of misspecified meTS-Lin on synthetic bandit problems with a varying
number of actions K. Here, the musspecified meTS, meTS-Lin-mis, is compared to baselines
with true hyper-parameters.

A.4.4 Effect of Action Uncertainty

As we mentioned in Section 3.4.1 and predicted by our Bayes regret bound, learning
the effect parameters is most beneficial when they are more uncertain than the action
parameters. In this section, we support this claim by conducting an experiment where
the initial uncertainty of action parameters is greater than the initial uncertainty of the
effect parameters. Precisely, we consider the setting described in Section 3.4.1 except that
we set Xy = Irq and 3o, = 31, for all a € [K]. We report the results in Figure A.6.
By comparing Figure A.6 to Figure 3.2, we observe that meTS-Lin still outperforms
the baselines but the gap in performance shrinks when the action parameters are more
uncertain than the effect parameters.
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Figure A.6: Regret of meTS-Lin on synthetic bandit problems with a varying number of
actions K, where the action parameters are more uncertain than the effect parameters.
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B.1 Posterior for Linear Diffusion Models

Our posterior approximation builds on the simplified setting where the diffusion model
is fully linear, i.e., each link function f, is linear in ¢,. This linear case, studied in our
earlier workshop paper (Aouali, 2023), serves as the analytical foundation for our posterior
approximation used in the general non-linear case. In Section B.2, we show how the exact
posteriors derived in this linear setting inspire our efficient approximation, which extends
naturally to practical diffusion models that are typically highly non-linear.
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B.1.1 Linear Diffusion Models

Here, we assume the link functions f, are linear such as f;(¢y) = W), for ¢ € [L], where
W, € R¥4 are known mizing matrices. Then, Equation (4.1) becomes a linear Gaussian
system (LGS) (Bishop, 2006) and can be summarized as follows

Y ~ N(0,2041), (B.1)
Vo1 | Ve~ N(Werhe, 5e) ve e [L]/{1},
Oa | Y1 ~ N (Wi, 51), Va € [K],
R, | XtaAt797 (¢6)€6[L] ~ p(' | Xt;eAz)a vt e [T] :

This model is important because it yields closed-form posteriors when the reward dis-
tribution is linear-Gaussian, i.e., p(- | #;6,) = N(-;2"6,,0?). This allows bounding the
Bayes regret of sDM. For practice, the posterior expressions are used to motivate efficient
approximations for the general case in Equation (4.1) as we show in Section 4.2.1.

B.1.2 Posterior Expressions for Linear Diffusion Models

Recall that the reward distribution is modeled as a generalized linear model (GLM) (Mc-
Cullagh and Nelder, 1989), allowing for non-linear rewards even when the diffusion links
are linear. This non-linearity in the reward distribution prevents closed-form posteriors.
However, since the non-linearity arises only through the reward likelihood, we approx-
imate it by a Gaussian, leading to efficient posterior updates that are exact whenever
the reward model itself is Gaussian; a special case of the GLM framework. Precisely, let
B@M and C;*t,a denote the MLE (see the remark below for practical considerations) and the
Hessian of the negative log-likelihood, respectively:

Bt,a = argmax Z logp(Rz | Xi;ea)v Gt,a = Z g(XiTBt,a)XiXZT7 (BQ)

d
0a€R iGSua iGSt,a

where S;, = {i € [t — 1] : A; = a} is the set of rounds in which action a was taken up to
round ¢. We approximate the likelihood as

[T p(R: | Xis60) o exp(—4(0 = Ba) T Gra(ba — Bra) (B.3)
iest,a

which makes all subsequent posteriors Gaussian. Once this approximation is done, all
other derivations of the action posterior and latent posteriors are exact.

Remark 8. The MLE may be ill-posed. In practice, we maximize an {y-reqularized esti-
mator.

Action posterior. The conditional action posterior becomes

p(‘ga | ¢la Ht,a) ~ N(ea; ﬂt,aa ZA]t,aL)a

with parameters

A

Zt_; =3+ ét,m fita = izt,a (EI1W1¢1 + ét,aét,a) . (B.4)
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Latent posteriors. For each ¢ € [L] \ {1}, the conditional latent posterior is
(et | Ve, Hy) = N(Wp—1; fige—1, See-1),

where
it_,gl,l =Y 4+ G, firo—1 = Seo—1 (X, "Weoe + Bry1) - (B.5)
The top-layer posterior is

p(Yr | Hy) =~ N(wLSﬂt,bit,L)a
with

ETII/ = 25—10—1 + Gt,[n /v_Lt,L - it,LBt,L‘ (B6)

Recursive updates. The matrices Gt,g and Bt,g for ¢ € [L] are defined recursively. The
base recursion is

K K
Gui=W{ > (S =S85 )W, By =W/ %,GraBia. (B

a=1 a=1

Then, for ¢ € [L] \ {1}, the recursive step is
Gro=W, (3! =X 'S5 Wy, Bio=W/5, 'S 1By (BS)

Discussion. This completes the derivation of the linear posterior approximation. All pos-
teriors are Gaussian and exact whenever the reward distribution follows a linear-Gaussian
model, i.e.

p(- | 2:0,) = N(5270,,0%).
In this case, the above posterior updates coincide with the exact Bayesian updates, while
for general GLMs they serve as efficient and accurate approximations.

B.2 Posterior for Non-Linear Diffusion Models

The general diffusion model (Equation (4.1), which is our case of interest) involves two
sources of non-linearity: (i) the reward distribution p(- | x;#), which may follow a non-
linear generalized linear model (GLM), and (ii) the diffusion links fs(¢;), which can be
arbitrary non-linear functions. Both sources make the posterior intractable, and therefore
two approximations are needed.

First approximation (likelihood). We first approximate the reward likelihood by a
Gaussian density (as we did above in Equation (B.3)). After this substitution, the model
becomes conditionally Gaussian given the latent variables. This step is exact when the
reward model is linear-Gaussian, and approximate otherwise.

Second approximation (diffusion hierarchy). Even after the likelihood is approxi-
mated, the diffusion hierarchy remains non-linear because of the non-linear mappings f,.
To handle this, we reuse the exact Gaussian posteriors derived for the linear diffusion case
(Section B.1.2) and generalize them as follows:
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e Replace each linear mapping W1, by its non-linear counterpart fy(1),), which rep-
resents the mean of the diffusion prior at layer £.
e Remove matrix multiplications involving W, in the recursive updates.

This step can be viewed as extending the linear-Gaussian posterior updates to a general
non-linear setting. This allows fast sampling and updating of the posterior, without heavy
standard posterior approximation techniques. Of course, this is a purely empirical and
heuristic based approximation that does not come with guarantees but performs very well
in practice.

Resulting approximation. The two steps above yield a posterior where each conditional
factor p(0, | Y1, Hi o) and p(¢e—1 | te, H) remains Gaussian with updated means and
covariances, while the overall model retains the hierarchical diffusion structure. The
approximation satisfies two desirable properties: it exactly recovers the diffusion prior
when no data is available, and as more data is observed, the likelihood terms dominate
and the prior influence fades naturally.

B.3 Connection to Two-Level Hierarchies

The linear diffusion Equation (B.1) can be marginalized into a 2-level hierarchy using two
different strategies. To simplify, we let 3, = 071,. The first one yields,

1 ~N(0,07,,BLB), (B.9)
ea‘wLNN(w[n QI)J va‘e[K]7

with Q) = 021, + Zf;ll o7.,BB/ and B, = Hle W,;. The second strategy yields,

1/}1 ~ N(07QQ> ) (B].O)
Ga |¢1NN(w1,U%[d), Ya € [K],

where 0y = Zle 07.1BB/ . Recently, HierTS (Hong et al., 2022b) was developed for
such two-level graphical models, and we call HierTS under Equation (B.9) by HierTS-1
and HierTS under Equation (B.10) by HierTS-2. Then, we start by highlighting the
differences between these two variants of HierTS. First, their regret bounds scale as

L L
HierTS-1: O(,|Td(K Y o2+ Lo?,,), HierTs-2:0(,|Td(Ko?+> o2,,)).

/=1 /=1

When K = L, the regret bounds of HierTS-1 and HierTS-2 are similar. However,
when K > L, HierTS-2 outperforms HierTS-1. This is because HierTS-2 puts more
uncertainty on a single d-dimensional latent parameter ¢, rather than K individual d-
dimensional action parameters 6,. More importantly, HierTS-1 implicitly assumes that
action parameters 6, are conditionally independent given 1y, which is not true. Conse-
quently, HierTS-2 outperforms HierTS-1. Note that, under the linear diffusion model
Equation (B.1), sDM and HierTS-2 have roughly similar regret bounds. Specifically, their
regret bounds dependency on K is identical, where both methods involve multiplying K
by o7, and both enjoy improved performance compared to HierTS-1. That said, note that
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Theorem 7 and Proposition 7 provide an understanding of how sDM’s regret scales under
linear link functions f,, and do not say that using sDM is better than using HierTS when
the link functions f, are linear since the latter can be obtained by a proper marginaliza-
tion of latent parameters (i.e., HierTS-2 instead of HierTS-1). While such a comparison
is not the goal of this work, we still provide it for completeness next.

When the mixing matrices W, are dense (i.e., assumption (A5) is not applicable), sDM
and HierTS-2 have comparable regret bounds and computational efficiency. However,
under the sparsity assumption (A5) and with mixing matrices that allow for conditional
independence of 1, coordinates given 15, sDM enjoys a computational advantage over
HierTS-2. This advantage explains why works focusing on multi-level hierarchies typically
benchmark their algorithms against two-level structures akin to HierTS-1, rather than
the more competitive HierTS-2. This is also consistent with prior works in Bayesian
bandits using multi-level hierarchies, such as Tree-based priors (Hong et al., 2022a), which
compared their method to HierTS-1. In line with this, we also compared sDM with
HierTS-1 in our experiments. But this is only given for completeness as this is not the
aim of Theorem 7 and Proposition 7. More importantly, HierTS is inapplicable in the
general case in Equation (4.1) with non-linear link functions since the latent parameters
cannot be analytically marginalized.

B.4 Formal Theory

We analyze sDM assuming that: (A0) The true environment parameters 6, and 1, are
drawn from the same prior distribution used by sDM, as is standard in Bayes regret analysis
(Russo and Van Roy, 2014); we thus use 6, and 0 (¢, , and 1,) interchangeably throughout.
(A1) The rewards are linear p(- | x;60,) = N(;270,,0%). (A2) The link functions
fe are linear such as f,(¢y) = Wb, for £ € [L], where W, € R¥4 are known mizing
matrices. This leads to a structure with L layers of linear Gaussian relationships detailed
in Section B.1.1. In particular, this leads to closed-form posteriors given in Section B.1.2
that inspired our approximation and enable theory similar to linear bandits (Agrawal
and Goyal, 2013a). However, proofs are not the same, and technical challenges remain
(explained in Section B.5).

Although our result holds for milder assumptions, we make additional simplifications
for clarity and interpretability. We assume that (A3) Contexts satisfy ||X;]|3 = 1 for
any t € [T]. Note that (A3) can be relaxed to any contexts X; with bounded norms
| X¢|l2- (A4) Mixing matrices and covariances satisfy A\; (W} W,) = 1 for any ¢ € [L] and
Yy = 021, for any ¢ € [L + 1]. In this section, we write O for the big-O notation up to
polylogarithmic factors. We start by stating our bound for sDM.

Theorem 7. Let 02, = maxe11)1 + Z—‘Z There exists a constant ¢ > 0 such that for
any 6 € (0,1), the Bayes regret of sDM under (A1), (A2), (A3) and (A4) is bounded

147



as

BR(T) < | 2T (RA"(T) + ZR“‘T log( 1/5)) + T,

ACT TU% O-%
R (T) = CQdK lOg (1 + F), Co =

log (1+Z—§> ’
o2 2 2

R = ¢ydlog (1 + ZH) cp = Te+1%max , (B.11)
of log (1+ %52

Equation (B.11) holds for any § € (0,1). In particular, the term ¢70 is constant when
d = 1/T. Then, the bound is (’§<\/T(dKaf +d>r, 07,0%

MAX

)), and this dependence

on the horizon T' aligns with prior Bayes regret bounds. The bound comprises L + 1 main
terms, R**(T") and Ry for ¢ € [L]. First, R**"(T") relates to action parameters learning,
conforming to a standard form (Lu and Van Roy, 2019). Similarly, R;*" is associated with
learning the ¢-th latent parameter.

To include more structure, we propose the sparsity assumption (A5) W, = (W, 044_4,),
where W, € R¥™% for any ¢ € [L]. Note that (A5) is not an assumption when d, = d
for any ¢ € [L]. Notably, (A5) incorporates a plausible structural characteristic that a
diffusion model could capture.

Proposition 7 (Sparsity). Let 02, = maxse41) 1 + Z—‘z There exists a constant ¢ > 0
such that for any 6 € (0,1), the Bayes regret of sDM under (A1), (A2), (A3), (A4) and
(A5) is bounded as

BR(T) < | 2T (R*"(T) + ZRW log(1 /5)) + TS,

_ T 2 2
RACT(T) — CodK 10g (1 + _0-21)’ Co = Lz ,
do log (1 + %)

Of o} 1O

Rg = ¢ydy log (1 + e ) Cy = + M:QX , (B.l?)
a; log <1 + %)

From Proposition 7, our bounds scales as
BR(T) = o( T(dKo? + Z ngZHUMAX)) . (B.13)
=1

B.5 Regret proof

Important notation clarification. Throughout this proof, we operate under the stan-
dard Bayesian bandit framework where the true environment parameters 6, are drawn
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from the same prior distribution that sDM uses for posterior inference. Specifically, the
true action parameters 0, , for a € [K] and the true latent parameters v, for ¢ € [L]
are assumed to be sampled according to the generative process in Equation (B.1). As a
consequence, the true parameters 6, and the model parameters ¢ used in our derivations
follow the same distribution, and we use them interchangeably throughout the proof to
simplify notation.

B.5.1 Proof Sketch

We start with the following standard lemma upon which we build our analysis (Aouali
et al., 2023b).

Lemma 4. Assume that p(0, | Hy) = N(04; fita, X0a) for any a € [K], then for any
0 €(0,1),

BR(T) < /2T log(1/6) Z 1%,

+ 19, where ¢ > 0 1s a constant.

(B.14)

Applying Lemma 4 requires proving that the marginal action-posterior densities of 0, | H,
in Equation (4.3) are Gaussian and computing their covariances, while we only know the
conditional action-posteriors p(, | ¥, H;) and latent-posteriors p(¢,_1 | 1, H;). This is
achieved by leveraging the preservation properties of the family of Gaussian distributions
(Koller and Friedman, 2009) and the total covariance decomposition (Weiss, 2005) which
leads to the next lemma.

Lemma 5. Let t € [T] and a € [K], then the marginal covariance matriz ¥, reads

-1
it,a = i}ta + Z Pa,fit,ﬁplz y where Pal = it,azl_lwl H it7i2i_<|»llwi+1' <B15)
Le[L] i=1

The marginal covariance matrix Y, in Equation (B.15) decomposes into L 4 1 terms.
The first term corresponds to the posterior uncertainty of 6, | ¢;. The remaining L terms
capture the posterior uncertainties of ¢y, and ¢y | ¥, for £ € [L]/{1}. These are then
used to quantify the posterior information gain of latent parameters after one round as
follows.

Lemma 6 (Posterior information gain). Let t € [T| and ¢ € [L], then

52
= max 14+ 5. (B.16)

»o! f] = o 20 2P’ XX P where o
41,0 Ap At e[t 02

— MAX MAX

Finally, Lemma 5 is used to decompose ||X;|3 . in Equation (B.14) into L + 1 terms.
t,A¢

Each term is bounded thanks to Lemma 6. This results in the Bayes regret bound in
Theorem 7.
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B.5.2 Proof of lemma 5

In this proof, we heavily rely on the total covariance decomposition (Weiss, 2005). Also,
refer to (Hong et al., 2022b, Section 5.2) for a brief introduction to this decomposition.
Now, from Equation (B.4), we have that

~ ~ —1
cov [60« ‘ Ht7 wl] = Et,a == (Gma + EI1> ,

E (0| Hu 1) = fira = Soa (GraBua + X7 Witk )
. 1
First, given Hy, cov [0, | Hy, Y1 = (Gt,a + Efl) is constant. Thus

E cov 0 | Hy, ] | ) = cov (6| He,un] = (G + 211)_1 S
In addition, given Hy, f]t,a, G’t’a and Bt,a are constant. Thus
cov [E [0, | Hy, Y1 ]| Hy] = cov |:2A]t,a (G’t,aém + Zl_lVVlwl) ‘ Ht] ,
— cov [it7a2f1W1¢1 ( Ht] ,
= 3,a 57 Wicov vy | H) WSS,
= W ST WIS W ST S,

where §t’1 = cov [¢1 | Hy] is the marginal posterior covariance of ¢;. Finally, the total
covariance decomposition (Weiss, 2005; Hong et al., 2022b) yields that

2t,a = CoVv [9(1 | Ht] - E [COV [ea | Ht7 ¢1] | Ht] + cov [E [ea | th ?/)1] | Ht] )
= S0+ D DT IW B W BT, (B.17)
However, i,l = cov [ | Hy] is different from %;; = cov ¢ | Hy, 1] that we already
derived in Equation (B.5). Thus we do not know the expression of %, ;. But we can use

the same total covariance decomposition trick to find it. Precisely, let i,g = cov [V | Hy
for any ¢ € [L]. Then we have that

Se1 = cov [t | Hy, ] = (351 + Gm)_l ;
fien = E [ | Hy, o] = i1 (251W2¢2 + Bt,l) .

First, given Hy, cov [¢) | Hy, 1s] = (251 + Gm)_l is constant. Thus
E [cov [o1 | Hy, o] | Hi] = cov [¢1 | Hyytho] = ¥4 -
In addition, given Hy, it,l’ it,l and Bt,l are constant. Thus
cov [E [t | H,va] | Hi] = cov [T (S5 Wates + Bur ) | Hi]
= cov [5,155 " Wats | Hy] |
= 54135 'Wacov [y | H] Wy 35541,
= S WS oW S5 18,
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Finally, total covariance decomposition (Weiss, 2005; Hong et al., 2022b) leads to
it,l = cov (1 | Hy| = E[cov [ty | Hy, o] | Hy| + cov [E [y | Hy, o) | Hy
= im + it,lzg_lw2it,2wg—22_12t,l :

Now using the techniques, this can be generalized using the same technique as above to

it,é = it,é + it,EZZ—EIWf+1§t7€+1WZ&-lEZ—‘:liM , VYl e [L — 1] .
Then, by induction, we get that
Sii= Y PSP Vee[L—1],
Ce[L]

where we use that by definition i,L = cov[¢p | Hy] = X1 and set Py = I; and P, =
Hf;ll 512 Wy for any ¢ € [L]/{1}. Plugging this in Equation (B.17) leads to
Zvjt,a = it,a + Z it,azflwlpﬁitjp;w]—zl_lﬁ]t,a ;
Le[L]

=St > TraDT WP (e X7 W) T

Le(L]

= 215,(1 + Z Pa,éit,EPle )

Le[L]

where P, , = it,azflwlpé = imzflwl Hf;i itzzz—l—leJrL

B.5.3 Proof of lemma 6
We prove this result by induction. We start with the base case when ¢ = 1.

(I) Base case. Let u = o~ 25 . X; From the expression of ¥,; in Equation (B.5), we
have that

et = Sl = WI (3 -3y 1(2“, o) IS (B - S T ) W

=W/ z;lif (g — (Id+a—22;A XtXTEfA) DT Wi,

= WI (718, (L — (a+ wa ) )2, 57 ) Wi,

i 1S uu’

9w (EllzfAt1+uT 2, 57 )Wl,

(i) _ e XX - _

=0 2W12112t,Atm2t,Atzl W, . (B.18)
In (i) we use the Sherman-Morrison formula. Note that (ii) says that 3.}, — 3] is
one-rank which we will also need in induction step. Now, we have that | X;||*> = 1.
Therefore,

Ttu'u=1+02X%4X; <14+ 208X =1+ 0207 < 02

MAX ?
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Combining this with Equa—

where we use that by definition of o2, in Lemma 6, We have that o2
Therefore, by taking the inverse, we get that ;-
tion (B.18) leads to

MAX

v—1 N 1 —2 —2 T -1y Ty -1

MAX

Noticing that Py, 1 = it, AtEIIWI concludes the proof of the base case when ¢ = 1.

