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ABSTRACT

Off-policy evaluation (OPE) and off-policy learning (OPL) are foundational for
decision-making in offline contextual bandits. Recent advances in OPL primar-
ily optimize OPE estimators with improved statistical properties, assuming that
better estimators inherently yield superior policies. Although theoretically justi-
fied, this estimator-centric approach neglects a critical practical obstacle: chal-
lenging optimization landscapes. In this paper, we provide theoretical insights
and empirical evidence showing that current OPL methods encounter severe opti-
mization issues, particularly as the action space grows. We show that estimator-
aware policy parametrization can mitigate, but not fully resolve, optimization
challenges. Building on this, we explore simpler weighted log-likelihood objec-
tives and demonstrate that they enjoy substantially better optimization properties
and still recover competitive, often superior, learned policies. Our findings em-
phasize the necessity of explicitly addressing optimization considerations in the
development of OPL algorithms for large action spaces.

1 INTRODUCTION

The offline contextual bandit (Dudik et al., 2011) leverages logged data from past interactions to im-
prove future decision-making, with wide applications in areas like recommendation systems (Bot-
tou et al., 2013; Aouali et al., 2022). We consider a standard setting where we are given a dataset
D,, = {(Xi, A;, Ri)}, of nii.d. tuples. Each tuple consists of a context X; € X C R? drawn
from an unknown distribution v, an action A; € A = [K| sampled from a known logging policy as
A; ~ mo(- | X;), and a corresponding reward R; ~ p(- | X;, A;) sampled from the unknown reward
distribution p(- | X;, A;), whose mean is 7(z,a) = Egrp(.|z,q) [[}]. The performance of any new
policy 7 is measured by its value, defined as the expected reward it would obtain:

V(ﬂ-) = ]EXNU7A~71'(~|X)[T(X7 A)] (1)

The goal of off-policy learning (OPL) is to leverage the offline dataset D,, to learn a policy 7,, from
a policy class IT that maximizes this value, i.e., 7, = arg max ¢ V(7).

The dominant paradigm in OPL is to optimize an off-policy evaluation (OPE) estimator V,, () that
approximates the true policy value V() (Swaminathan & Joachims, 2015a) such as V;,(7) = V ().

The learning problem is thus framed as 7, = argmax Vn(w), with the rationale that maximizing a
more accurate estimate of the value yields a superior learned policy. However, this estimator-centric
view overlooks a critical aspect: the optimization landscape. OPE objectives (Dudik et al., 2011;
Dudik et al., 2012; Dudik et al., 2014; Wang et al., 2017; Farajtabar et al., 2018; Su et al., 2020;
Metelli et al., 2021; Kuzborskij et al., 2021; Saito & Joachims, 2022) are highly non-concave with
common parameterized policies (Chen et al., 2019), prone to suboptimal local maxima, an issue
more pronounced in large action spaces. Notably, even sophisticated estimators designed to reduce
variance fail to overcome this optimization barrier, suffering from difficult-to-optimize landscapes.

We show that one way to alleviate these difficulties is through estimator-aware policy parametriza-
tion: structuring the policy class to match the implicit biases of the estimator. Such parametrizations
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reduce the effective search space and can shorten optimization plateaus. While this strategy provides
tangible benefits, it does not eliminate the fundamental non-concavity of OPE objectives, leaving
optimization as the central bottleneck.

Motivated by this limitation, our work advocates an alternative approach based on policy-weighted
log-likelihood (PWLL) objectives. Unlike traditional estimators, PWLL optimizes an objective
U, () designed for ease of optimization rather than accuracy in estimating V (7). Although PWLL
objectives perform poorly as value estimators, their favorable concave landscape significantly en-
hances their effectiveness for learning. Through theoretical and empirical analysis, we show that this
optimization-centric approach consistently enables simpler PWLL objectives to outperform com-
plex, state-of-the-art OPE objectives, particularly in large action spaces.

The remainder is organized as follows. Section 2 uses an asymptotic lens to analyze OPE objectives,
then derives objective-aware policy parametrizations that partially alleviate optimization challenges
faced by OPE objectives. Section 3 introduces PWLL objectives and establishes their favorable
optimization properties. Section 4 presents large-scale experiments. We conclude in Section 5.

2 ANALYSIS OF OPE OBJECTIVES

OPE objectives optimize an estimator V;, () of the value V(). While statistically motivated, this in-
duces objective-specific biases in the learned policy and yields challenging optimization landscapes.
To make this expl1c1t we study the asymptotic solutions TME™OP = argmax,lim,, VMETHOD(W)
obtained by maximizing each estimator in the infinite- data regime (proofs in Appendix C).