(II) Induction step. Let ¢ € [L]/{1} and suppose that 5}, , | — %, is one-rank and
that it holds for £ — 1 that

St = S 200N P XX Pagers where ol = max 1+ 070},
Then, we want to show that Et +11 ¢ Z_]t_ el is also one-rank and that it holds that
S;_llyg — i;gl =02 ;ff(P gXtXtTPAt,g, where o2, = max 140 %0}

Le[L+1]

This is achieved as follows. Define the precision increment at level £ — 1 by
Appr1 = Et+1e 1 S;él—r
By the induction hypothesis, A;,_; is rank-one PSD, hence there exists u € R? such that
AV wu '

Using Equation (B.8), we have for any s € {t,t+ 1}:

St =S+ G =30 + W) (37 = 5718, 57 We.
Therefore,
i;rll,e - S;el = Gry10 — Gro
=W,/ 2N (St — D) S W
Since 2; +11,€_1 = i; 61_1 +uu', Sherman-Morrison yields

_ e
Yioo1un Xy
1+ uTS i qu

S 1 L _§
Sipre-1 = (S tuu') =D —

Hence
) — _
Et,Z—IUUTEt,Z—l

Yio—1— Vg1 0-1 =

1+ uTitl_lu ’
and plugging this back gives
1 s—1 Ty-15 uu' -
2t+1,£ - th =W, Eg Yot > g_IEK W,

In particular, this increment is rank-one PSD.
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However, it follows from the induction hypothesis that

T _ w1 S -2 —2(t-1) T
uu = Et+1,£fl - Et, =0 PAte 1Xe Xy Pag e

MAX

Therefore,
a—1 S-1 Ty— uu '’ = 1
Zt+l€ Et7£ = Wf Zﬁ Ztg_1m2t7g_1ze W(,
Ta—1c o 2O-MA)(( )PA A— 1XtXtTPAt,£—1 = -1
=W, X, N L0 S, Y12, Wy,
o _—2(0-1
- Lﬁ"(‘)sz—li Pl X X P S D W,
1 + UTth_lu 1) tl— A -1 ¢ tyb— t,l— Y4 )
o ? &zg_l) T T
=— """ P, XX, P4 .
1+UTEt7@_1u Aptte & At

Finally, we use that 1+ w3, qu < 14 [Jul3A(5-1) < 14 0 %0]. Here we use that
Jul3 < 072, which can also be proven by induction, and that A\(X;,-1) < o7, which
follows from the expression of ¥;,_; in Section B.1.2. Therefore, we have that

92 —2(£-1)

= _ 0 “Owmax T T
DO . — LA ¢ G L
t+1,0 tl — 1+UTZtﬁ U Al t t k)

9 —2(£-1)

0 “Owmax T T
i 1+0__2 2 PAt’ZXtXt PAt,fa

- 0—20—%13 o Xe X Py,

MAX

where the last inequality follows from the definition of 02, = maxe(z41 1+ 0~ 207. This
concludes the proof.

B.5.4 Proof of theorem 7

We start with the following standard result which we borrow from (Hong et al., 2022a;
Aouali et al., 2023b),

BR(T) < /2T log(1/9) Z IX:1Z,

+cT9, where ¢ > 0 is a constant .

(B.19)

Then we use Lemma 5 and express the marginal covariance ¥; 4, as

-1
Sta =Sia+ ¥ ParDPl,,  where Pyy =, 57 W, [[ S8, Wisr.  (B.20)
Le[L] i=1
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Therefore, we can decompose HXt”Qgt L as
At

2 X ¥4, Xt ()

”XtHEt At 0_2 = 02 (UﬁZX;ZA:t,AtXt + 0-72 Z XtTPAt,ESt,ZPXt,EXt) )
Le[L]
(i0) . _
< colog(1+ 077X, 84, X0) + > crlog(l+ 072X, Pa, i SiiPh,  Xo) (B.21)

Le(L)

where (i) follows from Equation (B.20), and we use the following inequality in (i7)

x u
= ——log(1 < —— ) log(1 = ——log(1
g o) o8l F o) = (Jél[%}i log(1+ >> gl +7) = i o8l +2),
which holds for any z € [0, u], where constants ¢y and ¢, are derived as
o2 o2
Co = —102 ;o = Llﬂ :
log(1+ %) log(1 + —5*)

The derivation of ¢y uses that
XS X S MEa) Xl <A ET + Gra) <AE) = M(E) =1
The derivation of ¢, follows from
X PaneSeP i, o Xe S M(Pa P, )M(Be0) | Xl* < ofy
Therefore, from Equation (B.21) and Equation (B.19), we get that

BR(T) < /2T log(1/9) ( [0021og 1+ 072X S, 4, X))

T

+ Z o Z log(1 + O'_2XtTPAt7git7[P1;t7€Xt)] ) : +cT'o (B.22)
Le[L] t=1
Now we focus on bounding the logarithmic terms in Equation (B.22).
(I) First term in Equation (B.22) We first rewrite this term as
—2y T (@) ~213 TS
log(1+ 077X, X 4, X¢) = logdet(ly+ 0 7%7 ) Xi X, X2, ),
= log det(Et a, to 2XtXtT) — log det(f];}‘t) = log det(f);rlLAt) — log det(f];}‘t) ,

where (i) follows from the Weinstein-Aronszajn identity. Then we sum over all rounds
t € [T], and get a telescoping

““w\»-‘

T
1 .
Zlog det(l+ 07287 4, X, XtTE Zlog det( Et-l—lA ) — log det (37 )

t=1 t=1
T K
= Z Z og det (2 '.a) — log det (2 Z Z log det (2 'a) —logdet(3;,),
t=1 a=1 a=1 t=1
K . 1. 1
= Zlog det(X74, ) — log det(S Zlog det(X7X7,, X7),

1

)
Il
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where (i) follows from the fact that f)l’a = Y. Now we use the inequality of arithmetic
and geometric means and get

K
A1 AL 1 . 1
> logdet(Iy+ 0?82 4, XoX['%2, ) = logdet(£3 57, ,5F),
t=1 a=1
K 1 1
<) dlog (— Te (2 574,51 )) : (B.23)
a=1
K
T o? o?
< ;dlog (1 + E;) = Kdlog (1 + do?

(IT) Remaining terms in Equation (B.22) Let ¢ € [L]. Then we have that
lOg(l +to 2XTPAt Zzt fPAt EXt) - O-MAX MAX IOg(l t+o 2X PAz fzt ZPA EXt>

< UEA{\X log(1+ 0 20,2 X, Py, gztgPAt Xy,
(i)

1
o logdet(I;+ o~ 0_%22 P} gXtX Pa, 37,

MAX

- MAX(logdet(EM—i—a OuiP R XX, P ) — log det(S;)) )

where we use the Weinstein- Aronszajn identity in (7). Now we know from Lemma 6 that
the following mequahty holds 020, 26P ) Xy X,"P 4,0 = 5}, — 5,/ As aresult, we get

MAX
that EM + 07202 P} X X Py = 2t+1,£' Thus,

MAX

log(1+ 02X, Pa, S0P, X)) < aMAx<log det(i;}lﬁé) —log det(i;})) ,

Then we sum over all rounds ¢t € [T, and get a telescoping

T T
Z log(1 + 0_2X:PAtvgitngL7gXt) e Z log det( 27];:17() —log det(i;j) ,

t=1

MAX(log det(S7},,) — logdet(S}))
MAX(logdet Srbie) — logdet(S))

log det( EHIETL g252+1))

©

MAX

where we use that ¥, = ¥,y in (7). Finally, we use the inequality of arithmetic and
geometric means and get that

Z log(1 + U_thTPAt,Eit,fPL,EXt) < U%\x ( log det(2£+lzT—10—1 2242+1)>

1

1 1
< do;, O\iax 10% (d Tr(EZ—HET-lH ZEZH)) ) (B-24)

< do,, log (1+ “1) :
Z
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The last inequality follows from the expression of i;_lH’e in Equation (B.5) that leads to
1 1 1 1
2624-12;—11-1,(282—1-1 =lq+ 27 Gri1eXf

1 — 1
=1+ 22, W, (57 = S S0 5 ) WE?

o1 (B.25)

_ _ 1 _ 1
since Gry1,e = W/ (3 '=5; " Sry1,0-13, ") W, This allows us to bound 3 Tr(37,, 574, 52, )
as

1 1 _ 1 1 _ 1
yi Tr(S7 575 B8 ) = = Tr(Ig + 32 W, (57 = 37 ' Sre1 5 ) Welg )

ISHE S

1 _ 1
(d+Te(S2, W, (57 = B S B0 ) Welg, )

d
1 X 3 2
<1+ d Z /\1(252+1V\7ér (Zé_l - EZIZTﬂ,e—lZe_l)WEEZH )
i=1
d
1 T -1 —1% -1
<1+ d Z M (Bea) M (W WA (B, = 2 S35, )
i=1

d
1 —
<1+ d i—1 M (B M (W W (21,

d 2 2
1 Opt1 9041
<14+ = =1 B.26
LSS ek (B.26)
i=1
where we use the assumption that A; (W, W,) = 1 (A4) and that A(Z,41) = 07, and
M(Z,Y) = 1/02. This is because ¥y = o071, for any ¢ € [L + 1]. Finally, plugging
Equations (B.23) and (B.24) in Equation (B.22) concludes the proof.

B.5.5 Proof of proposition 7

We use exactly the same proof in Section B.5.4, with one change to account for the
sparsity assumption (A5). The change corresponds to Equation (B.24). First, recall that
Equation (B.24) writes

T

D log(1+ 07X Pa, S0P, , Xp) < Ufﬁ\x<10g det(EZli%qu?H)) ;

t=1
where

3 w1 3 3 T (y—1 —1¥ -1 3
Ee+1ZT+1,zZe+1 =14+ Ee+1We (Ee - Ee Zt,éflze )szﬁ—l-l?
=Ii+ 07 W, (57 =218 8 Wy, (B.27)

where the second equality follows from the assumption that ¥,,; = ag 114. But notice

that in our assumption, (A5), we assume that W, = (W, 044_4,), where W, € R¥% for
any { € [L]. Therefore, we have that for any d x d matrix B € R%*“, the following holds,

Lo
W/, BW, = WeBWe - Oava-a, . In particular, we have that

Od—dyd,  Od—dy.d—d,
W/ (37 =3 803 ) We o Odyd-a,

Wi (57 = T 80 ) We =
e( ¢ ¢ =17y ) ¢ Od—d,.d, Od—dy,d—d;

) . (B.28)
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Therefore, plugging this in Equation (B.27) yields that

[dg + U%_HWZ (Zzl _ E;lit,eﬂZ;l)We Odg,ddg) '

1
Z 2
Od—d,.d, Iiaq,

_ 1
€+1Z;}r1,ézf2+1 = ( (B.29)
1 1 _ _ _
As a result, det(X2, 571, B7) = det(ly, + 07, W/ (3, — ,'8,,15,")W,). This
allows us to move the problem from a d-dimensional one to a d,-dimensional one. Then
we use the inequality of arithmetic and geometric means and get that

T
_ 1 1
S log(1 + 0 X P P, X0) < o (Togdet (S Sk 2
t=1
= o2 log det (14, + O'?_HWZ (Eg_l — Ezlit7g_1ze_1)Wg) ,

MAX

MAX

1 _ _ _
< dyo? log (d—g Tr(ly, + o7 W, (' — zglzt,g_lzgl)wf)> :

2

< dyo* _ log (1 + Ué—gl) : (B.30)

To get the last inequality, we use derivations similar to the ones we used in Equa-
tion (B.26). Finally, the desired result in obtained by replacing Equation (B.24) by
Equation (B.30) in the previous proof in Section B.5.4.

B.6 Additional Experiments

B.6.1 Swiss roll data

Figure B.1 shows samples from the Swiss roll data and samples from generated by the
pre-trained diffusion model for different pre-training sample sizes.

3 3 3
5 *e True distribution oo True distribution eee True distribution
xxx Diffusion model 2 % Diffusion model 2 xxx Diffusion model
1 :
1 1
0
0 0
-1
-2 -1 -1
-3 -2 -2
-4 -3 -3
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

(a) Diffusion pre-trained on 50 (b) Diffusion pre-trained on (c) Diffusion pre-trained on 10%
samples from the Swiss roll 103 samples from the Swiss roll samples from the Swiss roll
dataset. dataset. dataset.

Figure B.1: True distribution of action parameters (blue) vs. distribution of pre-trained
diffusion model (red).

B.6.2 Diffusion models pre-training

We used JAX for diffusion model pre-training, summarized as follows:
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e Parameterization: Functions f, are parameterized with a fully connected 2-layer
neural network (NN) with ReLU activation. The step ¢ is provided as input to
capture the current sampling stage. Covariances are fixed (not learned) as ¥, = 071,
with o, increasing with /.

e Loss: Offline data samples are progressively noised over steps ¢ € [L], creating
increasingly noisy versions of the data following a predefined noise schedule (Ho
et al., 2020). The NN is trained to reverse this noise (i.e., denoise) by predicting
the noise added at each step. The loss function measures the L, norm difference
between the predicted and actual noise at each step, as explained in Ho et al. (2020).

e Optimization: Adam optimizer with a 1072 learning rate was used. The NN was
trained for 20,000 epochs with a batch size of min(2048, pre-training sample size).
We used CPUs for pre-training, which was efficient enough to conduct multiple
ablation studies.

e After pre-training: The pre-trained diffusion model is used as a prior for sDM and
compared to LinTS as the reference baseline. In our ablation study, we plot the
cumulative regret of LinTS in the last round divided by that of sDM. A ratio greater
than 1 indicates that sDM outperforms LinTS, with higher values representing a
larger performance gap.

B.6.3 Quality of our posterior approximation

To assess the quality of our posterior approximation, we consider the scenario where the
true distribution of action parameters is N (0g4, I;) with d = 2 and rewards are linear. We
pre-train a diffusion model using samples drawn from A (04, I;). We then consider two
priors: the true prior N (04, I) and the pre-trained diffusion model prior. This yields two
posteriors:

e P : Uses NV (04, 1) as the prior. P is an exact posterior since the prior is Gaussian
and rewards are linear-Gaussian.

e P : Uses the pre-trained diffusion model as the prior. P, is our approximate
posterior.

The learned diffusion model prior matches the true Gaussian prior (as seen in Figure B.2a).
Thus, if our approximation is accurate, their posteriors P, and P, should also be similar.
This is observed in Figure B.2b where the approximate posterior P, nearly matches the
exact posterior P;.
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5 —0.30
4 s*e Gaussian Prior —~0.32 e®¢ Exact Posterior (P;)
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0
. -0.40
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(a) Gaussian distribution vs.  diffusion (b) Exact posterior P; vs. approximate pos-
model pre-trained on 10% samples drawn terior Py after T = 100 rounds of interac-
from it. tions.

Figure B.2: Assessing the quality of our posterior approximation.

B.6.4 CIFAR Ablation

CIFAR. In Figure 4.3a in Section 4.4.2, we showed that with only 10 pre-training samples,
sDM outperforms LinTS on the Swiss-roll benchmark. We now extend this analysis to the
vision dataset CIFAR (Krizhevsky et al., 2009) (similar results were obtained on MNIST
(Zhu, 2018)). Our setting is similar to that in Hong et al. (2022a) and we use sDM’s
variant that uses a single shared parameter § € R? (Remark 5 and Section 4.2.2) because
it is more suited for this setting. These additional ablations on CIFAR confirm that sDM
consistently benefits from offline pre-training, even when the true prior is not a diffusion
model. Specifically, we vary the percentage of offline data used to train the prior and
compare against both HierTS and LinTS.

Table B.1: Regret improvement (%) of sDM on CIFAR.

Offline Data (%) vs. HierTS wvs. LinTS

1% 69.11% 87.74%
5% 79.56% 92.18%
25% 80.65% 92.48%
50% 81.67% 92.88%

B.6.5 Bound comparison

Here, we compare our bound in Theorem 7 to bounds of LinTS from the literature.
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Linear Bandit: d=5, K=10000, L=5 Linear Bandit: d=5, K=10000, L=5

600000 90000
500000 — Bayes Bound for dTS (Ours) 80000 - — Bayes Bound for dTS (Ours) |
[ —  Frequentist Bound for LinTS |] 70000 | — Bayes Bound for LinTS ]
400000 | 1 60000 | j
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(a) Our bound vs. the frequentist bound of (b) Our bound vs. the standard Bayesian
LinTS in Abeille and Lazaric (2017). bound of LinTS.

Figure B.3: Comparing our Bayesian regret bound of dTS to the frequentist and Bayesian
bounds of LinTS.
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C.1 Posterior Derivations Under Standard Priors
Here we derive the posterior under the standard prior in Equation (6.2). These are

standard derivations and we present them here for the sake of completeness. But first, we
state the following standard assumption that allows posterior derivations.
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Assumption 5 (Independence). (X, A) is independent of 6, and the 0,, for a € A are
mdependent.

Deriwvation of p(0, | D,,) for the standard prior in Equation (6.2). We start by recalling
the standard prior in Equation (6.2)

ea ~ N(,Ma, Ea)y Ya € A, (Cl)

R16,X, A~ N(6(X) 04,07,
where N (114, 34) is the prior on the action parameter 6,. Let 6 = (6,)cn € R¥E, Ty =
diag(Za)aca € REXE and g = (pa)aca € R¥E. Also, let u, € {0,1}" be the binary

vector representing the action a. That is, u,, = 1 and u, = 0 for all ' # a. Then we
can rewrite the model in Equation (C.1) as

0 ~ N(pa, Za), (C.2)
R|60,X,A~N((us®d(X))"0,0%).

Then the joint action posterior p(6 | D,,) decomposes as

(@)
p(@ | Dn) = p(@ | (Xi:Ai,Ri)ie[n}) X p((Ri)ie[n] | 0, (Xi7Ai)ie[n])p(9 | (XiaAi)iE[n])a

(44) (i4)
= P((Ro)iem | 0, (Xi, Aicn)p(0) =" ] p(Ri | 6, X3, Ai)p(8),

i€[n]

TNV (R (wa, © 6(X0)T0.0")N (0: . B,

i€[n]

(v) N AN
x N 97 KA, <A.A> .
In (i), we apply Bayes rule. In (ii), we use that 6 is independent of (X, A), and (ii7)

follows from the assumption that R; | 0, X;, A; are independent. Finally, in (iv), we
replace the distribution by their Gaussian form, and in (v), we set Ay = v Y7 (uq,u), ®

BX)HX)T) + Ay and fia = A3 (0 X0, (s, © O(X))R: + Aggea) where v = 0
and Ay = X' = diag(X;")sea. Now notice that Ay = diag(3;! + Ga)aca. Thus,

a

p(0 | Dy) = N(0; jia, L") where fig = (fia)aca and Ay = diag(Ay)aca, with
Ay =371+ G, Agjia = X7 10 + Ba.

Since the covariance matrix of p(¢ | D) is diagonal by block, we know that the marginals
0, | D,, also have a Gaussian density p(6, | D,) = N(04; fia, X0) where 3, = AL

]

C.2 Posterior Derivations Under Structured Priors

Here we derive the posteriors under the structured prior in Equation (6.9). Precisely, we
derive the latent posterior density of ¥ | D,,, the conditional posterior density of 6 | D,,, .
Then, we derive the marginal posterior 6 | D,,. Posterior derivations rely on the following
assumption.
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Assumption 6 (Structured Independence). (i) (X, A) is independent of 1 and given v,
(X, A) is independent of 0. (ii) Given 1, the 0y, for all a € A are independent.

C.2.1 Latent Posterior

Derivation of p(v | D,,). First, recall that our model in Equation (6.9) reads

P~ N(p, %),
9a|w~N(Waw,Ea), Va € A,
R|1,0,X,A~N(d(X) 04,0%. (C.3)

Then we first rewrite it as

¢ ~ N(M? E)»
01~ N (Wa,Z),
R|,0, X, A~N((ua® ¢(X))'0,07). (C.4)

Then the latent posterior is

((Ri)iem) | ¥, (Xi, Ai)iem)p(¥ | (Xis Ai)ien)),
(Ri)iem) | ¥, (Xis Ai)iep))q(¥),
= /Gp((Ri)iE[n]ae ’ Y, (Xi,Ai)ie[n])dQQ(¢)>

p

= /ep((Ri)ie[n] | 4,0, (Xi, Ai)icin) (0 | ¥, (Xi, Ai)ien)) d0q (1),

@ /9 P((Ri)icpn | 6,0, (X Ad)icn)p(0 | ) dBq(4)),

In (i), we use that (X, A) is independent of ), which follows from Assumption 6. Sim-
ilarly, in (7i), we use that 6 is conditionally independent of (X, A) given 1. Now we
know that given 6, R; | X;, A; are iid. and hence p((R;)icin) | ¥,0,(Xi, Ai)icm)) =
[I,cs La(ba). Moreover, 6, for a € A are conditionally independent given ¢. Thus

(0 | ) = [1aeaPa (Oa; fo(1)), where we also used that 0, | 1) ~ po (+; fa(10)). This leads
to

p(w | (Xla Aw R'L)Ze[n}) o8 /G‘H £a<9a)pa (eaa fa(w» dGQ(w)a

acA

@) H/a Lo(0)N (00; Warh, 30) dO N (¢ 1, 3,

acAv7a
@ 1 / ( [TV (00X 02) )N (0 Wath, Ba) 0N (05 11, %).
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In (), we notice that 6§ = (0,)sca and apply Fubini’s Theorem. In (i), we let [, =

{i G [ l; A; = a} as the rounds where action a appears in the sample set D,. Now let
fe ( ier, N(R; H(X3) "0, 02)) N (0,; W1, X,) df,. Then we have that
p(t | D) o< [] ha()N (@; 1, D). (C.5)
acA

We start by computing h,. To reduce clutter, let v = ¢72 and A, = X;!. Then we
compute h, as

/ (HN z; Teaao- )) N(@a;wal/}72a) de

i€l

/ exp [__UZ (Ri — o(X:)"0,)* — %(Qa — Wot)) "Ag (6, — Wa¢)] db,,
e
x /ea exp [

— (0D (B = 2R0] 6(X5) + (6] 6(X))?) + 0, Al — 20, AW 1)

i€ly

(W) TALWor) ) |

—% 0) (qub(Xi)gzﬁ(Xi)T +Aa) —20) ( > Rip(Xi) + AW w>

iela ’Lela

1
(

 (Wat) T Aa(Wats)) | a0

Now recall that G, = v) ., ¢(X;)¢(X;)" and B, = v} ,., Rip(X;) and let V, =
(G + Aa)_l, U, =V and 8, = V,(B, + A;W,¢). Then have that U,V, = V,U, = I,
and thus

ha(1) o /9 P %(HTU O — 20, UsVa (Bo + AaWat)) + (Wa?ﬁ)TAa(Waw))} dfla,
— /6 eXp: %(HTUH 20, Uaﬁa+(Waw)TAa(Waw))} dfa,
= /9 exp: %((9 — Ba) "Ua(ba = Ba) = 81 Ua5a+<waw>TAa(Waw>>} dé
x exp __% (=81 UaBa + (Waw)TAa(Waw)} )
= exp —% (— (Ba+ MaWath) ' Vi (Bo + A Wat)) + (Waw)TAa(Waw))] )
x exp %(WWT( — AaVala) Watp = 207 (W, AaVaBa))}y
o exp %(wTAm 2¢ Aaua)},

where
Ao =W, (Mg — AV A W, =W, (Z ' =S MG+ 2718 ) W,
Aofia = W] AV, B, = WIS G, + 2,71 B,. (C.6)
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However, we know from Equation (C.5) that p(¢) | Dy) o< [[,e4 ha(¥)N (¢; 1, %), But
ha(1) is proportional to exp [—1 (" Aqt — 20T Agfio)] for any a. Thus p(¢ | D,) can be
seen as the product of K +1 Gaussian kernels. Thus, p(¢ | D,,) is a multivariate Gaussian
distribution A/ (ji, ), with

=T Y A=Y W, (B - G+ )T ) W, (C)

acA acA
STa=ST 4 ) Al =S+ Y WIS (Ga +3,1) ' B, (C.8)
acA acA

]

C.2.2 Conditional Posterior

Derwation of p(0, | ¥, D,). Let v =072, A, = X' We consider the model rewritten
in Equation (C.4), then the joint conditional action posterior p( | ¥, D,,) decomposes as

(@)

(i) (d44)
= p(Ra)icn) | 0, (Xi, Aier)p(0 | ©) = T p(R: | 6, X5, Ai)p(6 | ),
1€[n]

@ H N(Ri; (ua, ® ¢(X:)) "0, 0" )N (0; W app, Ba),
i€ln]

n

= exp [— %( 2(32 2R;(ua, ® ¢(X;)) 10+ ((ua, ® ¢(X;))"0)%) + 0T A0 — 207 A4 W 43
i=1
+ wTW;AAWMﬁ)],

ocexp[ ( ’UZUA ® G(X;))(ua, ® ¢(X;)) " + Aa)b

—207 (U zn:(uAl ® o(X;))R; + AAWA¢> )} )

i=1
n

= e[~ 5 (070 D waud, © (XX + Ao~

207 (U i(u;}l ® o(Xi))R; + AAWAQZJ) ﬂ 5

i=1
& (9 fia, (AA> 1) ;

where we use Bayes rule in (i), (#i) uses two assumptions. First, Given 6, X, A, R is inde-
pendent of 1. Second, given ¢, 6 is independent of (X, A). Moreover, (iii) follows from the
assumption that R; | 0, X;, A; are independent. Finally, in iv, we replace the distribution
by their Gaussian form, and in (v), we set Ay = v (uau), @ (Xi)p(Xi)T) + A,

and jig = A;ﬁ (030 (ua, ® ¢(X;))R; + AAWA¢>, where Ay = X' = diag(X; ) aca
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Now notice that Ay = diag(Z;! + Go)aea. Thus, p(d | ¥, Dy,) = N(0; fia, AL") where
A = (,&a)aeA and Ay = diag(Aa)aeA, with
A =321+ G,
Aafta = S, "Wath + B,.

are independent and have a Gaussian density p(0, | ¥, D,) = N(8,; fia, X)) where ¥,

The covariance matrix of p(0 | ¢,D,) is diagonal by block. Thus 0, | 1, D, for a € A
AL O

C.2.3 Action Posterior

Derivation of p(6, | D). We know that 8, | Dy, ~ N (jia, %) and ¥ | D, ~ N (i, X).
Thus the posterior density of 6, | D,, is also Gaussian since Gaussianity is preserved after
marginalization (Koller and Friedman, 2009). We let 6, | D,, ~ N (fiq, ¥,). Then, we can

compute /i, and S using the total expectation and total covariance decompositions. Let
A, =X, Then we have that

i]a = (Ga + Aa)_l

E [Qa | ¢7 Dn] = Ea (Ba + Aawaw)
First, given D, 3, = (Go + Aa)_l and B, are constant (do not depend on ). Thus

fla = E 00| Dol = E[E 0 |, Du] | D] = Byonsiusy | Sa (Ba+ AWo)|

ia (Ba + AaWaE¢~N(ﬂ,i) [¢]) )
Yo (By + AWod) -

This concludes the computation of fi,. Similarly, given D, 3, = (G, + Aa)_1 and B, are
constant (do not depend on ), yields two things. First,

E[cov [0, |, D,] | D,] = E [z

Dn} — 3,
Second,
cov [E [Ba |4, D] | D] = cov [ia/\awaw ) Dn}

= YA Wocov [0 | D] WAL,
= Yo AW, EW/] A S,

Finally, the total covariance decomposition (Weiss, 2005) yields that

3, = cov 0, | Dy) = E[cov [0, ], D] | D] + cov [E [0, | Y, Dy | Dyl
=3, + S AW EW/AD,.

This concludes the proof.
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C.3 Proofs

C.3.1 Main Result

In this section, we prove Theorem 2. Recall that we make the following well-specified
prior assumption.

Assumption 7 (Well-specified priors). Action parameters 0., and rewards are drawn
from Equation (6.9).

Assumption 8 (Diagonal covariances for simplicity). We assume 3, = 021y, ¥ = 7214,
|¢(2) |2 < 1, and the matrices W, are normalized such that \{(W,W /) = A\g(W,W/]) = 1.

Proof. First, given x € X, by definition of the optimal policy, we know that it is deter-
ministic. That is, there exists a, . € [K] such that m.(a,e, | ©) = 1. To simplify the
notation and since 7, is deterministic, we let 7. (z) = a,9,. Also, we know that the greedy
policy is deterministic in a, = argmax,. 4 7(z, b). That is 74(a, | ) = 1. Similarly, we let
fio(x) = a,. Moreover, we let ®(z,a) = e, ® ¢(x) € R where e, € RE is the indicator
vector of action a, such that e,, = 0 for any b € A/{a} and e,, = 1. Also, recall that

~

ft = (fia)ac is the concatenation of the posterior means.

[
=E [r(X, m(X); 0.) — r(X, 76 (X); 0.)]
=E [r(X, m(X); 0.) — r(X, 71 (X); ) + r(X, 7a(X); 1) — 7(X, 7e(X); 0.)]
< E[r(X, 7 (X); 04) — (X, 7 (X); 1) + 7(X, 71 (X); 1) — r(X, 7o (X); 0.)]
<E [r(X,m(X); 0,) — r(X, m(X); 1)

Now we start by proving that E [r(X, 7¢(X); ) — r(X, 7e(X); 6,)] = 0. This is achieved
as follows

E[r(X, 7a(X); ) — r(X, 76(X); 02)] = B [E [r(X, 7o (X); ) — r(X, 76(X); 604) | X, Dn]]
=E [E [¢0(X) firax) — ¢(X) Ouiex) | X, Dal]
E [E [®(X,74(X)) 2 — ®(X,76(X)) "0, | X, D,]]
E [®(X, 7(X)) E [i— 0. | X, Da]],
L E [0(X, 7(X)) (i~ E[0. | X, D,])].
0

In (i), we used that by definition of ®(z,a) = e, ® ¢(X) € R¥ we have ¢(z)' i, =
®(x,a)"fi for any (z,a), and the same holds for f,. In (ii), we used that ®(X,7s(X))
is deterministic given X and D,,. In (iii), we used that £ is deterministic given X and
D,,. Finally, in (iv), we used that E [0, | X, D,] = E [0, | D,,| = 1, which follows from the
assumption that 0, does not depend on X and the assumption that 6, is drawn from the
prior, and hence when conditioned on D,, it is drawn from the posterior whose mean is
fi. Therefore, E [r(X, 7¢(X); 1) — 7(X, 7e(X); 6,)] = 0 which leads to

Bso(7s) < E[r(X, m(X);0,) — r(X, m(X); )] -
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Now let § € (0,1) and define the joint parameter event
&, = {\m €A (00— falls < a}.

Recall Z, = r(X,a;0,) — r(X,a; 1) = ¢(X)" (040 — fia). By Cauchy-Schwarz, on &, we
have for all a,

Zal = 16(X) " (00 — fra)] < [0(X)llg, 100 — frallgr < allo(X)lg,,

hence in particular |Z,, (x)| < of|¢(X) on &,. Therefore,

[T
Bso(fte) < E [|Zn.(x)|]
= E[|Z0. 0| 1{E}] + E [| Ze, ) [1{E.}]
< aE [[6(X)lg, | +E [1Zr.ool1{€}]

We now bound P(&, | D,). Under the well-specified Bayes assumption, conditional on
D,, each marginal posterior satisfies 0., | D, ~ N (fia, Xo). This means that 6., — fi, |

Dy ~ N(0,%,). Thus, Yo ? (0.0 — fia) ~ N(0,14). But notice that ||6,, — jia[s1 =
"1
|Xa 2 (0sq0 — f1a)||- Thus we apply Laurent and Massart (2000, Lemma 1) and get that

0
P <||9*,a —flallgr S ‘ Dn> >1— =

where o = \/d+ 2y/dlog & + 2log &. This means that for every a, P(||f,, — flallg-1 >
a | D,) <§/K, and by a union bound,

P(E, | D,) < 6. (C.9)

and therefore P(€,) = E[P(&, | D,)] < 4. Finally, control the bad-event contribution by
Cauchy-Schwarz:

E [|Z..0|1{&}] < /E [zﬁ*(x)} JPE) <+ /E [Zg*(x)}\/g. (C.10)

Putting the pieces together gives
Bso(e) < oF [[6(X)lls, .| + VO [E 22 ] (©1)

with o? = d + 2,/dlog(K/d) + 2log(K /).
We now upper bound E |:Z72r*(X)] in (C.11). We have that

Z;i(x) < max 72, hence E [Zg*(x)] <E [rggi( Zg} . (C.12)
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Fix (X,D,). Under the well-specified Bayes assumption, the conditional joint posterior
(0«a)aca | Dy is Gaussian, and each marginal satisfies 6., | D, ~ N (fiq, X0) (With X, as
derived in Section C.2.3). Therefore for each fixed a,

Zo | X, Dy ~ N(0,52), sa = [6(XI3,.

Let s2,. = max,c452. Then for any ¢ > 0, by a union bound and the Gaussian tail

bound,

t?
P (rgg!Za! > t‘X, Dn> <N P(|Z] > t|X, D) < 2K exp (—2 _ ) .

acA max

Using the identity E [W?] = [°P(W? > u)du for W > 0 and setting W = max, | Z,|, we
obtain

E {max 7?2
acA

X,Dn} :/ P (maX|Za| >V
0 acA
00 ' U
§/ mm{l, 2K exp (— >}du
0 2S?nax

252, log(2K) oo U
:/ 1du+/ 2K exp (— 5 )du
0 252 . log(2K) 2Srnax

= 257, 10g(2K) + 257, = (21og(2K) + 2) s,

max max

X, Dn) du

Taking expectation over (X, D,,) yields

acA

E {mafo} < (2log(2K) +2)E [mezﬁ(HQS(X)Hga] : (C.13)
Combining (C.12) and (C.13) gives
E[Z2 x)] < (2log(2K) + 2)E [gle%icngb(x)nga] : (C.14)

Using the assumption that [|¢(X)[[2 <1 yields that |¢(X)[|Z < A1(3,), hence
E[Z2. x)] < (2log(2K) + 2) ?E%Al(ia). (C.15)

Now recall that to simplify, we also assumed that X, = 021; for any a € A and that
Y = 721y. As a result, we have that:
Y, =3, + 054iaWa2WISa,
and we also have that \;(2,) < 2 and that
M (2,) <02+ 72, Va € A, (C.16)

Plugging (C.14) (or (C.15)) into (C.11) yields

Bso(f) < o [Jl6(X)lls,.,, | + V (210g(2) + 2) (0% + 725, (C.17)
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with a? = d + 2./dlog(K /) + 2log(K/d) as defined above. Choosing § = 1/n in (C.17)
yields

. (210g(2K) + 2)(a + 72)
Bso(fa) < aukE [9(X)lls, | + J AT ()
where
o = d+2+/dlog(Kn) + 2log(Kn). (C.19)
This concludes the proof. n

C.3.2 Explicit Bound

Additional simplification. To further simplify the exposition, we just set ¢(z) = z for
any r € X.

Assumption 9. Let G = E[X X | with g = \y(G). We assume that g > 0.

Assumption 10 (Context-independent logging policy). A is independent of X, i.e.,
mola | ) = pa for all x and a. Equivalently, (X;) are i.i.d. ~ v and independent of
(A;), with P(A = a) = p,.

Theorem 8 (Explicit Bound). Let m.(z) be the optimal action for context x. Then, the
BSO of sDM under the structured prior Equation (6.9) satisfies

1 2 -
Bso(#e) < an\/lE [— + 5 + (02 +72) ((d + e /2 4 d (2)° x/?)]
)\X 0'0>\X e

. \/ (210g(2K) + 2)(02 + 72)

Y

n
where
a, = \/d—{— 2y/dlog(Kn) + 2log(Kn),
and npx _, mx B
PX = Pr.(X)» mx = LTJ ) Ax =0 gT + 04 °.

-2 mX

Scaling with n. Recall mx = |npx /2] and Ax = 072¢"5 402, where px = mo(m.(X)).
For n large enough (so that mx is roughly npx), we have A\x = O(npx + 1) and the
exponentially small tail terms can be ignored at the level of leading-order scaling. Con-
sequently, up to absolute constants and polylogarithmic factors,

log K
Bso(wg) = Qo 08
an + 1

and using a,, = ©(v/d) this can be summarized as

Bso(me) = ( logK>
\  Lrex + 1




Proof. Let’s focus on the main term of Theorem 2, and we start by bounding

E[IXIZ ] (C.20)

i‘n* (X)

Now recall that to simplify, we also assumed that ¥, = o2l; for any a € A and that
Y = 721y. As a result, we have that:

S =S4 + 05 "W, EW, 2,
and we also have that \(2,) < o2 and that
M(Z) <02 + 72, Va € A, (C.21)

since A\;(W,W/) = 1. These are obtained using Weyl’s inequalities.

Now let
Na:Z]l{Ai:a/}a pa:P(A:a> :7‘(’0(@), pl_:pﬂ_*(:ﬂ)’ pX:pW*(X)
=1
Define
€T 2 P X 2 .

Then, under Assumption 10, N, ~ Bin(n, p,) and it is independent of context X. There-
fore, Hoeffding gives, for t = npx /2,

2
Let
Qx1 = {Nr(x) > mx}.
Then we have that
2
P (Qx1|X.0,) < exp (—%) : (C.23)

Lemma 7 (Matrix Chernoff, Tropp (2012, Theorem 1.1)). Let (Yy)i-, be independent
PSD matrices with \(Yy) < R a.s. Let pumin = Ma(D>_ 1 E[Yx]). Then for é € [0, 1],

iy :| ,umin/R

P (/M(iylc) <(1- 5)Mmin> <d Llfw
k=1

Define

N | —

Qxo = {)\d(iﬂ{Ai - m(X)}XinT) >

i=1

Nﬂ'*(X)g} ) QX = QX,I N QX,Q-

We now bound P(Qx 5 | X,0.). Recall that

Ox,1 = {Nrr*(X) > mX}, mx = L%J :
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Under Assumption 10, (A;) is independent of (X;), hence conditional on the index set

Sr.x)y ={i €n ] A; = m.(X)}, the matrices {X;X," : i € S;,(x)} are i.i.d. with the
same law as XX T Moreover since the Chernoff bound below depends on Sr,(x) only
through |S;, (x)| = Nr.(x), the same bound holds when conditioning on Ny, (x). Moreover

we have that qb(x) =z and that ||¢(z)|] < 1. Thus, ||z]| < 1 and hence A\ (X;X;") < 1.
Applying Lemma 7 with R =1, E[XX ] = G, and

Hmin = /\d ( TI'*(X)G) TI'*(X)g’

and choosing ¢ = %, we obtain the conditional bound

P(Qx | X, Nu,(x),05) < (\/%)g ma(

Taking conditional expectation N, (x) given X and 0,

P(Qxz | X,0.) =E [P(Qxa | X, Ny (x),0.) | X,0.] < dE [(\/%)QN”*(X) \X,G*} .

Splitting on Qx ; yields

2 [(va7)" " 0] -

IN

E
< 2/e>ng +P(Qx1 | X,0.),

since on 2x; we have N, (x) > mx and thus (M) Pl 0 < (M) ng, while on
Qx1 we have (M) P < 1. Therefore,

P(Qxs | X,0,) < d (m)gmx +dP(Qxy | X, 0,). (C.24)
Combining (C.24) with (C.22) yields

2 mx
P(Qy | X,0.) < P(Qx1 | X,0.) + P(Qxs | X,0.) < (d+1)exp (-%) +d(v2/e)"
(C.25)

Finally, let
L=E[IX]3  1ox}|X6], L=E[IX|Z  1{0x}]X.0.].

Then
E|IXI%_ | =ElL]+E[L)

Using || X |2 < 1 and (C.16),

XI5 =X Sr X S MEn@)IXE < o5+ 7%
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Let ¢; = of + 72. Then
2 mx
L <aP@x | X,0,) < ((d +1)exp (—%) +d <\/2/e>g ) . (C.26)

Moreover, fix X and 6,, on Qx,

1 1
(Z]I{A = (X }XXT> > 5]\7 ()9 > 3mx9;
SO
A u 1
M(Gro(x)) = 072Ad<zﬂ{Ai = 7T*<X)}XiXiT) > 0'72§ng-
Hence 1
A (é ) o l) >0 meg + 052
Let
m
)\X = U_QQTX + 0'0_2

Since im(x) (G’ )+ 05 %14)7!, we obtain on Qx:

~ 1

Moreover, on 2x we have that

S 2 1 oy tr?
)\1(271'*()()) <\ (E )) +0q 7' )\1(2 X)) < — + 5
Ax A%
Therefore, since || X|[s < 1,
1 oy tr?
L<|—+2 : C.27
- <)\X TR > (©.27)

Combining (C.26) and (C.27),

2

[IIXIIE (XJ <E {i - 00;; + (02 + 712 ((d+ 1) exp (—%) +d (M)gmx)} .

But from Theorem 2, we know that

Bso(te) < ol [|X[ls, ] + \/(QIOg(QK) 2o+ 1) (C.28)

n
where «,, = \/d+ 2y/dlog(Kn) + 2log(Kn).
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Finally, by Jensen’s inequality, E [HXHE (XJ < \/E [HXH; ( )]. Substituting into
T T (X
(C.28) and combining with (C.26) and (C.27), we obtain

]_ 2 2 mx
Bso(7g) < an\/]E { + T (08 4+ 72) ((d +1)e /2 4 d (%)9 /2)1

M ok T
N \/ (210g(2K) + 2)(02 + 72)
TL b

where a,, = \/d+ 2y/dlog(Kn) + 2log(Kn).

C.3.3 Optimality of Greedy Policies

Here, we show that Greedy policy 7, should be preferred to any other choice of policies
when considering the BSO as our performance metric. This is because 7, minimizes the
BSO. To see this, note that by definition the Greedy policy 7 is deterministic, that is
for any context x € X, there exists dg, such that 7¢(ac | ) = 1. Thus, for any context
xr € X, we simplify the notation by letting 7, (z) denote the action that has a mass equal
to 1. Then, we have that

Eave(la) [Bo. [r(z, A5 0,) | Dol] = By, [r(z, 76(2); 6.) | Dal, (C.29)

> E[r(z,a;6.) | D, Ve,ae X x A (C.30)

where this follows from the definition of 7(z,a) = E [r(z,a;0) | D,], the definition of
7e and the fact that 6, is sampled from the prior, which leads to E [r(x,a;0) | D,] =

E [r(z,a;0.) | D,]. Now Equation (C.29) holds for any x € X and a € A, and hence it
holds in expectation under X ~ v and A ~ «(- | X) for any policy m. That is,

EXNZ/,ANﬁ'G(-|X) [EG* [T(.’L’, Aa 9*) | Dn“ 2 EXNI/,ANTI'(-|X) [EQ* [’I"(i’, A, 9*) | Dn]] . (031)

Taking another expectation w.r.t. the sample set D, and using Fubini’s theorem and
the tower rule leads to E [V (74;60.)] > E[V(7;0.)] for any stationary policy w. Then,
subtracting E [V (7,; 0,)] from both sides of the previous inequality yields that the BSO
is minimized by 7, compared to any stationary policy 7, in particular, compared to the
policy 7, induced by pessimism.

C.4 Additional Experiments

As mentioned in Section C.4, our experiments were conducted on internal machines with
30 CPUs and thus they required a moderate amount of computation. These experiments
are also reproducible with minimal computational resources.