Why is the infinite-data view informative? In practice, the logging policy mq typically concen-
trates on a small, context-dependent support (Sachdeva et al., 2020) that is much smaller than K:

So(x) ={a:mo(a|x) >0}, ko(x) = [So(z)] < K, 2)

and we denote kg = E[ko(X)] as the typical support size. For a fixed policy 7, standard concen-
tration results (e.g., (Sakhi et al., 2024)) give pointwise deviations of order \/ko/n between Vn(ﬂ)
and its expectation.! Hence, when n is large and kg is small (common in practice), the estimator
is close to its value with infinite data (i.e., its expectation). Therefore, looking at the maximizer of
the estimator in the infinite-data regime (i.e., asymptotic solution) is insightful. In addition, these
asymptotic solutions could be obtained in closed-form, while the finite-data ones cannot. This is
why we focus on the infinite-data view.

What does the infinite-data view reveal? Taking n — oo removes sampling fluctuations and iso-
lates the inductive bias of the objective. Different estimators converge to different policy structures
even with infinite data. Thus, 7MFTHP is governed by the estimator’s design rather than by statistical
noise. This perspective clanﬁes the policies each objective targets and motivates objective-aware
parametrizations, aligning the policy class with the induced bias, fo ease optimization. This forms
the first line of improvements we propose in this paper.

2.1 STANDARD OPE OBJECTIVES

Inverse propensity scoring (IPS). The foundational IPS estimator (Horvitz & Thompson, 1952)
re-weights observed rewards by the ratio between the target policy 7 and the logging policy 7g:

_ 1 "L A (A | Xi)
VIPS - 3
n 70(4; | X3) ) ®)
=1
With infinite data, IP S selects the best-rewarding action among those in the support of mg:
7 %a|z) =1 {a = argmaxr(as a)l[m(a’ | z) > 0]| . 4)
a’€A

IPS is unbiased but can suffer from high variance due to large importance weight values.

I'This can be extended to hold uniformly over a parametric class of dimension d (e.g., linear softmax), via
standard Rademacher/VC arguments.
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Clipped IPS (cIPS). To mitigate the high variance of IPS, cIPS (Bottou et al., 2013) clips small
propensity scores at a threshold 7 € (0, 1):

(7CIPS _ l - m(A; | Xi) )
V() = n ; max{mo(A4; | X;),7} . ©)

This clipping introduces a bias. The asymptotic policy down-weights the rewards of rare actions,
causing it to favor actions that were frequent under 7y, even if they are suboptimal:

mo(a’ | x)

i8] x) =1 [a = argmax r(z,a’)|. (6)

a’ea max{mo(a’ | ), T}

Exponential smoothing (ES). Instead of hard clipping, ES (Aouali et al., 2023) smooths importance
weights by raising propensities to a fractional power « € (0, 1):

sy L w4 Xo)
Vi (m) = n Z mo(4; | Xz‘)aRZ. @

i=1

Its asymptotic policy balances reward maximization with preference for frequent actions:

5] x) =1 [a = argmax r(x,a’)mo(a’ | )17 . (8)
a’€A

Another variant of ES regularizes the entire importance weight as (ﬂlo)"‘ instead of only the denom-
inator. In contrast to the deterministic policies derived from IPS, cIPS, and the ES formulation
above, this approach yields a stochastic asymptotic policy: 755 (a | z) o< 7(z,a)"/ = 7o(a | ).
Other regularizations include logarithmic smoothing (Sakhi et al., 2024), implicit exploration (Gab-
bianelli et al., 2024), harmonic correction (Metelli et al., 2021), shrinkage (Su et al., 2020). Further
details are available in Appendix B.

Doubly robust (DR). The DR estimator incorporates a reward model #(x, a) to reduce variance and
enable generalization to actions outside 7y’s support. A common clipped variant is:

“7DR 71 S W(Ai|Xi) AY. AL e
VR (m) = ﬁ;max{m( ATy B P A+ Bangpy (X5 ). ©)

Its solution interpolates between model-based reward prediction and unbiased correction using 7g:

mo(a' | x)

DR — ]l{ = P !
T (a | gg) a argrenjxr(%a ) + max{ﬂo(a' ‘ I)’T}

(r(w.a) —#(z.a)) | (0)

2.2 LARGE-SCALE OPE OBJECTIVES

In large action spaces, importance weights ;;((‘Zlﬁ)) can become huge, leading to estimators with

high variance. To mitigate this, modern methods compute marginalized importance weights over a
lower-dimensional action representation, trading bias for reduced variance.

Marginalized IPS (MIPS). MIPS (Saito & Joachims, 2022) tackles large action spaces by clustering
actions. It maps each action a to a cluster ¢ via a function ¢ : A — C, where | C |<| A |. Estimation
is then performed at the cluster level:

VHIES (1) = %Z mRi, where C; = ¢(A;) and w(c | x) = ZT((CL |z). (1)
i=1 L

acc

This cluster-level marginalization introduces bias: the asymptotic solution only selects the best clus-
ter based on its average reward under 7, and cannot differentiate between actions within that cluster:

TS (¢ | z) = 1 [c — argmax { Lace Mola | 2)r(@, a) H . (12)

c'eC Zaec’ 71-0(0/ | :C)
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Hence, MIPS offers no specific guidance for selecting an action within the optimal cluster; any
action is considered equally valid. Consequently, if actions are chosen uniformly at random from
this optimal cluster, the resulting asymptotic action-level solution is:

I|¢(a) = argmax, e {Zaiur::;(:ﬁz)jg “ H

|(a)l

where |¢(a)| denotes the size of the cluster containing action a.

MIPS(

o (a]x) =

Conjunct effect modeling (Of £CEM). Building on MIPS, Of £CEM (Saito et al., 2023) uses a re-
ward model 7 to correct for the cluster-level aggregation bias, in a doubly robust fashion:

) = 13 (e B O A+ Bar x5 AY) 13

The resulting asymptotic policy selects the action that maximizes the model-predicted reward 7, plus
a cluster-level correction term that accounts for model error:

RO (g | 2y = la = argmax {f(x,a/) + Za@h(a’) mo(a | z)(r(z,a) — 7(z,a)) }] . (14

a’€A Zd€¢(a’) mo(a | x)

Two-stage decomposition (POTEC). In this work, we see POTEC (Saito et al., 2025) as an opti-
mization strategy of Of £CEM (rather than seeing it as a new estimator). It restricts the policy to a
cluster-informed form,

m(a|z) = Zﬂ' (a|z,c)r(c|z),

ceC

where ™*(a | z,c¢) = 1ja = argmax, . 7(x,a’)] is fixed, model-based policy that deterministi-
cally selects the best action within each cluster. Learning is then simplified to finding the optimal
cluster-level policy 7" that maximizes the Of £ CEM objective in Eq. (13):

. 1 & O | X5
V/POTEC (reL) — ﬁz (7;0(((]|IX)) (Ri — #( Xy, Ay)) + ZT{'CL c| X)X )) , (15)
i=1 v v cec

where 7} (x) = max,e. 7(, a) is the estimated reward of the best action in cluster ¢. This practical

decomposmon has the same optimal asymptotic solution as Of fCEM: wLOTEC = g OfECEM,

Policy convolution (PC). Moving beyond hard clustering, PC (Sachdeva et al., 2023) leverages the
assumption that actions close in an embedding space yield similar rewards. For each action a, it
aggregates over its neighborhood of nearest neighbors N.(a) = {a’ : d(a,a’) < €}, where d is a
pre-defined distance metric (e.g., {5 distance between embeddings):

PC *ln—ﬂ( (A) | Xi) p with a)|z) = w(d | x
Ve = o A [ Xy Wit w(Ne(a) | ) a/%@( [2). (16)

The induced asymptotic policy is deterministic: it selects the action a’ that maximizes an aggregated
neighborhood score. Each logged neighbor @ € N.(a’) contributes its reward r(z, @), weighted by
the conditional probability of observing a under the logging policy restricted to its neighborhood.

7%al|x)=1|a= argmjx Z W . (17
a’'e

Other recent IPS variants for large action spaces (Peng et al., 2023; Cief et al., 2024; Taufiq et al.,
2024) are often extensions of MIPS that relax its core assumptions. We focused on four methods
(MIPS, OffCEM, POTEC, and PC), which we consider representative of this family. Since these
variants largely share the same MIPS foundation and optimization procedure (with the notable ex-
ception of POTEC), we expect our findings to be generally applicable.
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2.3  OPTIMIZATION CHALLENGES

The statistical properties of OPE estimators are only half the story. In practice, their effectiveness is
often limited by a more immediate obstacle: a challenging optimization landscape. OPE objectives
become very difficult to optimize when paired with standard, expressive policy classes like the
softmax. This section explores why this happens and introduces objective-aware parametrization as
a strategy to mitigate, though not entirely solve, the problem.

To analyze the optimization process, we consider policies parametrized by a softmax function. For
any given context z, the policy is defined over an effective action space, Agr:(x) C A, which is the
set of actions that can be assigned non-zero probability. The policy takes the form:

exp(sg(z,a))
D oAy () EXP(s0 (2, 0"))

mo(alx) = fora € Agge(x), (18)

where sg(x,a) is a learnable score function. A common choice are linear softmax scores,
lightweight: s (z,a) = h(z,a)' 6, heavyweight: so(x,a) = h(z)'0,,  (19)

and we respectively call them, lightweight parametrization (learning a single shared parameter vec-
tor ) and heavyweight parametrization (learning separate parameters 6, for each action).

The size of this effective action space, Kge(x) = |Agee()], is the critical factor governing opti-
mization. The following propositions (proofs in Appendix D, adapted from (Chen et al., 2019; Mei
et al., 2020a)) reveal just how severe the problem can be.

First, gradient-based methods can get stuck in suboptimal regions for extended periods.

Proposition 2.1 (Optimization plateaus). For any OPE estimator Vi, that is linear in m, and even
with a linear softmax policy, there exist problems where gradient descent is trapped in a suboptimal
region for a number of iterations that scales linearly with the effective action space size, K.

Second, the optimization landscape is highly non-concave, plagued by poor local optima that can
trap the learning algorithm.