C.4.1 Implementation Details of Baselines

We implement the baselines as follows.
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IPS.
RS m(Ai| X;)
— R;, C.32
) Z max{7o(A;] X;), 7} (©52)
where 7 € [0, 1] is a hyper-parameter.
snIPS.
m(A; |X
argmax —— W(A <3 Z A |X (C.33)
" i=1 mo(Ai[X;) =1
MIPS. We cluster actions into L groups and let h(a) be the cluster of action a. Let

C; be the cluster of action A;, then we use

m(Cil Xi)

argmax — —— YR, C.34
S Zl To(CH X)) (C34)

where C; = h(4;) for any i € [n], and 7(c|lz) = > . 1 [h(a) = ] 7(a|z).

PC. We use the Knn implementation of PC. Let N(a, k) be the set of k-nearest

neighbors of a, then

1 1la € N(A;, k)] n(alx)
argmax Z ZaEA la € N(A;, k)] mo(alz)

(C.35)

DM (Freq). This DM uses the linear-Gaussian likelihood model R | 6, X, A ~
N(p(X)T04,0?) and learn the parameters 6, using the maximum likelihood princi-
ple leading to

P(x,a) = ¢(x)" fla, (C.36)

where the MLE is fi, = (Go + Mg) "' B,, with G, = > i Ha=ay (X )o(X;)" and
B, = Zle[n] Iia,—a} Rip(X;), and A is a regularization hyper-parameter.

DM (Bayes). This DM uses the linear-Gaussian likelihood model combined with
Gaussian priors as

0y ~ N (tta, Xa), Va € A, (C.37)
R[6,X,A~N($(X) 0a,0°),
Under this prior, each action a has an associated parameter ,. Given the prior in
Equation (6.2), the posterior distribution of an action parameter follows a multivari-
ate Gaussian: 0, | D, ~ N (fiq, Xq), where 71 = S 4+Gy and X7 i, = 27 e+ Ba.
Here, G, = 0723,y ia=a0(Xi)o(Xi) T and B, = 07237, Tia=a) Rid(Xi).
Then, the reward estimate is
P(z,a) = ¢(x) " fia, (C.38)
DR.

1N (Al Xi) .
argmax Zmax{ﬂo(A X7 (R, — (X5, Ai)) + Ean(ix,) [F(Xi, A)],  (C.39)

with 7 € [0, 1] and 7 is the reward model obtained using DM (Freq).
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C.4.2 Robustness to Likelihood Misspecification

We strengthened our evaluation by assessing sDM’s robustness to likelihood misspecifica-
tion below (robustness to prior misspecification is provided in Section C.4.3). In these
experiments, the true data-generating process (same as the synthetic experiments in Sec-
tion 6.5) differed from sDM’s assumptions in two different ways: either the likelihood is
misspecified

Misspecified likelihood (Figure C.1). We also simulate when the true reward dis-
tribution differed from the likelihood assumed by sDM. For example, we simulated bi-
nary rewards using a Bernoulli-logistic model while sDM used a linear-Gaussian likelihood.
Other DMs: DM (Bayes) and DM (Freq) also use a misspecified likelihood model and to
emphasize this we add the suffix Lin to all DMs names. Overall, sDM still outperforms all
methods by a large margin despite misspecification.

Miss. Likelihood - OPL Miss. Likelihood - OPL Miss. Likelihood - OPL Miss. Likelihood - OPL

5 10 K=100, d'=5, d=10 K=1000, d'=5, d=10 K=1000, d'=10, d=10 K=1000, d'=20, d=10

§ . T T T . T = T T T T T T

e 09r 1 E

o 0.8 ES = 4

2 ] ¥ 1

© 0.7 S 1 B

g 0.5 il F+ i

<= 0 500 1000 1500 200m@ 500 1000 1500 200 500 1000 1500 200m@ 500 1000 1500 2000
Number of samples n Number of samples n Number of samples n Number of samples n

— sDM (Ours) DM (Bayes) — DM (Freq) — DR — IPS — snIPS MIPS — PC

Figure C.1: Effect of likelihood misspecification: The relative reward of the learned policy
on synthetic problems using misspecified likelihood with varying n and K.

C.4.3 Robustness to Prior Misspecification

Misspecified prior means and covariances(Figure C.2). This is achieved by adding
uniformly sampled noise from [v,v + 0.5] to both the true prior mean and covariance
parameters p, 2, W,, 2,, with v controlling the level of misspecification. We varied
v € {0.5,1,1.5} and analyzed its impact on sDM’s performance. For comparison, we
included the well-specified sDM and the most competitive baseline, DM (Bayes), while
omitting other baselines to reduce clutter. sDM’s performance decreases with increas-
ing misspecification, yet sDM with misspecification still outperforms the most competitive
baseline, especially when K is large. We also observe that the impact of prior covariance
misspecification is less significant compared to prior mean misspecification.
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Mis. Prior - OPL Mis. Prior - OPL Mis. Prior - OPL Mis. Prior - OPL

B 1.0 K=100, d'=5, d=10 K=1000, d'=5, d=10 K=1000, d'=10, d=10 K=1000, d'=20, d=10

§ . T T T T T T T T T T
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g 08
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= 0.6

g 05E L L L L L L L L L L L L L

<™ 500 1000 1500 200 500 1000 1500 200@@ 500 1000 1500 200 500 1000 1500 2000
Number of samples n Number of samples n Number of samples n Number of samples n

— sDM — sDM (v=0.5) — sDM (v=1) — sDM (v=1.5) DM (Bayes)

Figure C.2: Effect of prior mean and covariance misspecification: The average relative
reward of the learned policy on synthetic problems using both misspecified prior means
and covariances with varying n and K and d'.

C.4.4 Comparison of Greedy and Pessimistic Policies

To validate our theory that a greedy policy should be preferred over the commonly adopted
pessimistic policy in our Bayesian setting, we used a performance metric averaged over
multiple bandit problems sampled from the prior. To verify this, we considered the same
OPL synthetic setting as in Section 6.5 and compared sDM with a greedy policy to sDM
with a pessimistic policy. Recall that a greedy policy with respect to our reward estimate
writes

7e(a | ) = 1{a = argmax7(x,b)}, (C.40)
beA

while a pessimistic one writes

fp(a | ) =1{a = ar%eriax r(z,b) —u(z,a)}, (CA41)

where u(z,a) = a(d, d)||¢(X)||s, with a(d,d) = \/d+ 2y/dlog 3 4+ 2log 5. As predicted
by our theory, the results show that the greedy policy has better average performance
over multiple bandit instances sampled from the prior.

Synthetic problems Synthetic problems Synthetic problems Synthetic problems
1.00 K=100, d'=5, d=10 K=1000, d'=5, d=10 K=1000, d'=10, d=10 K=1000, d'=20, d=10
o . T T T T T T T T T T T T
S 0. L
2
o 0. L
o O. E
2 0.
© "
s 0
oo
> . =
< 0.60 - : : - - : - : : - - -
0 500 1000 1500 200 500 1000 1500 200 500 1000 1500 200 500 1000 1500 2000
Number of samples n Number of samples n Number of samples n Number of samples n
— sDM (Greedy) — sDM (Pessimism)

Figure C.3: Comparison of sDM with greedy policy and sDM with pessimistic policy in
OPL: The average MSE of an e-greedy policy on synthetic problems with varying n, K,
and d'.
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D.1 Proofs for Oracle Policies

D.1.1 Oracle Policies for IPS-Based Objectives

(IPS), cIPS and ES. Recall the definition of the (logging propensity) clipped IPS
estimator with 7 € [0, 1]:

’ _ m(Ai Xi)
Vorrs(m) = _Z max{ﬁg (AX).

178



Taking n — oo, one obtains:

m(AlX)
max{7mo(A|X), 7}
_ o (A|X)
- ]EXNV7AN7T('|X) |:Hl&X{7To(A|X>, T}T(X7 A) :

As the objective is linear in the policy 7, the optimal policy should put for any = € X,
all the mass on the action a that maximizes the weighted reward, giving:

ey = 1 ulGLLCTR

VCIPS<7T) = ]EXNZ/,ANW()('lX) |: T(Xa A>‘|

a = argmax
e max{m(a|z), 7}

We recover the solution for IPS when we let 7 — 0:

7 (alr) =1 [a = aragrerzaxr(x a1 [mo(a'|z) > 0]} .

We also recover the solution of ES just by replacing the clipping function by an exponential
function of factor «, obtaining:

™ (alr) = 1 [a = argmax r(z, a’)wo(a/|x)1_a] :
a’eA

Doubly Robust (DR). The doubly robust estimator converges to the following quantity:

mo(A|X) .
max{my(A|X), 7} + X, A)] ’

The objective is linear in 7 and is thus maximized by the following deterministic decision
rule:

Vor(T) = Exp Amr(x) |:(7‘(X, A)—7(X,A))

R (alz) = 1 {a = arc%g;ax r(z,a") + (r(z,a") — 7 (x, a/>)max?;£?2’ﬁ) T}}

Marginalized IPS (MIPS) with clusters. We adopt the same approach to look for
the maximizer of MIPS. We generalize the clustering function h to also account for context.
We write down the estimator:

MIPS Z % ]1 a” X) h(AZ,XZ)] 7T0(Q”|Xi) L n i1 7T0(OZ|XZ) v

with which, we recover when n — oo:

2o 1[h(d, X)
Euﬂ[ (0", X) =

= h(A, X)] 7 (a']X)
h

X
VMIPS( ) EXNI/ANWO (-1X) |: (A X)] Wo(a,/|X)r(X A)}

_ o L[n(d, X) = h(a, X)] 7(a'| X) r(X,a
=Ex., Z Z”]l[ (a", X) = h(a, X)] mo(a”| X) (X, )]

_ , A(e', X) = h(a, X)
=B Z““'X);”O(Q'X)za,,ﬂ[h( 7, %) = hia, X mol@] %) (X’a)]

{ L [h(d', X) = h(A, X)] (X, 4) }
EANNWU |X)[ [ (AU,X) :h(AaX)]]

= EXNI/ Z 7T<CL/|X)]EANWO(.‘X)

/

L a
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The objective is linear in 7, and depends on the action a’ through its cluster h(a’,-) alone.
This means that multiple solutions are maximizers as long as the policy chooses the best
cluster ¢. We thus write down the oracle policy for MIPS in the cluster level, giving:

P iz, A o) = ¢
(cle) =1 -C ~ YR {EAN”O(""”) |:EA”~7T0(('|9E) [ﬂ)?h[?fg”a SU)) = h(]A’ “”)”1 H

r(z, A)1[h(A, x) = (] ] H

=1 —c = argmax {EAWO(@) [E

dec A oo (+|z) [ [h(A” ): ,H
I EANTFO('W) [T(va> [h<A7x)_ H
= 1o = (5 B =] )

which ends the proof.

Conjunct Effect Modeling (OffCEM). This estimator can be seen as the natural,
doubly robust extension of the MIPS estimator. Combining similar techniques to the ones
employed for MIPS and DR yields

E zro([2) [(T(x, A) — #(x, A))1[h(z, A) = h(z, a’)H }]
mo(h(x,a’)|x) '

TOHECEM (1) = 1 [a = argmax {f(:b’, a') +
a’eA

Two Stage Decomposition (POTEC). This is an optimization strategy for 0f £CEM.
It restricts the policy to a cluster-informed form,

mla|x) = Zﬂ' (a]z,c)n(c|x),
ceC

where 7(a | x,¢) = 1l[a = argmax, . 7(z,d’)] is fixed, model-based policy that deter-
ministically selects the best action within each cluster. Learning is then simplified to
finding the optimal cluster-level policy 7" that maximizes the 0f£CEM objective:

n

Vrommelm) = -3 (—fro((g B (= X 40) 4 o n e | X0 (X») ,

i=1 ceC

where 75(x) = maxye.7(z,a) is the estimated reward of the best action in cluster ¢. This
is exactly the Doubly Robust version of MIPS on the cluster level, the oracle policy on the
cluster level can be followed in the same fashion:

Eanmcio) [(r(2, A) — 7(2, A))1[W(A, 2) = ],
{ EANWO (|) [IL [h(A,ZL‘) = CH +TC/(x)}i| '

The optimal policy for the POTEC optimization strategy unfolds as:
O (a|z) = Zﬂ' (a ]z, c)rd(c| ).
ceC

At first glance, it might be hard to see the connection between POTEC and 0f £ CEM solutions,
but they are equivalent. For ease of notation, let us denote by D; ,(c):

By [(r(z, A) = 7(z, A))L[A(A, 2) = c]]
E o2 [1 [M(A, ) = (]] '

mt(e|x) =1 [c = arg/reréax
C

DﬁI(C) =
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and recall that the optimal policy of 0ffCEM finds the action a that maximizes:

V(z,a) =7(z,a) + D;iz(h(a,x)).

For any context z, the optimal action a* of POTEC verifies:

e ¢* is in the optimal cluster: h(a*,z) = c,(x) with c.(z) = argmax .o D; . (c) +75(z).
e a* is optimal within that cluster: a = argmax,._ () 7(z,a).

This means that for all actions a with h(a,z) # c.(x), we have:

V(z,a) = D;j . (h(a,x)) + 7(z, a)
= Dj.(ci(x)) + 7(7,a) )
< Djg(cs(@)) + 7, (o (2) = V(z,a")

This means that the optimal action a* for POTEC is the maximizer of V(x,a), which is
exactly the solution of 0ffCEM.

Policy Convolution (PC). This estimator uses a nearest neighbors function to aggre-
gate the propensities of similar actions, making the hypothesis that similar actions will
result in similar reward signal. The estimator writes:

n

' 1 m(Ne(4) | X5) .
Vee(m) = — R;, with 7(N(a) | z) = m(ad" | x).
n 2 WA %) 2
This estimator is equivalent to the following when n — oo:
ym(d | X)L [a" € N(A)]
PC =F N N ) Za 7T((I| € X A
V (ﬂ-) X~ov, Ao (4] X) |: 7_‘_0(]\76(14)‘)() T( ) )

r(z, A)1 [A € N(A)]
mo(Ne(A4)|1X)

= Exvanr(1X) |Edomo(1x)

The same argument of linearity applies here, giving us the corresponding oracle policy:

m(alr) =1 [a = arc%rerlax {IEANKO(.@) {T(I’ig\[fi;)g;ul)q H .

181



D.1.2 Oracle Policies for PWLL-Based Objectives

Our objectives can be written in the same form, only choosing for each a different function
g:

1 n
Uy(m) = n Zg(Xi;Ai,Ri) log m(A; | Xi).
i=1

Since we are looking at oracle policies, we consider the expectation
Uy(7) = Exnu, Ao (1), Rop(-1X,4) [9(X, A, R) log m(A | X)) .
The maximization decomposes over contexts. Fix x and define the nonnegative weights
we(a) = Epep(lea) [9(7,a, R)] > 0.

For each z, we thus consider

max mola | ) wy(a) logm(a |
e 3 mofa|a)usla) logn(o |

s.t. Zw(a|x):1, Va € A, m(a]|z) > 0.
acA

Let vy(a) = mo(a | ) w,(a) > 0. The Lagrangian (with equality multiplier A € R and
inequality multipliers {u(a)}aea, p(a) > 0) is
Lm A1) = Y ve(a)logm(a | @) + A( Yo w(a| @) = 1) + D pla) w(a | 2).
acA acA acA
By KKT conditions, at an optimum 79(- | x) we have for all a € A:

0L  vy(a)

on(a|2)  nla|) + A+ p(a) =0, and  p(a)w(a|z) = 0.

For any action with 7¢(a | ) > 0, we get that p(a) = 0, and hence

vz (a) |

A
Normalizing with ) 79(a | ) = 1 gives A = — > _, v,(a’) and therefore

mia]z) =~

(@ o0 2) Enepiien lo(,0, R)
Za’E.A Ux<a/> Za’eA 7TO<a, | ZL‘) ERNp(-\x,a') [g(x, alu R)]

This concludes the proof.

nia | ) =

D.2 Proofs for Optimization Properties

In this section, we prove the propositions about the optimization landscape of IPS-based
and PWLL learning approaches. We start by stating the following lemmas, that will be
helpful to prove our propositions.
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Lemma 8. (Mei et al., 2020b, Lemma 2) Consider the single context case. With a slight
abuse of notation, we drop the dependence on x and write r(a) instead of r(x,a), mo(a)
instead of me(al|x), and 7(a) instead of 7(x,a). Let mo be a softmaz policy parameterized
by 0. Then, for any * € [0,1]%, and any estimator V linear in g, the mapping 0 —
V(mg) = (7, ) is 5/2-smooth.

Lemma 9. All the action level estimators EST in (IPS, cIPS, DR, PC) can be written, for
any policy m, in the form:

. 1 — .
VEST(W) = E Z]EA~7T(-\X¢) [TEST,i(AaXi)] ) (Dl)

i=1
For the cluster level estimators/approaches EST-C in (MIPS, O0f fCEM, POTEC), we also have

~

1 ¢ )
VEST—C(T‘-) = g 2EC~N(~Xi) [TEST-C,i<Ca Xz)] ) (D2>
meaning that all these estimators are linear in .

Proof. This is straightforward to prove. We begin by the action level estimators and take
DR as a representative. For DR, we have the following:

R; — 7(A;, X3)

Pon,i(a, Xi) = 7(a, X;) + Tla = Aj max(7, mo(A4;]X;))

verifies the equation. Solutions for cIPS and IPS can be recovered directly, and PC follows
the same construction. For the cluster level approaches, we take POTEC as a representative,
and we have:

R; — (A, X5)

f‘PUTEC,i(C7 XZ) e f‘:(Xl) + ]I[C = C'L] T (C |X ) )
0 7 [

The 7wrps,; follows as a special case when 7 = 0. O

Lemma 10. Consider the single-context case and assume a finite action set A. For any
estimator EST in (IPS, cIPS, DR, Of fCEM, MIPS, PC), there exists a problem instance (i.e.,
a choice of r and my; and when relevant, a choice of auxiliary objects such as 7, h, N.)
such that, in the large-n limit,

Tesr(a) = 1[a = ak]
for some optimal action ar. Similarly, for cluster-based approaches (e.g., POTEC and
MIPS), there exists an instance such that

72EST-C(C) = ]l[C = C|C|]
Jor some optimal cluster .
Proof. We give explicit constructions for cIPS (action-level) and POTEC (cluster-level).
The other estimators follow by the same idea: choose a setting where the estimator

becomes linear in 7 with some deterministic coefficient, and pick r (and possibly 7, h, N)
so that the resulting linearized reward is one-hot.
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Action-level: cIPS. Fix 7 € [0,1).! Choose a logging policy my with full support and
such that

> .
I?e&}a}tcwo(@ > T, (D.3)

Let

ax € argmax WO(Q)
K acA max{m(a), 7}

Under Equation (D.3), there exists at least one action with mg(a) > 7, for which the ratio

equals 1, hence the maximizer satisfies mo(ax) > 7 and therefore

Wo(aK)
max{7mo(ax), T}

=1.

Now define the reward function

max{mo(a), 7} '

7T0(Cl)

r(a) = lla = ag]

This satisfies r(a) € [0, 1] for all a because r(a) = 0 for a # ag, and

max{mo(ax), T}
mo(ax)

rag) = =1 (since mp(ag) > 7).

For cIPS, the large-n linearized reward is

N . 7T0(CL) ra
Fews (@) = max{m(a), 7} (a),
hence (@ { @ }
P @) = (a7 0 = gy Ha=axd,
as desired.

Cluster-level: POTEC. We work in the single-context case and consider a clustering
map h : A — C. Choose h so that ax forms a singleton cluster:

el = Max) ={ax}t,  hla) # ¢ Va# ax.

Let rewards be r(ax) = 1 and r(a) = 0 for a # ak. Pick any ¢ € (0,1/2] and define a
reward model
rlag) =1—c¢, r(a) =¢ Va # ak.

For POTEC, the induced (cluster-level) linearized reward takes the form

Peorec(c) = Iileag“q(a) n D ace WO(CZ(E(T)&) — f(a)) |

Tf 7 = 1 and |A| > 1, the simplifying assumption mo(a) > 0 for all a is incompatible with having
some mo(a) > 7. In practice 7 < 1.
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For the singleton cluster ¢j¢; = {ax}, we get

mo(ak) (1 — (1 —¢))

mo(ax)

Teorec(Cie)) = (1 —¢€) + =(l—¢g)+e=1.

For any other cluster ¢ # ¢¢|, all its actions satisfy 7(a) = 0 and 7(a) = €, hence

Z(ZEC To (CL) <_5)

Teotec(C) = € +

Therefore 7porec(c) = Lc = ¢i¢l].

This concludes the constructions for cIPS and POTEC. The remaining estimators can be
handled analogously by choosing 7 (and when relevant, h or NV,) so that the estimator’s
linear coefficient on r(a) equals 1 at a chosen ax (and equals something finite elsewhere),
and then defining r (and possibly 7) to make the resulting 745, one-hot. O]

Now we restate Proposition 3 and proceed to its proof.

Proposition 8 (Plateau for linear-in-m objectives under softmax). Consider the single-
context case. Let V(m) be any objective linear in m and let 7 € argmax, V(r) denote a
mazimizer over the probability simplex on the effective action space Acg (of size Keg =
| Acg|). Let {mg, Ye=1 be the iterates of gradient ascent on 6 — V (my) with a linear softmaz
policy mg(a) = exp(0a)/ Y wea,, exXp(0u) and step sizes n, € (0,1]. Then there exists
a problem instance such that gradient ascent cannot escape a suboptimal region before
to = C Keg = O(Keg) iterations, in the sense that

~

VE<ty: V(") —V(m,) > 0.9.