Proposition 2.2 (Local maxima). Under similar conditions, the optimization landscape for OPE
objectives can have a number of local maxima that is exponential in Keggp.

These results highlight that Kgge plays a central role in the optimization properties of OPL. A com-
mon implementation choice is to set the effective action space to the full action space for all contexts,
i.e., Age(z) = A, which makes Kym(x) = K. In large-scale settings where K can be in the mil-
lions, this is a recipe for optimization failure, as learning must navigate a landscape with potentially
long plateaus and an exponentially large number of local maxima.

Surprisingly, even sophisticated methods designed specifically for large action spaces often fall into
this trap. At first glance, methods like MIP S, Of £CEM, and PC appear to operate in a smaller space
because their objective functions involve marginalized probabilities like 7(C; | X;) in MIPS and
OffCEMor m(N(A4;) | X;) in PC. However, these marginalized terms are defined as sums over an
underlying action-level policy:

m(C; | X;) = Z m(a | X;), and m(Ne(a) | x) = Z m(a | x).

acC; a’€Nc(a)

If this foundational policy, 7(a | z), is parameterized as a standard softmax over the entire action
space A, then the optimization procedure must still compute gradients with respect to the scores of
all K actions. The learning problem does not shrink; the complexity is merely hidden inside the
definition of the cluster-level probabilities.

The only exception among these is POTEC, which we view not just as an estimator but as a deliberate
optimization strategy. By fixing the intra-cluster policy 7" and learning only the cluster-level policy
7, POTEC fundamentally changes the problem. It forces the optimization to occur directly in the
cluster space, making its effective action space C and its cardinality |C| < K. This structural choice
circumvents the bottleneck entirely, easing the optimization landscape.
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2.3.1 DESIGN IMPLICATIONS: OBJECTIVE-AWARE PARAMETRIZATION

The choice of Kgge introduces a fundamental trade-off. A smaller effective action space leads to a
simpler optimization landscape, it also risks excluding the optimal action and reduces the expres-
siveness of the policy class. If Az () is chosen arbitrarily and is too restrictive, it may lead to bad
performance. The challenge is to find the sweet spot: a parametrization that is constrained enough
to be optimizable, yet expressive enough to contain the best possible policy for a given objective.

This is precisely where our asymptotic analysis helps. The asymptotic solution 7ME™°P for each
estimator reveals the minimal sufficient set of actions required to find the objective’s maximizer.
By aligning the policy parametrization with this insight, we can shrink the search space without
sacrificing performance. This is the core principle of objective-aware parametrization.

For instance, the asymptotic solutions for IPS, cIPS, ES are always confined to the support of the
logging policy, Sp(x). This tells us that setting Agg(2) = So(z) is a sufficient parametrization.
Similarly, for Of £CEM and MIPS, the cluster-level structure of their asymptotic solutions suggests
that a two-stage decomposition like POTEC is the most effective parametrization. These observa-
tions allow us to identify sufficient policy parametrizations that reduce the degrees of freedom and
make learning more tractable. Based on this, we make the following claims, which we validate
empirically in Section 4:

Claim 2.3. For importance-weighted objectives (e.g., IPS, cIPS, ES), parameterizing the policy
m with support restricted to that of the logging policy, Sy(x), improves optimization and leads to
superior learned policies.

Claim 2.4. For large-scale objectives (e.g., Of fCEM), using a two-stage decomposition (POTEC-
style) that optimizes a policy at the cluster level yields better optimization and final performance
than a naive action-level parametrization.

While this objective-aware parametrization makes the optimization landscape of OPE objectives
more navigable by shrinking the search space, it only treats the symptoms (plateaus and local max-
ima) without curing the underlying non-concavity. Thus, we propose next a more fundamental shift:
abandoning accurate value estimation in favor of tractable optimization.

3 ANALYSIS OF PWLL OBJECTIVES

To overcome the optimization challenges of OPE objectives, we consider policy-weighted log-
likelihood (PWLL) objectives. These methods trade accurate value estimation for a well-behaved,
concave optimization landscape, leading to more robust and effective policy learning.

General form. Given a positive weighting function g(r, p), the PWLL objective is:

. 1 —

Ug(ﬂ') = ﬁZQ(Riaﬂ'O(Ai | le))log?'('(Az | Xl) (20)
i=1

Unlike OPE objectives, this form is logarithmic in the policy 7. This change has a profound impact

on the optimization properties as we show in the next proposition (proof in Appendix D.).

Proposition 3.1. For linear softmax policies my, the PWLL objective Ug (mg) is concave, and is
strongly concave once {5 regularization is used.

This property guarantees that a unique global maximum exists and can be found efficiently with
gradient-based methods, avoiding the issues of local maxima and plateaus that plague OPE objec-
tives. Different choices of the weighting function g yield different learning algorithms.

Local policy improvement (LPI). Liang & Vlassis (2022) set g(r,pg) = r, which optimizes the
log-likelihood of actions weighted by their observed rewards:

. 1 <&
UFH(m) = — R;1 A | Xi). 21
1) = Y Ribogn(4 | %) e
The asymptotic policy balances reward-seeking with imitation of the logging policy:

" a | x) < r(z,a)mo(a | ). (22)
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Clipped LPI (cLP1I). To reduce the logging policy’s influence, cLP I uses importance-weight clip-
ping, setting g(r,pg) = m:

N 1 & R
cLPI _ 1 i
U™ (m) = n Z max{m(4; | X;), 7}

i=1

In a similar spirit to cIPS, its asymptotic solution corrects for action frequency under 7y, down-
weighting the influence of rare actions due to the clipping:

mo(a | )

>:LPI(

T alz)oxr(z,a) (24)

max{mo(a | ), 7}

KL regularization (RegKL). To further amplify the reward signal relative to the logging policy
prior, RegKL uses an exponential weighting function g(r, pg) = exp(r/5):

. RS
UleegKL(ﬂ.) — E Z eXp(R,L/B) IOg 7T(A7, | X’L) . (25)

i=1
The asymptotic policy is proportional to the logging policy, weighted by the exponentiated reward:
EegKL (CL ‘ :17) S8 Erwp(-\z,a) [eXp(’r/ﬂ)]TrO(a | $) (26)

The temperature parameter S smoothly interpolates between behavior cloning (8 — oo) and greedy
reward maximization (5 — 0).

™

Note that BPR (Rendle et al., 2012) can be seen as an approximate PWLL objective, and we in-
cluded it in our experiments. In fact, this general form of PWLL lends itself to numerous variations
by modifying the weighting function g. For instance, one could introduce variants inspired by reg-
ularized IPS like Exponential Smoothing (esLPI) to fine-tune the bias-variance trade-off. While
many such variants can be proposed for specific use cases, the central message of our work is that the
well-behaved optimization landscape of the PWLL family is of greater practical importance than the
estimation accuracy of OPE objectives. Thus, an exploration of these PWLL variants is beyond our
scope. We contend that the foundational methods analyzed above, LPI, cLPI, and RegKL, along
with the widely used BPR are sufficient to demonstrate the inherent advantages of PWLL objectives.

4 EMPIRICAL ANALYSIS

We conduct our empirical evaluation on three large-scale recommendation datasets: MovieLens
(K = 60k) (Lam & Herlocker, 2016), Twitch (K = 200k) (Rappaz et al., 2021), and GoodReads
(K = 1M) (Wan et al., 2019). These benchmarks feature action spaces with up to one million items,
representing some of the largest settings studied in the offline policy learning literature. For all
experiments, we employ the common softmax inner-product policies. We compare methods from
both objective families. For OPE objectives, we include IPS, ES, DR, MIPS, Of fCEM, POTEC,
and PC in Section 2. For PWLL objectives, we evaluate LPT, cLP I, RegKL, and BPR in Section 3.
All implementation details are provided in Appendix E.

4.1 OPTIMIZATION IS THE MAIN BOTTLENECK

To test our central hypothesis that optimization challenges are a more significant barrier than es-
timation accuracy, we evaluate how OPL objectives perform under various optimization configu-
rations. If an algorithm’s success is highly dependent on specific hyperparameters like batch size
or learning rate, it suggests a difficult, non-robust optimization landscape. This experiment directly
probes the practical trainability of each method, a key aspect our paper argues is often overlooked.

The results strongly support our claim. As shown in Fig. 1, OPE objectives are highly sensitive to
batch size and learning rate schedule: minor changes can cause performance collapse, making them
difficult to tune and train reliably. In contrast, PWLL objectives remain robust, achieving consistently
high reward across all configurations. This stability translates directly into better learned policies:
PWLL objectives outperform OPE objectives on all datasets. Even POTEC, a state-of-the-art method
designed for large action spaces, is surpassed by the much simpler and easier-to-optimize cLPTI.
This supports our central claim: optimization stability is key to effective OPL.
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Effect of Optimization Hyperparameters on Performance
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Figure 1: Effect of batch size and learning rate schedule on final validation reward using three large-
scale datasets. OPE objectives are highly sensitive, while PWLL objectives are robust.

One might assume that an objective designed for estimation fidelity, such as a low-MSE OPE estima-
tor, would naturally yield a better policy. Our findings show this is not the case. The superiority of
PWLL objectives, which are poor value estimators by design, provides compelling evidence against
this estimator-centric view. This reinforces our main takeaway: in large-scale OPL, a tractable opti-
mization landscape is a more critical feature for a learning objective than its statistical accuracy. For
completeness, an experiment tracking the MSE of methods is given in Appendix E.

The figure also supports Claim 2.4. Indeed, there is a consistent performance gap between POTEC
and Of fCEM. Both methods are designed to maximize the same asymptotic objective as we show
in Section 2; their statistical goals are identical. The divergence in performance, therefore, can be
attributed entirely to their differing optimization strategies. POTEC’s use of a two-stage, cluster-level
optimization proves far more effective than Of fCEM’s naive, action-level parametrization.