Proof. The proof follows the same technique as (Mei et al., 2020a, Theorem 1). By
Lemma 10, there exists an instance (single context) for which the linearized reward is
one-hot:

Tesr(a) = 1[a = ak] for some ax € Aeg.

Hence, for any policy 7 supported on A,

V(r)= > m(a)ies(a) = w(ak).

a€ Aog

The maximizer over the simplex is therefore 7* = J, ., and

aK>

~ ~ ~

V(™) =1, V(m*) = V(mg) =1 — mp(ak).

(Notice that sup, V(mg) = 1 as well, although the supremum is not attained by any
finite  when K. > 2). We now upper bound the gradient norm. For the softmax
parametrization,

HVGV(m)HZ < V2mg(ak) (1 — molak)),

where the bound follows by a direct computation (as in (Mei et al., 2020a)).
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Define the update 6,1 = 6, + ﬁtVQV(TF@t) and split iterations into

tgood = {t > 11 mp,,, (ax) > m,(ax)}, thad = {t > 11 my, ., (ar) < 7o, (ax)}

For t € thad,
1 1

— < 0.
o, (CLK) T 41 (aK) N

For t € ty0q, Using Lemma 8 (the 5/2-smoothness of § — V(my)) and 7, € (0,1], we
obtain

T, (arc) — o, (ax) < iﬁet(aK)z,

and therefore (since 7y, (ax) > 7y, (ax) > 0),

1 v men(ex) —me(ax) _ 9
mo,(ax)  mo(ar)  ma,(ax)me (ar) T 2
Summing over s = 1,...,t — 1 yields
1 1 — ( 1 1 ) 9
- - - <2t
o, (aK) 7T9t(CLK) ; o, (a'K) TOst1 (a'K) — 2

Assume a standard symmetric initialization so that 7y, (ax) = 1/Keg. Pick any constant
¢ > 11 and take Kg large enough so that my, (ax) < 1/c. If t < 9% Ko, then

1 1 9 1 1
> s —— (1-2)>e—13>10,
mo,(ax) — mo(ax) 2 T mo,(ax) c

hence 7y, (ax) < 1/10, and thus

~ ~

V(m*) — V(my,) =1 —mp,(ax) > 0.9.
This proves the claim with ¢y = %Keff. O
Proposition 9. Fven for a single context x, deterministic rewards, there is problem where
IPS-based learning with a linear softmaz policy mg(a) o< exp((0, ¢(x,a)))l[a € Acg] can

have a number of local mazima exponential in the number of effective actions K .

Proof. Let EST an off-policy estimators considered in the paper with an action-level policy.
By Lemma 9, we have:

. 1 <& R
VEST(T[') = E Zanmei) [ﬁ«:smi(aa zl)] ) (D4)
=1

In a single context setting, it becomes:

. 1 e
VEST('/TG) = ]anﬂg(-) [E Z TEST,i(a)] ’ (D5)
=1



This also holds for estimators with policies in the cluster level, as we still have:

. 1~
VEST—C(T‘-Q) = ]E‘CNTI'Q(') [E Z TEST—C,i(C)] ) (D7>
i=1
D Sp 035)
=\ TrsT-0)i5 TG - .
o v
These softmax policies are all defined on the effective action space A.g, be it a subset of

the action space A or the discrete cluster space C. Using the linearity of the objective,
we can directly apply Theorem 1 from Chen et al. (2019) and obtain our result. O

Finally, we also restate Proposition 5, and provide its proof.

Proposition 10. For an (5 reqularized (substituting 3|6||*, with A > 0), linear softmaz
policy g, the PWLL objective Ug(m;) defined as:

A

1 n
U(m) = Ezg(RwWo(Ai | Xi)) logm(A; [ Xi),
=1

18 A-strongly concave. Without regularization, the objective is concave.

Proof. For any x and a € A.g(x), we have:

exp((0, ¢(z, a)))
D aed(x XP((0, oz, a)))

optimizing an ¢ regularized linear softmax, giving:

mo(alz) =

A ~ A
£92 () = O%(m) = 1161

with A > 0 and recall that g > 0. For strong concavity, we need to show that the Hessian
V2U®(my) is negative definite with eigenvalues bounded away from zero.

The gradient with respect to 0 is: V4U8(mg) = LS L 9(Ri, mo(A; | X))V log mo(A;| X;)—
A0

For the softmax policy:

Vg logmo(alz) = Zw@ 2)g(z,a’) = ¢(x,a) = Bar,(1o)[0(2, A)]

Therefore: VQUg(WQ) = %Z?:l g(Ri,W()(Ai | X1>) (gb(X“A ) ]EANTI'Q (-1 X:) [(ﬁ(Xl,A)]) A0

Taking the second derivative: V2U8(ry) = — 23 9(Ri, mo(Ai | X3))VoE am,y(1x0 [0(Xi, A)]—
Ay, where I; is the d x d identity matrix. The gradient of the expectation is:

VoE Ary (o) [P vag alz)p(z, a)
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Using Vemg(alz) = mo(alz)(¢(r, @) — Eamny (o) (2, A)]):
VoE prry (o) [0, A)] = Zﬂe(a|$)(¢($7 a) = Epremy (o) [0(2, A)])p(2,a) T

This simplifies to:
VoE Ay () [0(7, A)] = COV arry( |2y [P(T, A)]
where Covar, (2)[0(2, A)] = By (o) [0(2, A)d(2, A) T =Eprory (2) [0(2, A)E (o) [0(2, A)] T

Therefore:

n

- 1
ViUE(mg) = - > " g(Ri, mo(Ai | Xi))COV Ay (13 [6(Xi, A)] — A
i=1
We can write this as: V2U8(mg) = —H — Ay

where H = 23" | g(R;, mo(A; | X;))CoV ann,(1x,)[0(Xi, A)] is positive semi-definite. To
see this explicitly, for any vector v € R%:

0T COV Ay (1x) [0(Xis A)Jv = Var gy x) [V $(Xi, A)] > 0,
with the positivity of g, this ensures H is positive semi-definite. Then we have:
v V2UE(mp)v = —v Ho — Mv'v = —o" Hu — Av||?,

meaning that when v # 0, we get v V2U(ms)v < —A||v||> < 0.

This shows the Hessian is negative definite with all eigenvalues bounded above by —A < 0.
Therefore, ¢y regularized U&(my) is A-strongly concave. In addition, when A = 0, the
hessian is negative semi-definite, giving simple concavity. O]

D.3 Stochastic Optimization Convergence Guarantees
for PWLL

We analyze the convergence rates of stochastic gradient methods on the PWLL objective.

We formulate this as the minimization of the finite-sum loss f(6) = —U,(mp):
1 n
f(0) = - Zfi(e), where f;(0) = —g;logme(A; | Xi), (D.9)
i=1

where g; = g(R;, m0(A;|X;)). We adopt the linear softmax policy parametrization in Equa-
tion (7.16) with s¢(z,a) = ¢(z,a)"0 (lightweight parametrization in Equation (7.17)).
We note that our analysis extends naturally to the heavyweight parametrization in Equa-
tion (7.17).
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D.3.1 Assumptions and Regularity

To establish problem-dependent convergence bounds, we rely on the following structural
assumptions regarding the feature space and the importance weights.

Assumption 11 (Bounded features). For all context-action pairs (x,a) € X x A, the
feature representations are bounded in Euclidean norm:

oz, a)ll2 < H.

Assumption 12 (Bounded weighting function). The weights g; = g(R;, m0(A;|X;)) com-
puted on the static dataset are strictly positive and bounded. That is, for alli € {1,... ,n}:

0 < i S Gmax-

Assumptions 11 and 12 are sufficient to establish the smoothness and bounded variance
of the objective f(#). We formally derive these properties in the following proposition.

Proposition 11 (Regularity and Variance Bounds). Under Assumptions 11 and 12, the
objective f(0) satisfies the following properties:

1. Global Smoothness: The objective is L-smooth with L = GpacH?.
2. Bounded Single-Sample Variance The variance of the stochastic gradient for
a single sample is bounded by 6* = 4G?2,, . H

3. Bounded M'mz Batch Variance: For a mmi-batch of size b, the wvariance is
_ 4G3

max

bounded by o

Proof. 1. Smoothness: The Hessian of the objective is the weighted sum of the feature
covariance matrices under the policy my:

1 n
v2f(9) = 5 Z giCOVANfre(-|Xi)[¢(Xi7 A)]
=1

The spectral norm of a covariance matrix is bounded by the maximum squared norm of
its random vectors. Thus, using Assumption 11 we get that |[V2f(0)lop < = D7 | giH? <
Glax H?.

2. Single-Sample Variance: We first bound the norm of the gradient for an arbitrary
sample i. The gradient is Vf;(0) = —gi(&(Xs, Ai) — Eavn,(x,)[0(Xs, A)]). Using the
triangle inequality and Assumption 11:

IV£i(O)ll2 < g (16X, A2 + [Eavmy(1x)[$(Xi, All2) < Grnax(H + H) = 2Gmax H.

Let & = Vf1(f) be the stochastic gradient sampled uniformly from the dataset. The
variance is bounded by the second moment:

Var(&)gE[llfllQ]——lewz )? < (2GmaxH)? = 4G2, H?
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3. Mini-Batch Variance: Let the mini-batch gradient be g, = %Z?Zl V fi,(0), where in-
dices are sampled independently with replacement. Using the standard variance reduction
property for independent variables:

Elllg. — Vf(0)|*] = %E[Hsz(H) VO] < %%H_

]

Based on Proposition 11, we define the following global problem-dependent constants on
which our convergence rates depend:

o [ = G H? Smoothness constant.
e 52 =4G?, H?: Upper bound on the gradient variance for a single sample.
e 5l = %: Upper bound on the gradient variance for a mini-batch of size b.

D.3.2 PWLL without /; regularization

We begin by analyzing the standard unregularized PWLL objective. Here, the objective
f(0) is convex but not necessarily strongly convex. This implies the loss landscape may
contain multiple minimizers rather than a unique global minimum. Consequently, we
characterize convergence in terms of U, (mgopt) — ﬁg(WgT) (instead of |0, — 6°P*]|). Here,

6°Pt € arg maxy Ug(ﬂ'g) is an optimal parameter and 07 is the average of the SGA iterates.

Proposition 12. Let 0°P' € arg maxy ﬁg(ﬂg) be an optimal parameter. If the learning rate

satisfies 0 < n < ﬁ, then by (Garrigos and Gower, 2023, Theorem 6.9), the iterates of

mini-batch SGA satisfy:

< Heo — 90pt”2 + 877Gr2naxj—[2
- nT b

E | Oy (moone) = Uy(,.)]
where Op is the average of the iterates.

Proposition 12 highlights the trade-off inherent to constant step-size SGA: a larger n
accelerates the decay of the initial error (first term) but increases the asymptotic noise
floor (second term). For a fixed horizon T, one can recover a convergence rate of O(1/v/T)
by setting n oc 1/ VT, which balances both terms.

D.3.3 PWLL with /; regularization

We now move to the fy-regularized case where the PWLL objective is strongly concave
(Proposition 5). Precisely, we consider the regularized objective U*(0) = U,(mq) — 5(16]|>-

Strong convexity implies the existence of a unique global minimizer. This allows us to
guarantee convergence of the parameters 6; themselves, which is a stronger condition than
value convergence.
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Proposition 13. Let Ofg = argmaxg (~])‘(9) be the unique optimal parameter. If the
learning rate satisfies 0 < n < m, then by (Garrigos and Gower, 2023, Theorem

6.12):
8NG2 o H?

E (16— 0417] < (1= )1 — 65 + e

The regularized case demonstrates a convergence rate that is significantly faster than the
rate of the unregularized case.

D.4 Additional Experiments

D.4.1 Detailed Experimental Setting

Experimental Setting.

Table D.1: Statistics of Post Processed Datasets

Dataset Num. of actions Num. of samples
MovielLens 60, 000 132,744
Twitch 200, 000 400, 000
GoodReads 1,000, 000 400, 000

Our experimental setup is designed to study the behavior of the different policy learning
paradigms in large action spaces. To this end, we use three large action spaces collab-
orative filtering datasets: Movielens (Lam and Herlocker, 2016), Twitch (Rappaz et al.,
2021) and GoodReads (Wan et al., 2019) that are preprocessed to obtain a user-item
interaction matrix. We follow the exact procedure of Sakhi et al. (2023) to pre-process
the datasets. The statistics of the obtained datasets are described in Table D.1. For each
user, we keep half of its history as the context x, and use the other half of the history
as the products with positive reward, which align the learned policies to recommend new
and relevant items. We direct the interested readers to Sakhi et al. (2023) for a detailed
description of the experimental setup.

The large action space scenario restricts the policies used to the inner product parametriza-
tion (Aouali et al., 2022a). This parametrization is essential to leverage Maximum Inner
Product Search algorithms (Shrivastava and Li, 2014) for fast query response. In partic-
ular, we adopt policies of the following form:

mo(alz) oc exp((¢r(2), fa)) ,

with the learnable parameter = [, 8], ¢r : X — R defines the context embedding
function in R’ and 3 the actions embeddings of size K x £. To define our policies, we
start by extracting action embeddings [y using an SVD decomposition of the user-item
matrix. These embeddings help us define the context embedding function ¢r and our
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logging policy my. ¢q is set to the average embeddings of the observed actions in the
contexts and is fixed for the logging policy my. Using the SVD action embeddings (,, we
define our logging policy m as:

mo(alz) o< exp (%(gbo(x),ﬁo,a)) I[a€ TOPkO(x)} ,

with t the temperature of the logging policy, and kq define the support of the logging
policy, concentrating on the top kg actions with: TOP* (z) = argsorty, .. o, (bo(z), Bo.a)-

If not explicitly stated, kg is set to 100 and the temperature at t = 1 in all experiments.
This policy is used to collect the offline dataset D,, = { X}, A;, Ri}ie[n] on which all trainings
are conducted. For each i € [n] in the processed dataset, X; is the user history, A; is the
action played by the logging policy mo(:|X;) and R; = 1[A; € H;| the observed reward,
which is if the action played is in the hidden items of user .

Trained Policies Parameterizations. We adopt two parameterizations of the trained
policies. The first one is a heavyweight parametrization, and focuses on learning the
embeddings of the actions /5 (be it A of size K or C of size |C|), meaning that ¢ in this
case is 3. For action-level policies, this gives 8 € RE* and for any z:

) = epllon(a). )
’ Za/e-Aeff(x) eXp(<gb0((p)7 Ba’>) ’

with Aeg(x) C A, which depends on the choice of the practitioner, for example Aeg(z) =
So(x), the support of 1y for context = when we optimize IPS objectives. For cluster-level
policies, this gives a 3 € RI€*¢ and for any :

ra(eln) = —2PUP(@), o))
A= 5 exp((Gnle), B2))

This is used by default if nothing is explicitly stated.

We have also define a lightweight parametrization, where only a small projection W &
R is learned, giving in action level policies:

mw(alz) = exp({po ()W, Bao))
Za’eAeﬁ’(m) eXp((g%(x)W, ﬁa’,O)) ’

using fp, the embeddings of m. For cluster level policies, we first define By € RIC* with
Bo,c = ﬁ Y ace Boa, and use it to define the cluster level policy:

exp((do(1)W, Beo))
e oxp((0(0)W. G )

mw(clx) =

Reward Model. The reward model used 7 is learned using regularized linear regression
the collected interaction data, with 7(x,a) = (¢(x),0,).

Clustering and ¢ used. We use the embeddings (), combined with K-means clustering
to find our clusters. The number of clusters is set to 2000 for all datasets and experiments.
For PC, the /5 threshold € is set to 0.1.
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D.4.2 Additional results

Benefits of objective-aware parametrization. Figure D.1 shows the effect of objective-
aware policy parameterizations for two different objectives and three large action space
datasets.

Effect of Objective-Aware Parametrization on Performance

LR Schedule: None LR Schedule: Warmup Cosine LR Schedule: One Cycle
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Figure D.1: The effect of objective-aware parametrization for IPS and cLPI on three
large-scale datasets

Average MSE. Figure D.2 shows the average MSE by dataset and method. Several
methods are excluded from the figure, as their high MSE values would distort the scale
and obscure the comparison.
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Figure D.2: Average MSE by Dataset and Method. Several methods are excluded from
the figure, as their high MSE values would distort the scale and obscure the comparison.

MSE progress during training. Figures D.3a to D.3c show the progress of the MSE
over 10 epochs on all three datasets. Several methods are excluded from the figure, as
their high MSE values would distort the scale and obscure the comparison.
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Figure D.3: MSE progression over 10 epochs across datasets.

D.4.3 Results Averaging Different Seeds

In this experiment, we analyze the reward evolution of representative PWLL and IPS-
based methods on the three considered datasets. We compare two distinct optimization
configurations: (i) a standard off-the-shelf Adam optimizer, and (ii) a carefully tuned
setup using Adam with an optimized batch size and a one-cycle learning-rate scheduler.
This comparison enables us to isolate the effect of optimization on stability and conver-
gence. Fach method is evaluated over 5 random seeds, and we report the mean reward
along with a shaded standard deviation region to visualize sensitivity to optimization
randomness.

In Figure D.4, across all datasets and optimization settings, we observe that IPS-based
methods (cIPS, IX, and even POTEC) not only reach inferior performance but also suffer
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from considerably higher variance. Their uncertainty bands are significantly wider, in-
dicating unstable optimization. In contrast, PWLL-based methods exhibit near-invisible
variance bands, with standard deviations roughly an order of magnitude smaller on aver-
age.
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Figure D.4: cLPI vs IPS-Based methods: Evolution of rewards averaged over 5 different
seeds. cLPI is more stable to optimize and reaches better policies.

Finally, in Figure D.5, we observe that adopting an Objective-Aware parametrization
yields further performance and stability improvements. For example, cIPS with Objective-
Aware parametrization surpasses cIPS while maintaining lower variability, and cLPI in its
Objective-Aware form consistently achieves the best overall performance. These results
demonstrate that the combination of PWLL objectives and clever parametrization leads
to more robust and more effective learned policies, while being very simple to implement.
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Figure D.5: Objective Aware Parametrisation: Evolution of rewards averaged over 5
different seeds. Objective Aware Parametrization stabilizes and improves performance for
PWLL and IPS methods.

D.4.4 Ablation - Sensitivity to Reward Noise

In the original evaluation setup (see Section D.4), the observed reward is deterministic;
for user i, we have R; = 1[A; € H;|, meaning that a positive reward is returned only when
the selected action belongs to the user’s hidden set H;. In this section, we investigate
robustness to reward noise by introducing stochasticity in the form:

R; ~ 1[A; € H;) (1 — B(e)) + B(e) s,

where B(e) is a Bernoulli random variable with parameter €, and s € [0,1] is a shift.
This results in noisy rewards supported on [0,1]. Note that any reward scaling can be
normalized to this range via R/Ryax when Ry, > 1.

We evaluate six configurations defined by noise parameters e € {0.1,0.2,0.3} and re-
ward shifts s € {0,0.5}. All methods are trained using the best-performing optimization
schedule (one-cycle) to isolate the effect of noise. Results are reported in Figure D.6.

We observe that increasing the noise level when s = 0 consistently harms all methods,
as expected from a more stochastic reward signal. In contrast, when s = 0.5, higher
noise tends to increase the overall reward level, since the shift raises the baseline reward.
Across all noise-shift conditions, PWLL-based objectives maintain a clear advantage over
[PS-based methods. When s = 0, RegKL and cLPI perform similarly, confirming that
both benefit from the logarithmic reparameterization. However, as both noise and shift
increase, RegKL begins to outperform cLPI, suggesting that, with an appropriately cho-
sen regularization weight [, RegKL remains highly competitive even under reward high
stochasticity:.

Conclusion. PWLL methods demonstrate robustness to reward noise, leading to im-
proved stability and performance compared to traditional IPS-based objectives, even in
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challenging noise regimes.
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Figure D.6: Ablation - Sensitivity to reward noise

D.4.5 Ablation Study on Hyperparameters and Log Transform

In this section, we evaluate the impact of hyperparameter choices on cIPS, cLPI, RegKL,
and RegKL-LIN (the non-logarithmic variant of RegKL). All methods are run using the
best-performing optimization configuration (optimizer + learning rate scheduler), ensur-
ing that differences are driven solely by hyperparameter values and by whether the policy
transformation is linear or logarithmic. The results are shown in Figure D.7.

e cIPS consistently fails to reach competitive performance across all values of 7,
especially in large action spaces. Its PWLL counterpart, cLPI, dominates for every
T, converging faster and achieving superior results.

e For the KL-based objectives, we restrict to § > 0.1 in order to avoid numerical
instability from the exponential term (exp(1/3) > 2-10° for 8 < 0.1). The same
trend is observed: the PWLL variant (RegKL) reliably outperforms its linear ana-
logue (RegKL-LIN) across all 3, exhibiting more stable training dynamics, faster
convergence and better performance.

PWLL dominates. Across both objective families, replacing linear weights with log-
transformed policy weights (PWLL) consistently provides greater robustness to hy-
perparameters, faster optimization, and higher final performance, even more in
challenging large-action-space settings.
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Figure D.7: Ablation Study on hyper-parameters and Log Transform

D.4.6 Ablation: PWLL in Smaller Action Spaces

We have shown that PWLL provides a more benign optimization landscape and yields
stronger policies than IPS-based objectives in large action spaces. Here, we examine
whether these benefits also extend to smaller action spaces. We construct a reduced
version of Movielens by subsampling the action space to K € {100,500, 1000, 5000}
items.

Figure D.8 reports performance across varying K for cIPS (linear) and its PWLL-enhanced
counterpart cLPI (log). In small action space settings (K < 500), cIPS convergences faster
than cLPI, but cLPI identifies a better maxima by the end of the 10 epochs. For medium
action spaces (K > 500), cLPI consistently outperforms cIPS, converging faster and
identifying a better maximum. These results indicate that the optimization advantages
of PWLL can still be beneficial in medium sized action space settings.

MovieLens — Comparison IPS (OPE) vs cLPI (PWLL) Varying Action Space Size K
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Figure D.8: PWLL (cLPI) vs IPS-based (IPS) in smaller action spaces.

D.4.7 Ablation - Sensitivity to the number of clusters

In this study, we compare our simple PWLL objective cLPI against MIPS and POTEC,
two more complex IPS-based methods specifically designed for large action spaces. These
baselines rely on a clustering function to reduce variance, and POTEC additionally leverages
a reward model 7. We examine how the number of clusters affects their optimization
performance. Figure D.9 reports the results.
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POTEC generally outperforms MIPS for all numbers of clusters. However, both methods
exhibit optimization instability across settings. While POTEC can occasionally match the
final performance of cLPI on Movielens for a carefully selected number of clusters (1000),
it consistently falls short on Twitch regardless of the cluster configuration.

Conclusion. These findings demonstrate that focusing on optimization properties pays
off: despite its simplicity, the PWLL objective cLPI can consistently outperform intricate
IPS-based approaches tailored to large action spaces, even with the best finetuning.

Movielens Twitch

Validation Reward
o

Epoch

[= MIPS == POTEC =k cLPI|

== Nb Clusters =10 === Nb Clusters =100 === Nb Clusters = 1000 === Nb Clusters = 10000

Figure D.9: PWLL (cLPI) vs POTEC and MIPS, changing the number of clusters.

D.4.8 Ablation - Different Logging Supports

We conduct experiments to quantify how increasing or restricting the support of the log-
ging policy affects policy learning, comparing PWLL and IPS-based methods. Figure D.10
compiles the results and show that PWLL is still better than IPS-based approaches for
different logging support sizes.
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D.4.9 Pessimism Does not Solve Optimization Problems

Pessimism in face of uncertainty Jin et al. (2021) is motivated through a pure statistical
learning rationale and is used to provide better statistical guarantees and more controlled
excess risk. In the context of OPL, pessimistic strategies are derived combining con-
centration bounds with class complexity measures, be it VC dimension (Swaminathan
and Joachims, 2015a) or PAC-Bayesian tools (London and Sandler, 2019; Aouali et al.,
2023a; Sakhi et al., 2024). For example, in its PAC-Bayesian formulation, the pessimistic
objectives are all written in the following form:

~

A
argmax  V(my) — [0 — 0oll3 .

Adding an /5 regularization term that pulls the parameters 6 towards the behavior policy
parameters 0y (defining mg) induces pessimism by encouraging the learned policy to stay
close to my in parameter space. However, the optimization landscape of this objective
becomes concave only when the regularization weight A\ is sufficiently large for the /¢
term to dominate. In that regime, the objective is indeed easier to optimize, but becomes
overly conservative, yielding policies that remain too close to 7y and under-exploit po-
tential improvements. Figure D.11 confirms this empirically: pessimistic approaches,
whether based on Sample Variance Penalisation (SVP) (Swaminathan and Joachims,
2015a), PAC-Bayesian learning with clipped IPS (London and Sandler, 2019), Exponen-
tial Smoothing (Aouali et al., 2023a), or Logarithmic Smoothing (Sakhi et al., 2024), fail
to outperform cLPI for any value of \.
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in the plot because their curves overlap.
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Notation Clarification: Value vs. Risk Formulation

Important: Throughout the main chapter, we present our results using the value formu-
lation, where the goal is to maximize the expected reward V(7)) = Ex .y ar((x)[7(X, A)]
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with rewards R € [0,1]. In contrast, the appendix uses the equivalent risk (or cost) for-
mulation, where the goal is to minimize the expected cost £(7) = Ex, ar(x)lc(X, A)]
with costs C' € [—1,0].

These two formulations are related by a simple sign change:
L(r)=-V(r) and C=-R,

where r(z,a) = —c(x, a) for any (z,a) € X x A. Consequently:

e Maximizing the value V() is equivalent to minimizing the risk £().

e Upper bounds on |V (r) — V(r)| translate directly to upper bounds on |£(7) — £()].

e All theoretical guarantees derived in the appendix using the risk formulation apply
equivalently to the value formulation presented in the corresponding chapter.

We adopt the risk formulation in the appendix as it aligns with the standard convention
in statistical learning theory, where one typically minimizes a loss or risk function. The
reader should keep this equivalence in mind when relating the appendix results to the
main paper.

E.1 Bias and Variance Trade-Off

Notation reminder: This section uses the risk formulation with costs C' € [—1, 0], which
corresponds to the value formulation with rewards R = —C' € [0,1] in the main paper.
The estimator £2(7) here corresponds to —V*(7) in the main paper.

In this section, we provide additional results on how « controls the bias and variance of

£30).

E.1.1 Bias and Variance of IPS-«

The following proposition states the bias-variance trade-oft for ﬁg()

Proposition 14 (Bias and variance of IPS-«a). Let a € [0, 1], the following holds for any
evaluation policy m € Il that is absolutely continuous with respect to m

IB(L2 ()] < Exevaen(ix) [1— mo(A[X) 0]

A 1 m(A|X)
\ [ﬁn(ﬂ)] S —ExewAnn(x) [W] :
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Proof. We first bound the bias as

B(Ly(m) = E | £3(m)] - £(r),

1< (4] X)
==Y Exiow Ao (1X,).Comp( XA, | Ci—r e | — L(7),
n Zzl X VAj 0( ‘Xl)vcz p( |X17A1) |: 7T0<A’L|X’L)a (ﬂ-)

i) m(AIX)
= E(X,AC)N/MTO {CW — ,C(ﬂ') y

— Ex, Zc@@a)% CExe, Zc<X,a>7r<a|X>] ,
:aE.A acA

=Ex, ZC(X, a)ﬁ(a|X)(7r0(a\X)1°‘—1)] :
Lac A

= Exom i) [(X, A)(mo(A[X) = 1)] |

where (i) follows from the i.i.d. assumption. Since mo(A|X)™* < 1 for any x € X and
a € A, we have that

BEL (] < Bt tnc ) [0, Al ALY — 1]
< Exepann(x) [1— mo(A]X)70] .

The variance is bounded as

Ao 1< Ty
\% [}Cn(ﬂ-)} B E ZleiNl/,AiNﬂ'O(~Xi)vCin('|Xi’Ai) [CZW |
B m(A|X)
1 m(A|X)?
< — (A
O L]
A
71‘0(14|X)2a ’

1 m(a|X)?
B HEXN”[G; WO(G|X)2a—1} ’

:lE [ (A|X) }
n X~ Aror (1| X) WO(A‘X)ZQ_I :

1
< “Exyaont. [
= X~ov,Armo (-1 X)

E.2 Proofs for Off-Policy Learning

In this section, we provide the complete proofs for our OPL results in Section 8.3. We
start with proving Theorem 4 in Section E.2.1. We then state the extension of Theorem 4
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along with its proof in Section E.2.2. After that, in Section E.2.3, we provide the proof
for Proposition 6. Finally, in Section E.2.4, we discuss in detail and prove our claims
regarding the number of samples needed so that the performance of the learned policy is
close to that of the optimal policy.

Notation: This section uses the risk formulation with £(r) = —V(x) and £2(n) =

—V"‘(W). All bounds translate directly to the value formulation in the main paper. Recall
that we assume the costs to be deterministic for simplicity: C; = ¢(X;, 4;).

E.2.1 Proof of Theorem 4

In this section, we prove Theorem 4.

Proof. First, we decompose the difference £(mg) — £%(mg) as

L(mg) — L (mq) = L(mg) — —Zﬁ w@lx Zc ol Xi) — Zﬁ“ WQ|X

-~

11 12

1 & R
+ D L (molXi) — Li(mq),
i=1

J

'

I3
where

L(1g) = Exrw Anmg(x) [e(X, A)]
L(mg|Xi) = Eanry(ixy [c(Xi, A)]

T AX
£0(rg1X5) = Eamnyiixs [ o4

X, A
7o (A X;)> o(Xi, 4)

e I m(AXG)
Ll = 2

Our goal is to bound |£(mg) — £2(mg)| and thus we need to bound |I| 4 |I| + |I5|. We
start with |/;], Alquier (2021, Theorem 3.3) yields that following inequality holds with
probability at least 1 — §/2 for any distribution @Q on H

D P) + log &/
n
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Moreover, |I5| can be bounded by decomposing it as

) = —ZEANWQ o [, A ——ZEM et <XZ,A>H
— _;;f@ alXi)e(X;,a) — 0(a|X)% (Xi,a)
= [F 22 (rotelx) - S e
_ _;;@_w )>7TQ(CL|XZ-)C(X,~,CL) ,
;;Il—w (a] X:)| mo(al Xi) |e(Xs, a)]

But 1 — my “(alz) > 0 and |e(x,a)| < 1 for any a € A and z € X. Thus

1 « o
|I,| < - D Eaemgeixy 1= m *(AIX))] (E.2)

i=1

Finally, we need to bound the main term |I3]. To achieve this, we borrow the following
technical lemma from Haddouche and Guedj (2022). It is slightly different from the one
in Haddouche and Guedj (2022); their result holds for any n > 1 while we state a simpler
version where n is fixed in advance.

Lemma 11. Let Z be an instance space and let S, (zz)le[n] be an n-sized dataset for
somen > 1. Let (]:)ze{o}u be a filtration adapted to S,,. Also, let H be a hypothesis
space and (f; (Si, h))icp) be a martingale difference sequence for any h € H, that is for
any it € [n], and h € H , we have that E[f; (S;, h) |Fi—1] = 0. Moreover, for any h € H,
let M,(h) =>"" | fi (Si,h). Then for any fized prior, P, on H, any X > 0, the following
holds with probability 1 — & over the sample S,,, simultaneously for any Q, on H

Di(QIP) + log(2/8) A
A 2

where (M), (h) = Y0 E[f; (Sis h)? | Fica] and [M],(h) = S0, fi (Si, h)°.

[En~q [Mn(h)]] < (&, hng [(M)n () + [M](R)])

To apply Lemma 11, we need to construct an adequate martingale difference sequence
(fi(Si, )i for h € H that allows us to retrieve |I3]. To achieve this, we define S, =
(A;)icpn) as the set of n taken actions. Also, we let (F;)icqojum) be a filtration adapted to
Sy,. For h € H, we define f; (S;, h) as

Linex)
7T0( z)

We stress that f;(S;, h) only depends on the last action in S;, A;, and the predictor h.
For this reason, we denote it by f;(A;, h). The function f; is indexed by 4 since it depends

~ Tneay=ay

fi (Sish) = fi (Ai, h) = Eary(x,) o (A | X;)>

(X,L, A) C(Xi, Az) .
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on the fixed i-th context, X;. The context X; is fixed and thus randomness only comes
from A; ~ mo(-|X;). It follows that the expectations are under A; ~ my(-|X;). First, we
have that E [f; (4;, h) |Fi—1] = 0 for any ¢ € [n],h € H. This follows from

E[fi (Ai, h) | Fic1] = Eaomo(1x,) |:fi (Ai, h) ’Ah . ,Az‘—@ :

Ln(x=4) Linxi)=ai)
=Esom1x) | Eacroix) | ——0c(X;, A)| — ———c(X;, A)|Aq, ... A
Airemo (1 X5) [ Ao (-1 X;) |:7TO(A‘ X'Z-)ac( ) o (A;] X*Z,)ac( )| A1 1
(i) Ln(x,)=ay Lin(xi=4,}
=E ~ro (XY | o XZ,A —E o~ (XY | T T o XzyAz A ,...,AZ’, .
Ar~mo (-] X ;) |:7TO(A Xi)ac( ):| Ao (-] X3) {WO( 4i| Xi)ac( ) 1 1

In (i) we use the fact that given X;, Earcx,) [E;((XI;; ’)Z} c( X, A)] is deterministic. Now

A; does not depend on Ay, ..., A;_1 since logged data is i.i.d. Hence

I N A
]EAiNT"O("Xi) {MC(XZH A,)

Lincxn=niy
Al A | = B (x| o2 o(XG, A |
’/TO(A,L’X,L)O‘ 1, 9 1:| Az 0(|X1) |: C( )

WO(AilXi)a
Lin(xi)=a
= Eam(|x:) {WC(XZ»A) :
It follows that

E[fi (Ai, h) | Fi]

Lnexo=y Lnx=ai)
:EN,T X —_ X“A —]E oo (1 X5 —_ XzaAz A,..‘,Ai_ y
Ao (1| X5) |:7T()(A Xi)ac( ) Ajr~mo (-] X5) WO(Ai|Xi)aC( ) 1 1
Lin(xi=ay Lin(xi=ay
— EANTrO(-|Xi) |:’/TO(A|X)O‘C(X“ A) - ]EANTI'O(lxl) WO(A‘Xl)O‘C<Xi7 A) 9

=0.

Therefore, for any h € H, (fi(Ai, h))icn) is a martingale difference sequence. Hence we
apply Lemma 11 and obtain that the following inequality holds with probability at least
1 —96/2 for any Q on H

< D (@QIP) +1os™/0) L A\ a4 ML), (E3)

g [Ma (0] - .

where
M, (h) = Z fi (Aish)
<MMm=ZEmmmﬂﬂ4,

(M]u(h) = 3 fi (Ai. h)*
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Now these terms can be decomposed as
EhNQ ZEhNQ fz A”m h)]

Lin(x=a3 } Lin(xn=a,) }
=Y Enw |Eavnx) | — (X5, A — e (X A |
izl: h@{ A O(X)LTO( e c( ) o (A;| X;) o( )

z I PN
z ZEhNQ |:EA~7T0(|X) {L);C(Xi,/l)” —Epg { {h(X:)=4:}

—C(XwAZ):| )
— ( 7o (Ai| Xi)®
(u En-o [H{h( X;)=A }] Erv [H{h(Xi):Ai}]
E ~T Xia A - Xi? Al 3
ZZI Aromo (-] X3) (A|X) C( ) WO(Ai|Xi)a C( )

(Z“ ZEANWO (1X)) |:7TQ(A|X) (X“A):| _i WQ(AZ|X1>

& X’L7AZ )
2 (X)) (A X e A

where we use the linearity of the expectation in both (i) and ()

i1). In (4i7), we use our
definition of policies in (8.10). Therefore, we have that
mo (Al X)) —~ 7o (Ai] Xi)
Ep~ Egr — (X, A) | — — e X, Ai)
h Q Z A~mo (-] X5) |:7T0(A|Xi)ac< ) ; 7_(_0(14i|)(i)oéc( )

(@) « Ao
= Zﬁ (mo|Xi) — nLy(mg),

i=1
= n[3 s (E4)

where we used the fact that C; = ¢(X;, A;) for any i € [n] in (i)

Now we focus on the terms (M), (h) and [M],(h). First, we have that

, i I
fi (A, h)” = (EANTF()(|X) [% (XMA):| % (XiaAi)>27 (E.5)

Tinxn=ay 2 Tnx=a
:EANTI'()(-|X C(X A) (

} 2
X A
To(A|X;)" o(A | X;)° o(Xi, ’)>
Linxn=ay Lin(x)=a,)
_2]E ~TT A TR XHAZ )
Aol | A|X )} mo(A X Ko A
2
i
By {W 4 ,(x, >} Tocxo=sn x4y
(A]X;)e mo(Ai| X;)%
Lin(xi)=a3 } Linxi=a)
—2E g (1x)) | — (X, A) | ——— (X, A,
ety [ x, )| U

Moreover, f; (A;, h)2 does not depend on Ay, ..., A;_1. Thus,

E [f; (Ais h)* | Fic1] = Eayomotixn) [fi (i ) [ Fisa]
= EAi~W0(~|Xi) [fl (Aivh)Q} ]EANWO C1X3) [fl <A h) }
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Computing E s, (|x,) [ fi (A h) ] using the decomposition in (E.5) yields

E [fi (Ai,h)* | Fic1] = Bacmo(ixo [fi (A, R)7]

Lin(xn=4
o (A’Xl)a

Combining (E.5) and (E.6) leads to

2
I N
_EANT"O("X'L) C(Xia A)] + EANTFO('|Xi) {MC(X% A)2:| (E6)

mo(A|X;)2>

I = I
E k A h 2 - . A h/ 2 :E N ) . {h(Xz)*A} X A 2 {h(X) A} X A
]+ A = By | (e 4] + 008 e A

Lin(xn=a3 Lin(xn=a,)
— 2B oo 1x) | = o (X, A) | =X, Ay)
4 °"XZ>[ (A1) e )| 2 e e A

@) Lin(x=2) o| | Lnxo=a

< Epom x| —2m=20 (XA SMRI=AT x A2

= BA~mo (-] X5) { (APQ)QO‘ ( )_ + 7_[_0( : ) ( )
(E.7)

The inequality in (7) holds because —2E 4 r,|x,) [H{h(x"):A}c(Xi,A)_ MC()Q, 4;) <

Wo(A‘Xi)D‘ Wo(Ai‘Xi)o‘
0. Therefore, we have that

()08 + (M1 (8) £ 3 By | 20006 4| 4 OO0, 2,

Finally, by using the linearity of the expectation and the definition of policies in (8.10),
we get that

Eneq [(M)n(h) + [M]n(h)] (E.8)
n Enwo [Linix )= 2 Epg (I Xi)=4A; 2

< 2 By e, ay| + Prepeilo, A,

= ZEAWO ¢1%;) [ W?;T)’?;ga (Xi,A)Q} - %C(Xi,Ai)Q. (E.9)

Combining (E.3) and (E.8) yields
n|ls| = |ZEQ(WQ|X1') — Ly (mo)|

3 o [0

mo(Ai] X;)
7To(AZ'|XZ‘>2a

c( X, A)zl + (X, Ai)?.
(E.10)

This means that the following inequality holds with probability at least 1 — §/2 for any
distribution Q on H

‘[3‘ < Y E EANﬂ-O (1X3) —WO(A‘Xi>20‘C<Xi’A)2
* 2n Z 7T0(Ai|Xi)2a0(X“AZ) ' (E-11)
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However we know that ¢(x,a)? < 1 for any z € X and a € A and that ¢(X;, 4;) = C; for
any i € [n]. Thus the following inequality holds with probability at least 1 — ¢/2 for any
distribution Q on H

Dk, (Q|P) + log 4/5 mo(A|X;) A molAlXi) .,
I < Eior _— — — L (7,
’ 3’ Y Z A~o (-] X5) 7TO<A’XZ,)2Q QTL;?TO(Ai’Xi)M i
(E.12)

The union bound of (E.1) and (E.12) combined with the deterministic result in (E.2) yields
that the following inequality holds with probability at least 1 — ¢ for any distribution Q
on H

fa Dxe(QIP) +log " 14"
|£<w@>—£n<w@>|S\/ R ZEM@ iy [1 = m (A1)
| Dxu(@QIIP) +log(4/3) | R T, A malA)
nA Z]EANWO C1X0) mo(A|X;)> Zn;ﬂo(Ai|Xi)2°‘Ci '
(E.13)
[]

E.2.2 Extensions of Theorem 4

Proposition 15 (Extension of Theorem 4 to hold simultaneously for any A € (0,1)). Let
n>1,§€[0,1], a €[0,1], and let P be a fixed prior on H, then with probability at least
1 — ¢ over draws D,, ~ 7, the following holds simultaneously for any posterior Q on H,
and for any A € (0,1) that

1£(mq) — £a(mg)] < /AT | oy o KT | Ay,
where
KL'1(mg, A) = Dki(Q||P) + log %ﬁ ;
KL'5(mg, A) = 2(Dxkr.(Q|P) + log 58)\)
Bl (mg) =1— —ZEAWQ (1) [mo “(AIX)]
S S e

Proof. Let § € (0,1). For any i > 1, we define \; = 2% and let 6; = §\;. Then Theorem 4
yields that for any ¢ > 1, the following inequality holds with probability at least 1 — ¢; for
any Q on ‘H

. D1, (Q||P) + log L2 DkiL(Q|[P) +log £,
|£<m@>—£z<w@>|3\/ WD 08 S s o) + 2B RS L X v ().
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Now notice that > .~ A; = 1, and hence Y .-, 6; = 0. Therefore, the union bound of
the above inequalities over ¢ > 1 yields that with probability at least 1 — 9, the following
inequality holds with probability at least 1 — § for any Q on H and for any 7 > 1

DKL(@H]P)) + log % hy N
Y -4 ) Varj, (mg) -

(E.14)

1£(m0) — £5(mo)] < —

. Dy (Q||P) + log &
\/ e "t B2(mo) +

Let [-] denote the ceiling function, then we have that for any A € (0,1), there exists
j = [%} > 1 such that A\/2 < A; < A Since (E.14) holds for any ¢ > 1, it holds
in particular for 5. In addition to this, we have that /\i < %, that A\; < A and that
= ﬁ < %. This yields that the following inequality ]holds with probability at least

1
o
1 — ¢ for any Q on H and for any A € (0,1)

. Dkr(Q[P) +log &2 Dir(Q|P) +log & A

1£(nq) - £3(m0)] < \/ TR B (mg) + 2T S (g).
(E.15)

The additional 2 in 2%% appears since we used that /\i < % Similarly, the

J
additional % in the logarithmic terms is due to the fact that % < %. Finally, setting
J

8y
oA

/ 8
KL'y(mg, A) = Z(DKL(QHP) + log 5) ,

KL'1(7mg, A) = DkL(Q||P) + log

concludes the proof. O

Next, we provide a similar proof to extend Theorem 4 to any « € (0,1]. While we only
provide a one-sided inequality, the same covering technique can be used to obtain the
other side of the inequality.