4.2 OBJECTIVE-AWARE PARAMETRIZATION

To empirically validate Claim 2.3, we compare a naive, whole-action-space parametrization against
our proposed objective-aware approach, which restricts the policy’s effective action space to the
logging policy support, Sp(x). As shown for the IPS objective in Fig. 2, the naive approach is
highly unstable, with performance collapsing under simple learning configurations. In contrast, the
objective-aware version is very robust, achieving high reward consistently across all batch sizes and
schedules. This benefit extends even to inherently stable PWLL objectives like cLP I, which achieve
even better performance with the restricted support. This provides strong evidence for Claim 2.3:
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Effect of Objective-Aware Parametrization on Performance
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Figure 2: The effect of objective-aware parametrization for IPS and cLPI on Movielens.

Training Progress Using Two Different Policy Parametrizations
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Figure 3: Training progress over 10 epochs on MovieLens, comparing heavyweight vs.
lightweight policies.

aligning the policy structure with the objective’s inductive bias simplifies the optimization landscape,
leading to greater stability and superior learned policies. This finding holds across all datasets, with
full results available in Appendix E.

4.3 LIGHTWEIGHT POLICY PARAMETRIZATION HELPS

To further isolate the impact of policy complexity on optimization, we compare lightweight and
heavyweight policy parametrizations (defined in Eq. (19)) for each objective. As shown for the
MovieLens dataset in Fig. 3, the benefits of a simpler model are clear: lightweight policies con-
verge faster and often achieve slightly higher final rewards. This finding reinforces a key theme
of our work: a more tractable optimization landscape can be more critical to achieving strong per-
formance than the greater expressive capacity of a complex policy. Results for other datasets are
deferred to Appendix E.

5 CONCLUSION

The common approach to OPL, which focuses on optimizing increasingly sophisticated OPE es-
timators, neglects a crucial factor: the optimization landscape. We show, both theoretically and
empirically, that for large action spaces, this landscape becomes challenging, affecting the practical
effectiveness of these methods. Our study of this landscape motivates clever policy parameteri-
zations and PWLL objectives. By exploiting the estimator’s inductive biases, these approaches
alleviate optimization challenges and induce strong concavity for common policy classes. Our ex-
periments confirm that this focus on optimization pays off: these simple changes make learning
more robust, easier to tune, and converge to superior policies. This work advocates for a shift in
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focus for OPL research in large-scale settings, from estimator design towards the development of
objectives with favorable optimization properties.
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A EXTENDED RELATED WORK

Offline contextual bandits. The contextual bandit framework is widely used for online learning
under uncertainty (Lattimore & Szepesvari, 2019). Yet, many applications pose challenges for online
exploration, motivating offline approaches that optimize decisions from logged data (Bottou et al.,
2013). Since large datasets of past interactions are often available, policies can be improved without
new experimentation (Swaminathan & Joachims, 2015a). This setting, known as offline (or off-
policy) contextual bandits (Dudik et al., 2011), relies on off-policy evaluation (OPE) to estimate
policy performance from logged data. These estimators are then used to learn value-maximizing
policies (Off-policy learning, OPL).

Off-policy evaluation. OPE (Dudik etal., 2011; Dudik et al., 2012; Dudik et al., 2014; Wang et al.,
2017; Farajtabar et al., 2018; Su et al., 2020; Metelli et al., 2021; Kuzborskij et al., 2021; Saito &
Joachims, 2022; Sakhi et al., 2020; Jeunen & Goethals, 2021) has attracted significant attention in
recent years, with methods falling into three main categories. The direct method (DM) fits a model to
predict expected costs for each context—action pair and then uses it to estimate policy value (Jeunen
& Goethals, 2021; Aouali et al., 2025), a strategy that has proven particularly effective in large-scale
recommender systems (Sakhi et al., 2020; Jeunen & Goethals, 2021). Inverse propensity scoring
(IPS) instead reweights observed outcomes to correct for the bias of the logging policy (Horvitz &
Thompson, 1952; Dudik et al., 2012). While IPS is unbiased under absolute continuity, it is highly
sensitive to variance and bias when this condition is violated (Sachdeva et al., 2020). A wide range
of techniques has been proposed to address this issue, including clipping (Ionides, 2008; Bottou
et al., 2013), shrinkage (Su et al., 2020), smoothing (Metelli et al., 2021; Aouali et al., 2023; Sakhi
et al., 2024), implicit exploration (Gabbianelli et al., 2024), and self-normalization (Swaminathan
& Joachims, 2015b), among others (Aouali et al., 2024). A third line of work combines these
two approaches in doubly robust (DR) estimators, which integrate modeling with reweighting for
improved bias—variance trade-offs (Robins & Rotnitzky, 1995; Dudik et al., 2011; Dudik et al., 2014;
Farajtabar et al., 2018). Our work focuses on off-policy learning using these estimators.