Proposition 16 (One-sided extension of Theorem 4 to hold simultaneously for any
a € (0,1)U{l}). Letn > 1,6 € [0,1], A > 0, and let P be a fized prior on H, then
with probability at least 1 — 0 over draws D, ~ . , the following holds simultaneously for
any posterior Q on H, and for any o € (0,1] that

KL"i(mg, @)
2n

KL"y(mq, )

BOC
+ By (mg) + -

A
+ 5 Varia(m@) )

211



where

8v/n
Sa

8
KL"3(mg, &) = Dki(Q||P) + log 5o

KL (mg, @) = Dxp,(Q||P) + log

1 n
Bg(ﬂ-@) =1- ﬁ ZEANTF@HXH [ﬂ-é_a<A|Xi)} )
=1

2
WQ(AilXi)Qa Cl '

1 & mo(A|X;) mo( A X5)
o = — EAro(-1x;

Proof. Let § € (0,1). For any i« > 0, we define a; = 27% and let §; = da;/2. Then
Theorem 4 yields that for any ¢ > 0, the following inequality holds with probability at
least 1 — ¢; for any Q on ‘H

Dk (QIP) +log 5 A
A —|—§Varn (WQ).

A \/DKL@HP) + log 42

£(mg) — L3 (me)| < + By () +

2n "
Now notice that y .- c; = 2, and hence by definition of §;, we have Y ;= d; = . There-
fore, the union bound of the above inequalities over i > 0 yields that with probability at
least 1 — ¢, the following inequality holds with probability at least 1 — ¢ for any Q on H
and for any 7 > 0

. D @P—{—logﬂ Dxi(Q||P) +1og &
IE(W@)—E%’(W@)IS\/ QP R8TS B + DA REL L 2 v ().

(E.16)

Let |-] denote the floor function, then we have that for any a € (0, 1], there exists j =

| =222 > ( such that a < a; < 2a. Since (E.16) holds for any i > 0, it holds in particular
log 2 J

for j. In addition, we have that B (mq) andAEAg(ﬂ@) are decreasing in a while Vary (mq)
is increasing in a. Therefore, we have that L’ (mg) < £L%(mg), Bn’ (1g) < B%(mg), and
Var® (mg) < Var®(mg). Moreover, we have that 5%- < 2. This yields that the following

inequality holds with probability at least 1 — ¢ for any Q on ‘H and for any « € (0, 1]

o Dy (Q|P) +log 52 Di(QIP) +log £ A,
L(mg) < Ly (mq) + \/ o b+ BY(mg) + - %o 4 §Vari (mq) -
(E.17)
Finally, setting
8v/n
KL//1<7TQ, Oé) = DKL(QHP) + IOg (;2_ ,
8
KLH2<7TQ7 CE) = DKL(Q”]P)) =+ log % R
concludes the proof. n
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E.2.3 Proof of Proposition 6

Haddouche and Guedj (2022, Theorem 7) provides an application of Lemma 11 to the
general PAC-Bayes learning problems in Section 8.3.1. We cannot apply their theorem
directly to get Proposition 6 for two reasons. They assume that the loss function is non-
negative and they derive a one-sided generalization bound. In our case, the loss function
is negative and we want to derive a two-sided generalization bound. Fortunately, we show
with a slight modification of their proof that the result can be extended to two-sided
inequalities with negative losses. In fact, the only requirement is that the sign of loss is
fixed. We show next how this is achieved.

Proof. First, note that Lemma 11 does not make any assumption on the sign of the
martingale difference sequence (f;(S;, h))icn) nor on the sign of the terms that decompose
it. Now similarly to the proof in Section E.2.1, we define S,, = (X, A;)icpn as the set of n
observed contexts and taken actions. Also, we let (F;);coyup be a filtration adapted to
Syp. For h € H, we define f; (S;,h) as
fi (Si,h) = fi (X4, A h) = f(Xi, Ay h)

Linx)=2y ~ Lnxo=ay
o (A|X)” 7o (As] Xi)
Here f;(S;, h) only depends on the last samples X;, A; and the predictor h. For this rea-
son, we denote it by f; (X;, A;, h). Also, the function f; does not depend on i and this is
why we simplify the notation as f; (X;, A;, h) = f (X, A;, h). Moreover, the randomness
in f(X;,A;,h) is only due X; ~ v and A; ~ mo(+|X;); all other terms are determin-
istic. Thus the expectations are under X; ~ v, A; ~ mo(:|X;). Now similarly to the
proof in Section E.2.1, we have that E[f (X;, A;,h)|Fi—1] = 0 for any i € [n],h € H.
Therefore, (f(X;, Ai, h))icp is a martingale difference sequence for any h € H. Thus we
apply Lemma 11 and get that that with probability at least 1 — ¢, the following holds
simultaneously for any distribution Q on H

i (Ma()] < ZUAD IR0 | 2 g, fany ) + L) (E18)

C(X, A) C(XZ', Al) .

= Exv,anmo(1X)

where
n

My (h) = f(Xi, Aih)

=1

(M)n(h) = ZE [f (X5, As h)* [Fica]

[M]n(h) = Zf(Xi,Auh)Q :

Now we compute Ejq [M,(h)] as

Eno [Ma(h)] = 3 Exotoratixy [%cm A>} - %o{ 4.,

=1

T A X - T Az Xz
= nEXNl/,ANﬂo("X) {%C(X, A):| - Z %C(Xi, Az) ) (E19)
i=1 ) )
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where we used the linearity of the expectation E;.q || and the definition of policies in
(8.10). Moreover, similarly to the proof in Section E.2.1, we have that

(M), (h) + [M],(h) = ZE [f (X, A h)? | Fia] + f (X, A, b)?

7T0(A|X)2a 7T0(A7; Xi)Qa

. I h(X)=A I h(X;)=A;
- Z EXNV,ANWOHX) {Md*x: A)2:| + MC(XM Ai)2
i=1

Linx)=ay Lin(xo=a,}
— QIEXNV,ANWO(.|X) {WC(X, A) WC(Xi,Ai) )

mo(A| X )2 A;| X;)2

(i) Lin(x)—a “~ Lin(x=a;
< NE X deomo( 1) {Mcm A)?} D e A
=1 O\

(E.20)

where (i) holds since —2Ex ., a~r(x) [Eﬁ{jﬁ;’)“j c(X, A)] %C(Xi,/li) < 0 for any

i € [n]. This is where the non-negative loss assumption is not needed. Our loss L, (h, x,a,c) =
%c is negative since ¢ € [—1,0]. However, we only need the product between the
loss and its expectation to be non-negative. This holds in particular when the loss has a
fixed sign. In that case, the expectation of the loss and the loss itself will have the same
sign and thus their product will be non-negative. In our case, the loss has a fixed negative
sign and this is all we needed. Now notice that

mo(AlX)

nEwa,ArerHX) {WC(X, A) = nRa(m@) ,

—~ (4| X;) A
————c(X;, A;) =nL;(mg),
> e A) = i)
where we used that ¢(X;, A;) = C; for any i € [n] in the second equality. Using these two
equalities and plugging (E.19) and (E.20) in (E.18) yields that with probability at least
1 — ¢, the following holds simultaneously for any distribution Q on H

oy _ fo Dx(QIIP) +l0g(2/6) A mg(A|X)
n|£%(mg) - Li(mq)| < + 5 (PExwpemr) | o Gy

A
Zn mo(Ai] Xi) 2
XZ7A7, .
' i=1 WO(AZ”X@')MC( ) >

o(X, A)?}

(E.21)

Again we used the linearity of the expectation E;.q [-] and the definition of policies in

(8.10). Finally, we have that ¢(X;, A;) = C; for any i € [n]. Thus with probability at
least 1 — ¢ the following inequality holds for any distribution Q on H

< Dxu(QIP) +10g(2/0) A mo(AlX)

= Y 9 Xe~ov, Ao (1] X) mo(A]X)2

A 5~ molAilXs)

2n i1 7T0(AZ‘|XZ‘)2a ¢

(E.22)

This concludes the proof. n

L2 () — £3(n) (X, Aﬂ
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E.2.4 Sample Complexity

Notation reminder: Minimizing risk £(7) is equivalent to maximizing value V(7) =
—L(7). Achieving L(7) < L(m,) + € is equivalent to V(7) > V(7,) — €.

Proposition 17. Let M (H) be the set of probability distributions on the hypothesis space
H, and let A\ >0, n>1,5 €[0,1], a € [0,1], and let P be a fized prior on H, then with
probability at least 1 — 0 over draws D,, ~ 7, we have

KL KL

A ) < 2

+ A Var) (7, ) -

where mg, is the learned policy with Q, = argminge v, (3) L2 (mg) + 1/ % + B2 (mg) +

KL2(mg)

RN+ § Varp (mg) , Q. = argminge v, ) £(mg), and

4vn
6 Y

1 n
Bs(ﬂ-(@) - 1 - ﬁ ZEANW@(~|Xi) [W(l)ia(A|Xl)i| )

=1

4
KLy(mg) = Dxr(Q|P) + log —,

KL (mg) = Dxp(Q|P) + log )

mo(A|X;) } mo(Ail Xi)C?

1 n
Vard(1g) = = 3 Byl ix, o
ar, (7q) n Ao 1) LTO(A!XZ-)M 7o (Ai| X3)2*

Proof. First, Theorem 4 holds for any potentially data dependent distribution Q on H.
In particular, we have that with probability at least 1 — 0 the following inequalities hold
simultaneously for Q,, and Q,

A KLl(ﬂ'@n) N KLQ(?TQn) A\ N
|L(mg,) — Lo(mg, )| < o +Bn(ﬂ-©n)+—n}\ +§Vafn(ﬂ@n)a

Ao KL <7T *) o KL <7T *) A «a
[£(mo.) = Lalma.)| <4/ =5 = + Bilmg.) + — = 4 5 Varj(mo.)

Taking only one side of these inequalities yields that with probability at least 1 — ¢ the
following inequalities hold simultaneously for QQ,, and Q,

KLl(W@n)
2n

KLy(7g, )

L(mgy, ) < Ly(mg,) + .

(6% A (0%
+ By (7, ) + + 3 Vary (7g, ),

g

(1)

5 KLi(7g, ) KLy(7g.) | A
L <L —— 4+ B ——— 4+ — Var? :
n(mq.) < L(mg,) + 5 T Ba(mo.) + — 5= + 5 Var,(mq.)
Now using the definition of 7y, , we know that

A
+ — Vary (7, ) -

I < L(mg,) + Y 2

Ba
oy T o (mq,) +
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This yields that with probability at least 1 — ¢ the following inequalities hold simultane-
ously for Q,, and Q,

4 KL KL A
£lrg,) < Latma.) + ST 4 prrg ) 4 K200) | Ay,
A KL KL A
£(ra) < £lmo.) + ST | (g ) 4 KTy Ay ).

Computing the sum of these two inequalities concludes the proof. O

Corollary 2 (Special case of Proposition 17). Let H = {hg;ﬁ € RdK} of mappings
ho(x) = argmax,c 4 ¢(x) 0, for any x € X. Letn > 1, § € [0,1], « € [0,1], and let
P = N(po, Lax) be a fized prior on H, then with probability at least 1 — § over draws
D,, ~ py,, we have that

Ve = poll? + 21og 17
NG

2 4 o—
L=l 2logd K 4K

E(W@n) < L(mg,) +

2(1 — Ko
+2( ) NG Tn
where g, 15 the learned policy with Q, = ArgmINg_ pr (. 7,5) L2 (mg) + W—kBg(w@)—i—
KLQ(WQ)

F2TE + 3 Varg (mg) , Q. = argming_ g, 1, £(7q)-

Proof. This result follows from the general Proposition 17 by simply setting P = N (po, Tax)
and Q. = N (us, lyx). First, since the covariance matrices of both distributions are I,
their KL divergence is Dkr,(Q||P) = ||p« — po||?/2. Moreover, since the logging policy is
uniform then B%(mg) = (1— K% !) and Var?(mg) < K?*~ !+ K?* Using these quantities,
setting A = 1/4/n and applying Proposition 17 yields that with probability at least 1 —
over draws D,, ~ 7, we have that

i Vi = pol? + 21og 147
vn

|12 = poll* +21og § S S

vn vn '

This concludes the proof. O

L(rg,) < L(mq.) +2(1 — K>

+

The above corollary allows us to give insights into the sample complexity of our procedure.
That is, the number of samples needed so that the performance of the learned policy mg,
is close to that of the optimal one. Let € > 2(1 — K*!) for a € [1 —log2/log K, 1]. This
condition on « ensures that € € [0, 1] and it is mild as « is often close to 1. Let §, then
the following implication holds

Vi = poll? + 21og 147
€2>

vn

e = ol +2log § K2 4 K2
vn Vn
= P(L(mg,) < L(mg,) +€) >1-4.
(E.23)

+2(1 - K>
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First, we use that \/||,u* — pol|? + 21og %ﬁ < || pes = ol +4/ 2 1og %ﬁ. Moreover we bound
K?~1 4 K?* < 2K?*. Then the implication in (E.23) becomes

it = poll + [l — o]l + 2log 2 + /2log BL% + 2K20
Vn > T = P(L(mg,) < L(mg,) +€) >1—4.
(E.24)

We only provide intuition on the sample complexity and aim at having easy-to-interpret
terms. Thus we omit the logarithmic terms in (E.24) and assume that |p. — pol* >
||t — pto||. This leads to the claim made in Section 8.4.1. Of course, a more precise sample

complexity analysis can be made by studying the function h(x) = /z — 1/2log %5 /(e —

_ _ o 4 ”
2(1 — K1) and finding = such that f(z) > i MOHJF[’i*Q(f_Oﬂ;;le)gﬁng :

E.3 Experiments

E.3.1 Setup

We consider the standard supervised-to-bandit conversion (Agarwal et al., 2014). Pre-
cisely, let S and S;;° be the training and testing set of a classification dataset, respec-
tively. First, we transform the training set S;* to a logged bandit data D,, as described
in Algorithm 3. The resulting logged data D, is then used to train our policies. After
that, the learned policies are tested on S, as described in Algorithm 4. We consider that
the resulting reward in Algorithm 4 is a good proxy for the unknown true reward of the
learned policies. This will be our performance metric, the higher the better.

In our experiments, we use the following image classification datasets MNIST (LeCun et al.,
1998), FashionMNIST (Xiao et al., 2017), EMNIST (Cohen et al., 2017) and CIFAR100
(Krizhevsky et al., 2009). We provide a summary of the statistics of these datasets in
Table E.1. Algorithm 3 takes as input a logging policy 7y which we define as

eXP(Uo : ¢($)Tuo,a)
Y weaexp(no - o(x)  poar)’

mo(alz) = V(z,a) € X x A. (E.25)

Here ¢(z) € R? is the feature transformation function that outputs a d-dimensional
vector, fig = (Hoa)aca € R are learnable parameters and 7 is an inverse-temperature
parameter for the softmax in (E.25). We explain next how these quantities are derived
in detail.

The feature transformation function ¢(z) € R%: for all the datasets, except CIFAR100,
the feature transformation function ¢(-) is defined as ¢(x) = roy for any z € & That
is, we simply normalize the features z € X by their Ly norm ||z||. In contrast, CIFAR100
is a more challenging problem. Thus we use transfer learning to extract features ¢(x)
expressive enough so that a linear softmax model would enjoy a reasonable performance.
Precisely, we retrieve the last hidden layer of a ResNet-50 network, pre-trained on the
ImageNet dataset, to output 2048-dimensional features. Finally, the obtained features
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Table E.1: Statistics of the datasets used in our experiments.

DATA SET NBR. TRAIN SAMPLES 1 NBR. TEST SAMPLES g NBR. AcTiONs K DiIMENSION d
MNIST 60000 10000 10 784
FasHIONMNIST 60000 10000 10 784
EMNIST 112800 18800 47 784
CIFAR100 50000 10000 100 2048

are normalized as ”"’;—” and this whole process (ResNet-50 -+ normalization) corresponds
to ¢(-) for CIFAR100.

The parameters i = (f0,0)aca € R¥: we learn the parameters 1o using 5% of the
training set S™. Precisely, we use the cross-entropy loss with an L, regularization of 107°
to prevent the logging policy 7y from being degenerate. This ensures that the learning
policies are absolutely continuous with respect to the logging policy 7, a condition under
which standard IPS is unbiased. In optimization, we use Adam (Kingma and Ba, 2014)
with a learning rate of 0.1 for 10 epochs. In all the experiments, we set the prior P =
N (nopo, Lax) for the Gaussian policies in (8.13) and we set it as P = N (nopo, Lax) X
G(0,1)% for the mixed-logit policies in (8.12). Our theory requires that the prior does
not depend on data. Given that g is learned on the 5% portion of data, we only train
our learning policies on the remaining 95% portion of the data to match our theoretical
requirements.

The inverse-temperature parameter 7y € R: this controls the performance of the
logging policy. A high positive value of 7y leads to a well-performing logging policy, while
a negative one leads to a low-performing logging policy. When 7y = 0, 7y is identical to
the uniform policy. In our experiments 7, varies between 0 and 1.

Algorithm 3 Supervised-to-bandit: creating logged data

Input: training classification set S;™ = {(X;, y;) }I,, logging policy mo.
Output: logged bandit data D, = (X, A;, C;)icpn)-

Initialize D,, = {}

for:=1,...,ndo
Ai ~ 7T0(|XZ)
Ci = —Ta—y

Algorithm 4 Supervised-to-bandit: testing policies
Input: image classification dataset S)° = {(Xj, ;)
Output: reward r.

NTs

™, learned policy 7,,.

for:=1,...,n., do
R; = H{Ai:yi}

_ 1 Nrs )
r= - Yo R

Now it remains to explain the learning policies mg and the corresponding closed-form
bounds using either our results or those in existing works (London and Sandler, 2019;
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Sakhi et al., 2022).

E.3.2 Policies

Here we present the two families of policies that we use in our experiments, Gaussian and
mixed-logit policies.

Mixed-Logit

Let # = {hy, ;0 € R ~ € R} be a hypothesis space of mappings hg, (z) = argmax,c 4 ¢(z) "0+
v, for any x € X. Here ¢(x) outputs a d-dimensional representation of context z € X.

Now assume that for any a € A, =, is a standard Gumbel perturbation, v, ~ G(0, 1),

then we have that

exp(o(x) ' 0,)

2 wreaxp(() 0a) "
=E, conx [H{hgﬁ(x):a}] : (E.26)

™o (alz) =

In addition, we randomize 6 such as 6 ~ N(u,0%I4x) where p € R and o > 0. It
follows that the posterior Q is a multivariate Gaussian N (u, 0?45 ) over the parameters
0 with standard Gumbel perturbations v ~ G(0,1)%. We denote such policies by 7rfﬁfL
and they are defined as

exp(¢(z) "0a)
X (alx) = Eganruoi ,
H, (1 dK) Za’eA exp(qb(x)Tﬁa/)
= Eon(uorrac) [T (alz)]
= BN (02101) r~GO0)K Lo, (0)=a}] - (E.27)

To sample from the mixed-logit policies )", we first sample § ~ N(u,0%l4x) and

v ~ G(0,1)" and then set the sampled action as a < hg~(z). Now we also need to
compute the gradient of the expectation in (E.27). This needs additional care since
the distribution under which we take the expectation depends on the parameters pu,o.
Fortunately, the reparameterization trick can be used in this case. Roughly speaking, it
allows us to express a gradient of the expectation in (E.27) as an expectation of a gradient.
In our case, we use the local reparameterizaton trick (Kingma et al., 2015) which is known
for reducing the variance of stochastic gradients. Precisely, we rewrite (E.27) as

MixL

Mo (A7) = Eeun(o,o()121x) [Z

exp(o(x) " g + oe€q) }
wea XD(3(2) 1 + o€ar) |
exp(é(x) "y + oe€,) }
wea®P(B(2) o + oey)

where we used that ||¢(z)||*> = 1 since features are normalized. It follows that gradients

read
exp(gf)(m)T,ua + o€q) }
Za’eA eXp(ng(:L’)T,ua/ + Uea’) '

Y, afz) = Eeoronn [v
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Moreover, the propensities are approximated as

MiIxL (CL|1}> ~ l eXp(¢(ZL’)TMa + O-Ei,a)
e D arca @Xp(O(2) e + 06 ar)

™

6 ~N(0,Ix) Vi€ [S].  (E.28)

1€[S]

In all our experiments, we set S = 32.