Off-policy learning. OPL is typically built on DM, IPS, or DR. DM selects actions by maxi-
mizing predicted reward, either deterministically or stochastically, while IPS and DR optimize a
parameterized policy via stochastic gradient descent (Swaminathan & Joachims, 2015a), where the
unknown gradient of the true risk must be estimated using reweighting. Beyond these approaches,
statistical learning tools have introduced new objectives grounded in PAC-based pessimism, provid-
ing stronger theoretical guarantees (London & Sandler, 2019; Sakhi et al., 2023a). Our contribution
complements this literature by examining the optimization landscape of OPL in large action spaces,
which remains largely underexplored.

Large action spaces. Regularization can improve IPS in moderate settings, but scaling to large
action spaces requires additional structure. One prominent direction leverages action embeddings:
for example, marginalized IPS (MIPS) (Saito & Joachims, 2022) reduces variance by exploiting
embedding information while remaining unbiased if the embeddings capture the causal effects of
actions on costs. High-dimensional embeddings, however, can still induce variance, and misspec-
ified embeddings can introduce bias. Recent work addresses these issues by learning embeddings
directly from data (Peng et al., 2023; Cief et al., 2024) or relaxing causal assumptions (Taufiq et al.,
2024; Saito et al., 2023). A complementary line of research addresses the computational challenges
of OPL in large action spaces. training policies over large action spaces scales linearly with the num-
ber of actions K, making it computationally prohibitive. Recent advances incorporate fast maximum
inner product search (MIPS) (Shrivastava & Li, 2014) into the training loop, reducing complexity
to logarithmic in K (Sakhi et al., 2023b). Unlike prior contributions, our work focuses on the op-
timization landscape of OPL in large action spaces and offers practical guidelines, supported by
theoretical justification, to make optimization more tractable. We view this as a fundamental yet
relatively unexplored research direction.
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B ADDITIONAL OBJECTIVES AND THEIR ASYMPTOTIC SOLUTIONS

All these previous estimators are linear on the policy 7. Another way of reducing variance is smooth-
ing the importance weights, leading to non-linear estimators on the policy and obtaining stochastic,
non-deterministic optimal solutions.

IW Exponential Smoothing (IW-ES) Exponential Smoothing (Aouali et al., 2023) can also be
applied on the Importance weights themselves instead of the logging propensity, resulting in an
estimator:

= A

This estimator recovers the following when n — oo:

0= By | (2 ]

mo(alz)

s {(Mf_lr(x’a)} ‘

mo(alz)

To identify the optimal policy, we need to find the maximizer of this objective w.r.t 7. This objective
decomposes on the contexts z, meaning that its global minimizer is a minimizer for each  dependent
sub-problem. For each x € X', we can write down our maximization objective as:

s B | (22

(-lz) mo(alr)

s.t Z m(alx) = 1.

acA
Va € A,m(a|z) > 0.

This can be solved by setting the Lagragian to 0. There exists a A > 0 with which the optimal policy

I ES verifies:
_ _ TIVES (g|z) \ @
LY =0 <= « < Totala) r(z,a) —A =10

— "B (alx) o< r(x, a)Y Y7 (alz)

which ends the proof.

Logarithmic Smoothing (LS) Hard clipping the weights makes the learning problem non-
smooth, with an optimal solution hard to derive. We focus on a new estimator that has been proposed
(Sakhi et al., 2024), which can be interpreted as soft clipping, with strong concentration guarantees
that logarithmically smooths the importance weights of the estimator with A > 0:

LA (Al Xi) \
VES A () Z < log (1 + Am(AAXZ)) R;. (27)

Note that the LS estimator was introduced with the reward inside the log but we stick to this defini-
tion for the ease of derivations it brings. We can derive its optimal policy by solving the following
forany x € X:

75X (gl o © (C’"(Z‘IL) 1) mo(alz)

r(z,a)
A 1=E (0 | 57—
= Brotle) [00+La]
Vae A, L,=0 < n(alz)>0

<~ r(zr,a) > C+ L,,
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with Cy and L, positive slack variables. We can observe that the solution interpolates between
smooth, full support solution and a degenerate policy (with 0 probability mass for some actions)
depending on the value of \. Precisely, A — 0 recovers the IPS solution (as LS converge towards
IPS) while A big enough recovers a smoother solution, linear on the reward and proportional to:

15— A+ Dr(z,a)
5 alz) o " (IErro(z)[(-raa)] — 1) mo(alz)1 [r(z,a) > By (ja) [r(z,a)] /(A + 1)] .

This means that if we are interested in reaching a smooth solution, we need to increase .

C ASYMPTOTIC SOLUTION PROOFS

C.1 OPE-BASED SOLUTIONS

(IPS), its Clipping Variant (cIPS) and ES Recall the definition of the (logging propensity)
clipped IPS estimator with 7 € [0, 1]:

n

o 1 (A X:)
cIPS _ i
Vo m) = n ; max{mo(A;|X;), 7} .