Gaussian

We define the hypothesis space H = {hg ;6 € R¥™ } of mappings he(z) = argmax,¢ 4 ¢(z) ",
for any x € X'. Tt follows that the learning policies mg = ;7 read

e (a|7) = Eonuorare) [Liho()=a}] - (E.29)

To see why this can be beneficial (Sakhi et al., 2022), let 7, be the optimal policy. Given
r € X, m(-]x) should be deterministic; it chooses the best action for context z with
probability 1. That is, there exists u, € R guch that m, = Ltn,., (@)=a}- When p — p,
and 0 — 0, the Gaussian policy in (E.29) approaches m,. In contrast the mixed-logit
policy in (E 27) approaches m,." . However, WZOF is not deterministic due to the additional
randomness in v and is equal to m, only if (b( )" s a.(z) — 00. This explains the choice of
removing the Gumbel noise. First, Sakhi et al. (2022) showed that (E.29) can be written
as

(Na ﬂa’)
WEZUS(GW) Eeno1 (I) ) )
< M;Ia o—|r¢< )l |

where ® is the cumulative distribution function of a standard normal variable. But
|l¢p(x)|| =1 in all our experiments. Thus

(

Ha — Ma'))} '

g

T
WE:;US(G"%) = EENN(O,l) |: H (I)(e —+ (b( )
a'#a

Then similarly to mixed-logit policies, the gradient reads

T — ’
VM U,/_‘_;}AUUS<a’$) _ EENN(OJ) |:V,u,a H @(6 + (b(x) (Ma Ha )):| )

o
a'#a

Moreover, the propensities are approximated as

T - /
T (0] ZHéez ) ““)), e ~N(0,1),VielS]. (E.30)

g
ze[S | a'#a

In all our experiments, we set S = 32.

E.3.3 Baselines

Here we present all the methods that we use in our experiments. For each method, we state
the result that holds for any learning policy 7. After that, we derive the corresponding
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closed-form bounds for Gaussian and mixed-logit policies that we presented previously. All
the baselines require computing the KL divergence between the prior P and the posterior
Q. Thus before presenting them, we state the following lemma that allows bounding the
KL divergence between the prior P and the posterior Q in the cases of mixed-logit or
Gaussian policies.

Lemma 12 (KL divergence for Gaussian distributions with Gumbel noise). For distribu-
tions P = N (uo, 02 lyrc) X G(0,1)% and Q = N (p, 02 13x) x G(0, 1), with pg, u € R
and 0 < 0% < o2 < o0,

2
_ dK 2
i = poll” log 70

D P) <
kL (QIIP) < 202 2 o2

Moreover, this result holds when the Gumbel noise is removed. That is when P = N (uo, 05 Lk )

and Q = N (/L, 02[dK)-

We borrow this lemma from London and Sandler (2019). In particular, Lemma 12 shows
that the KL terms for both policies can be bounded by the same quantity. As a result,
the corresponding bounds will be the same; the only difference is the space of learning
policies on which we optimize. For completeness, however, we write these bounds for both
types of policies although they are similar. Since existing approaches are not named, we
name them as (Author, Policy) where Author € {Ours, London et al., Sakhi et
al. 1, Sakhi et al. 2} and Policy € {Gaussian, Mixed-Logit} . Here Ours,
London et al., Sakhi et al. 1 and Sakhi et al. 2 correspond to Theorem 4, London
and Sandler (2019, Theorem 1), Sakhi et al. (2022, Proposition 1), Sakhi et al. (2022,
Proposition 3), respectively. For example, London and Sandler (2019, Theorem 1) leads
to two baselines (London et al., Gaussian) and (London et al., Mixed-Logit). In
all our experiments, the learning policies are trained using Adam (Kingma and Ba, 2014)
with a learning rate of 0.1 for 20 epochs.

Ours, Theorem 4

(Ours, Gaussian) Here we use the Gaussian policies in (E.29). Thus we only replace the
term, Dk, (Q||P), with its closed-form bound in Lemma 12. This leads to the following
objective.

llp—pol? dK log o2 4/n
) 4 = — %> log 0% + log —%—
Ea GAUS 2 2 4 B~ GAUS
i (£ (ms) + \/ 5 + By(m5")
le=poll® _ dK 4o 52 4
5 — G logom+logy A A
+ .Y + 5 VarZ(WEJUS)) ,

where we used that oy = 1 since our prior is P = N (nopo, Irc) for Gaussian policies.

lp—roll® _ dic 2 4
5 —— % logo?+log 5
n Varg (nggb)

Moreover, we set A = \/ 2

(Ours, Mixed-Logit) Here we use the mixed-logit policies in (E.27). Thus we only
replace the terms, Dkp,(Q||P), with their closed-form bound in Lemma 12. This leads to
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the following objective.

min (ﬁa (ﬂ_MIxL

lp—pol® _ d 4v/n
)+\/ 5 50 B TKlOgOQ_{_lOg% +Ba(7TMIXL)

pERIK g0 \ TN T 2n e
2
— dK 4
E ;OH I log 02 + log s )\ a(, _MixL
+ ) + B Varn(ﬂ%g ),

where we used that oy = 1 since our prior is P = N (nouo, Lax) X G(0, 1) for mixed-logit

_ 2
Il 5‘0” _% log 0_2_‘_10g%
n Var& (ﬂfj“gL)

policies. Moreover, we set A = \/ 2

London and Sandler (2019, Theorem 1)

Proposition 18. Let 7 € (0,1), n > 1, § € (0,1) and let P be a fized prior on H, then
with probability at least 1 — ¢ over draws Dy, ~ p7 , the following holds simultaneously for
all posteriors, Q, on H that

2(£7 (mq) + 1) (Dxw(QIIP) +log 3) L 2(Dxu(@P) +1og )

R (mq) < £, (mq) + Y Tn—1)

(E.31)

Baseline 1: (London et al., Gaussian) Here we use the Gaussian policies in (E.29).
Thus we only replace the terms, Dk, (Q||P), with their closed-form bound in Lemma 12.
This leads to the following objective.

2 (ﬁ; (Wﬁj}”s) + %) (—””}“OHQ — % log o2 + log %)
T(n—1)
= ||2 dK n
2 <% — 710g02+10gg>)
7(n—1) ’

+

where we used that og = 1 since our prior is P = N (nouo, 4k ) for Gaussian policies.

Baseline 2: (London et al., Mixed-Logit) Here we consider the mixed-logit policies in
(E.27). Since the additional Gumbel noise does not affect the KL divergence (Lemma 12),
we have the same objective as in the Gaussian case. That is

2 (ﬁ; (7Tm‘(’,‘L) + %) <—”“_2“°H2 — % log o2 + log %)
T(n—1)
2 (—”“_;0”2 — K logo? +log %)

T(n—1) )’

min ET (WMIXL) +
HERIK 50 " e

+

where we used that oy = 1 since our prior is P = N (nopo, Lax) x G(0, 1) for mixed-logit
policies.
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Sakhi et al. (2022, Proposition 1)

Proposition 19. Let 7 € (0,1), n > 1, § € (0,1) and let P be a fized prior on H, then
with probability at least 1 — 6 over draws D, ~ p , the following holds simultaneously for
all posteriors, Q, on H that

2v/n

At DKL (Q[IP)+log =5~
<min — (1 e P T ) E.32
R(ro) < iy oy (1 (552

Baseline 3: (Sakhi et al. 1, Gaussian) Here we use the Gaussian policies in (E.29).

-~ 2
llp=poll — 4K 165 52 t1og v

min (7_(; (1 — e M)+ n 2Tn>> ; (E.33)

HERIK 550, A>0 er —1)

where we used that oq = 1 since our prior is P = N (nouo, l4x) for Gaussian policies.

Baseline 4: (Sakhi et al. 1, Mixed-Logit) Here we consider the mixed-logit policies
in (E.27).

. le—poll? _dK |, 0210 27
nin (%(1 A (gt ) s >> | (E.34)
-

HERIK 50 1>0 er —1

where we used that oy = 1 since our prior is P = N (nopo, Lax) x G(0, 1) for mixed-logit
policies.

Sakhi et al. (2022, Proposition 3)

Proposition 20. Let 7 € (0,1), n > 1, 6 € (0,1), let P be a fixed prior on H, and let
A= {/\i}ie[nx] a set of ny positive scalars. Then with probability at least 1 — 6 over draws
D, ~ py,, the following holds simultaneously for all posteriors, Q, on H and any \; € A,

. Dk (Q[P) +log 2% Dyp(Q|IP) +log 22 X/ A\ .
£<WQ>scn<m>+\/ wll)roe s | Dol s 20 (2 vitm)

(E.35)

n

where g : u — eXp("u)# and VI (mg) = %Z?:l E pmg(-1x0) %] .

Baseline 5: (Sakhi et al. 2, Gaussian) Here we consider the Gaussian policies in
(E.29).

lp—poll® _ di avm u—mol?  dK ) on
min (ﬁ; (o) + \/% — G logo +log T - — rlogo” +log T
LERIK 550 AEA Hs m \
A A
— R VT GAUS >’
+ng (Tﬂ) " (W’“’ )
(E.36)
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where we used that og = 1 since our prior is P = N (nouo, I4x) for Gaussian policies.

Baseline 6: (Sakhi et al. 2, Mixed-Logit) Here we consider the mixed-logit policies
in (E.27).

l=poll® _ dK 10 52 4Wm lp—pol® _ dK 2 2n)
. R 0L — 28 Jog 02 + log =" — % ]ogo? + log Z2

ET MixL \/ 2 2 § 2 2 )

ueRdIg},H;o)\eA ( " (W“’U ) + 2n + A
A A
- A V’T MixL > 7
+29 () v
(E.37)

where we used that oy = 1 since our prior is P = N (nopo, Lax) X G(0, 1) for mixed-logit
policies.

E.3.4 Additional Results and Discussion

In Figure E.1, we report the reward of the learned policy using one of the considered
methods. We make the following observations:

e Choice of 7 and «: in Figure E.1, we set 7 = 1/y/n ~ 0.06 and o = 1 —
1/\/n ~ 0.94 so that when n is large enough, both £7(x) and £(r) approach
L*s(rr) (Tonides, 2008). This is because standard IPS should be preferred when
n — o0o. For completeness, we also show in Figure E.2 that the choice of o and 7
does not affect the conclusions that we make here. We also include in Figure E.2 the
results with an adaptive and data-dependent o obtained using (8.15) in Section 8.3.4.
The results in Figure E.2 will be discussed in detail after we finish analyzing the
results in Figure E.1.

e Overall performance: our method outperforms the baselines for any class of
learning policies (Gaussian or mixed-logit) and any choice of logging policies. The
only exception is when the logging policy is uniform.

e Effect of the class of learning policies: the class of policies, Gaussian or mixed-
logit, affects the performance of all the baselines. In general, Gaussian policies
behave better than mixed-logit policies. However, this is less significant for our
method; the performance of both Gaussian and mixed-logit policies are comparable,
and in both cases, our method outperforms the baselines with Gaussian policies.
Therefore, in general, Gaussian policies should be preferred over mixed-logit policies.
But in case engineering constraints impose the choice of mixed-logit or softmax
policies, then the performance of our method is robust to this choice.

e Effect of the logging policy: our method reaches the maximum reward even
when the logging policy is not performing well. In contrast, the baselines only reach
their best reward when the logging policy is already well-performing (19 =~ 1), in
which case minor to no improvements are made. Note that the baselines have a
better reward than ours when the logging policy is uniform. But our method has
better reward when the logging policy is not uniform, that is when ny > 0. This
is more common in practice since the logging policy is deployed in production and
thus it is expected to perform better than the uniform policy.
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In Figure E.2; we compare our method to (Sakhi et al. 2) with Gaussian policies since
this was the best-performing baseline in our experiments in Figure E.1. Note that we did
not include CIFAR100 in Figure E.1 as it was computationally heavy to run these exper-
iments with varying 7y, a and 7 for a very high-dimensional dataset such as CIFAR100.
We consider 20 varying values of 7 and « evenly spaced in (0,1). We also include the
results using the adaptive tuning procedure of o described in Section 8.3.4 (green curve).
We make the following observations:

e Adaptive and data-dependent «: This procedure is reliable since the perfor-
mance with an adaptive « (green curve) is comparable with the best possible choice
of a.. This is consistent for the three datasets.

e Effect of the choice a: as we observed before, the only case where the choice of
«a may lead to bad-performing policies is when the logging policy is uniform. When
the logging policy is not uniform, our method outperforms the best baseline with
the best 7 for a wide range of values of a. Also, note that there is no very bad
choice of «a, in contrast with 7 ~ 0 that led to a very bad performing policy that
slightly improved upon the logging policy. This attests to the robustness of our
method to the choice of a. Moreover, our bound regularizes better «; it contains a
bias-variance trade-off term for . Also, the bound of (Sakhi et al. 2) hasa 1/7
making it vacuous for small values of .

e Best choice of a: To see the effect of a for varying problems, we consider the
following experiment. We split the logging policies into two groups. The first is
modest logging which corresponds to logging policies whose 7y is between 0 and
0.5. This includes uniform logging policies and other average-performing logging
policies. The second is good logging which corresponds to logging policies whose
Mo is between 0.5 and 1. After that, for each a, we compute the average reward
of the learned policy across either the group of modest or good logging policies.
For each dataset, this leads to the two red and green curves in the second row
of Figure E.2. Overall, we observe that a ~ 0.7 leads to the best performance
for the modest logging group. Thus when the performance of the logging policy is
average, regularizing the importance weights can be critical. In contrast, when the
performance of the logging policy is already good, regularization is less needed and
we can set a ~ 1. Fortunately, one of the main strengths of this work is that our
bound also holds for standard IPS recovered for &« = 1. The bounds in all prior
works cannot provide good performance for standard IPS due to their dependency
on 1/7.
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Figure E.2: In the first row, we report the reward of the learned policy with 20 evenly
space values of 7 € (0,1) and o € (0,1) and varying 7y € [0, 1], and for an adaptive
and data-dependent « obtained using (8.15) in Section 8.3.4. The blue-to-cyan colors
correspond to different values of 7. The lighter the color, the higher the value of 7. For
instance, the cyan lines correspond to high values of 7 while the blue ones correspond to
very small values of 7. Similarly, the red-to-yellow colors correspond to different values a.
The lighter the color, the higher the value of a.. For instance, the yellow lines correspond
to high values of a while the red ones correspond to very small values of «. Finally,
the green curve corresponds to the reward of the learned policy using an adaptive and
data-dependent « described in (8.15) (Section 8.3.4). In the second row, we report the
average reward of the learned policies using our method across the modest logging group
(no € [0,0.5] in red) and the good logging group (1o € [0.5, 1] in green).
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Figure E.1: The reward of the learned policy for four datasets with varying quality of the
logging policy ng € [0, 1].

E.3.5 Learning Principles

Here we compare our bound in Theorem 4 and our learning principle in (8.17) to the one in
London and Sandler (2019). We do not include the learning principle in Swaminathan and
Joachims (2015a) since the one in London and Sandler (2019) enjoys similar performance
and is far more scalable. The learning principle of London and Sandler (2019) is defined
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as

min L7 () + Al = ool |- (E.38)

where A is a tunable hyper-parameters, 7, is the softmax policy defined in (E.26) and
1 € R s its parameter vector. This learning principle is referred to as (London et al.,
LP). In contrast, our learning principle is defined as

ﬁi(m) + Ml = pol|* + Ao Vary (m,) + X By () (E.39)

where A1, Ay and A3 are tunable hyper-parameters and 7, is the Gaussian policy in (8.13)
with a fixed 0 = 1. Our learning principle is referred to as (Ours, LP). Finally, our
bound in Theorem 4 with Gaussian policies is referred to as (Ours, Bound). Similarly
to the previous experiments, we set 7 = 1/y/n = 0.06 and @ = 1 — 1/y/n = 0.94 so
that when 7 is large enough, both £7(r) and £2(r) approach £75(x) (Ionides, 2008).
For the learning principles, we tried multiple values of hyper-parameters A, A\;, Ao and A3,
all between 107 and 10~!. For instance, we found that the best hyper-parameter for
London and Sandler (2019) is A = 107° which matches the value they found in their
FashionMNIST experiments. For our learning principle, the best hyper-parameters were
A = 107°, Ay = 107® and A3 = 107°. In contrast, our bound does not require hyper-
parameter tuning. We report in Figure E.3 the reward of the learned policy on the
FashionMNIST for all these methods with varying values of hyper-parameters. To reduce
clutter, we only report the reward for good choices of hyper-parameters A\, A1, Ay and As.
We observe that for a wide range of hyper-parameters, our learning principle outperforms
the one in London and Sandler (2019). However, both learning principles are sensitive
to the choice of hyper-parameters. In contrast, our bound does not require the tuning
of any additional hyper-parameter and it achieves the best performance except for the
uniform logging policy. In addition to being more theoretically grounded, this approach
also enjoys favorable empirical performance without additional hyper-parameter tuning,
an important practical consideration.

FashionMNIST, K=10, d=784
T

0.7
0.6
0.5

Logging

0.4 Ours, LP
0.3 — London et al., LP 7
0.2 — Ours, Bound T

reward of the learned policy

0.1 1 1 1 1
00 02 04 06 08 1.0

inverse-temperature parameter 7,

Figure E.3: The reward of the learned policy using either our bound in Theorem 4 (referred
to as (Ours, Bound) in green), our learning principle in (8.17) (referred to as (Ours,
LP) in red for multiple values of hyper-parameters) or the learning principle in London
and Sandler (2019) (referred to as (London et al., LP) in blue) for multiple values of
hyper-parameters).
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E.3.6 Other Importance Weight Corrections

Su et al. (2020); Metelli et al. (2021) also proposed corrections that are different from
hard clipping (a detailed comparison is given in Section 8.2). However, they were not
included in our main experiments since they do not provide generalization guarantees;
they focus on OPE and only propose a heuristic for OPL in their Appendix B.2 and
Section 6.1.2, respectively. Those heuristics are not based on theory, in contrast with
ours which is directly derived from our generalization bound. However, for completeness,
we also compare our regularization of importance weights to theirs. To make such a
comparison, we use the hyper-parameters and tuning procedures provided in Section 6
and Appendix B.2 for Metelli et al. (2021) and Sections 5 and 6.1.2 for Su et al. (2020).
Overall, we observe in Figure E.4 that our method outperforms these baselines in OPL
and the gap is more significant when the logging policy is not performing well.

The reward of the learned policy using one of the baselines with varying quality of the logging policy 7, € [0,1].
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Figure E.4: The reward of the learned policy with varying quality of the logging policy
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Résumé : Cette thése étudie I'apprentissage de poli-
tiques dans les systemes interactifs ou un agent ob-
serve un contexte, choisit une action parmi un trés
grand ensemble, puis recoit un retour partiel. Le cadre
principal est celui des bandits contextuels, avec deux
paradigmes : I'apprentissage en ligne, ou I'agent in-
teragit séquentiellement avec I'environnement et mi-
nimise le regret, et I'apprentissage hors politique, ou
il apprend a partir de données journalisées par une
politique de logging. Dans les grands espaces d’ac-
tions, ces deux cadres soulévent des difficultés ma-
jeures : exploration colteuse, faible couverture des
données, forte variance des poids d'importance, biais
d’extrapolation et objectifs difficiles a optimiser. La
premiere partie propose des méthodes bayésiennes
structurées pour I'apprentissage en ligne. Nous in-
troduisons meTS, une extension de Thompson sam-

pling fondée sur des effets mixtes, puis 4TS, qui ex-
ploite des priors inspirés des modeles de diffusion.
Ces méthodes partagent I'information entre actions
et obtiennent des garanties de regret dépendant d’un
nombre effectif d’actions. La seconde partie traite
'apprentissage hors politique. Nous proposons sDM,
une méthode directe structurée fondée sur des va-
riables latentes, montrons que I'erreur d’optimisation
peut dominer l'erreur d’estimation dans les grands
espaces d’actions, et introduisons des objectifs de
vraisemblance pondérée par la politique, concaves et
efficaces a optimiser. Enfin, nous développons des
méthodes pessimistes différentiables fondées sur le
lissage exponentiel et des bornes PAC-bayésiennes
pour contréler le compromis biais-variance des esti-
mateurs par importance sampling.
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Abstract : This thesis studies policy learning in inter-
active systems where an agent observes a context,
selects an action from a very large set, and receives
partial feedback. The main framework is contex-
tual bandits, with two paradigms: on-policy learning,
where the agent interacts sequentially with the envi-
ronment and minimizes regret, and off-policy learning,
where it learns from logged data collected by a log-
ging policy. In large action spaces, both settings face
major challenges: inefficient exploration, sparse data
coverage, high-variance importance weights, extrapo-
lation bias, and difficult optimization landscapes. The
first part develops structured Bayesian methods for
on-policy learning. We introduce meTS, a mixed-effect
extension of Thompson sampling, and dTS, which le-

verages diffusion-inspired priors to model dependen-
cies between actions. These methods share infor-
mation across actions and yield regret guarantees
depending on an effective number of actions. The
second part addresses off-policy learning. We pro-
pose sDM, a structured direct method based on la-
tent variables, show that optimization error can domi-
nate estimation error in large action spaces, and in-
troduce policy-weighted log-likelihood objectives that
are concave and efficiently optimizable. Finally, we
develop differentiable pessimistic methods based on
exponential smoothing and PAC-Bayesian bounds
to control the bias-variance trade-off of regularized
importance-sampling estimators.
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