Taking n — oo, one obtains:

m(alz)

max{mo(a|z), 7}
mo(alz) r(z, a)] )

max{mo(a|z), 7}
As the objective is linear in the policy 7, the optimal policy should put for any x € X, all the mass
on the action a that maximizes the weighted reward, giving:

’/TCIPS((J,|$) =1 {CL = argmax 7(0((1/|1’)T’((L',a/) }
: ared max{m(a'|z),T}]
‘We recover the solution for IPS when we tend 7 — 0:
7y % (alr) = ]l{a = argmaxr(ac a')1 [mo(a'|z) > O]} .
a’eA

We also recover the solution of ES just by replacing the clipping function by an exponential function
of factor «, obtaining:

VCIPS(T[-) = EXNI/,ANTFQ("CE) |: 7“(.1', a):|

= EXNV,AN#(-\z) |:

728 (alr) =1 [a = argmaxr(x,a')ﬂ'o(a'|x)17‘3‘} .
a’'€A

Doubly Robust (DR) The doubly robust estimator converges to the following quantity:

7T(CL|$> (T(CC, Cl) - 72(56) a’)):| + Exwu,aNW(“z) [f’(.%‘, a)]

max{mo(a|z), 7}
mo(alx)

V(1) = Exw, Ao (-|) {

= Eornv,ann(|a) {(r(% a) — 7(x,a)) + 7(z, a)} .

The objective is linear in 7 and is thus maximized by the following deterministic decision rule:

7% (alz) = 1 {a — arag?jxf(x,a’) + (r(z,a") = 7(z, a/))rm}

max{mo(a|z), 7}

Marginalized IPS (MIPS) with clusters. We adopt the same approach to look for the minimizer
of MIPS. We generalize the clustering function ¢ to take also the context into account. We write
down the estimator:

AMIPS Yo 1[o(d, X;) = ¢(Ai, Xi)] m(a'| X5) 1 - m(Ci]X;) )
Ve ; D Lo(a”, Xi) = ¢(As, Xi)] Fo(a”\Xi)Rz n ; 7T0(Ci|Xi)R“
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with which, we recover when n — oo:
Yo Lp(d, ) = d(a,z)] n(a’|2)
> L[o(a", 2) = ¢(a, x)] mo(a” |z

e N S 1) = e ) al@le)
=E,w _§ o(al >Za”]l[¢(a x) = ¢(a, )] mo(a”|x) (z, )]
1

_ - x mo(alz ola’,7) = 0(a.7)] e, a
=E,w. Z ‘ Z 0 | [Qﬁ(a” ) (CL 33)]7T0(GN|JU) ( ) )‘|

a’

VMIPS(TF) = ]EXNV,ANWO(~|:1:) |: )r(a?,a)}

R 1[6(a',2) = $(a.2)] r(x,a)
=Eenw Z (o] )EaNWO('lm) []Ea”mro('lx) [1[p(a", x) = (;S(CL,JJ)H:|‘| .

The objective is linear in 7, and depends on the action o’ through its cluster ¢(a,-) alone. This
means that multiple solutions are maximizers as long as the policy chooses the best cluster c. We
thus write down the asymptotic solution for MIPS in the cluster level, giving:

r(z,a)1[p(a, 2) = ¢]
o m [o(a”.2) = ¢(a,x>ﬂ ]
o= )1[d(a,) = ¢/

= 1o = orgme {Eanricin [E oo L 67 = cnm

By (@, 0) L0(a,2) = ]
= 1o = argmanx{ Eaijm)(‘mmu PETRl

a’

MIPS :]l|: _ {anﬁ Jz
e (el|) c arcglrencax oCle) |

which ends the proof.

Conjunct Effect Modeling (OffCEM). This estimator can be seen as the natural, doubly robust
extension of the MIPS estimator.

VnoffCEM(ﬂ.) _ ! Z 71'0((CC’|)§()) (Ri — 7(Ag, X4)) + Eqor(x,) [F( X3, 0)] -

We take the sample size n to oo and obtain:

2o Led, x) = ¢(a, x)
Y Lg(a", z) = ¢(a, x)
1 [d;éa”;x) (= q)i? a,x ))” B aonfo) [P, @)
1[g(a’,z) = ¢(a,2)] (r(z,a’) —f(%a’))} o ]
=EK ~v,a’ ~(-|x Ea~‘n’0~m ) .

sl [ e { Eurmongtio) (L0 2) = ofa,2)] | T )

The solution depends explicitly on the action a by the reward model #. We can derive it as the
objective is linear on 7, obtaining:

VOEECE (1) E X o, Ao (-|2) [ (r(z,a) — f(w,a))] + Egvamn(|2) (2, a)]

= ]Ewwl/,a'NTr('W) |:]Ea~770('|$) |:

E(z~7ro('|x) [r(@a,z) —7(a,z)1[p(z,a) = ¢(z,a’)]] }}
mo(¢(z, a')|x) '

Two Stage Decomposition (POTEC). This is an optimization strategy for Of £CEM. It restricts
the policy to a cluster-informed form,

m(a|x) = ZWRMG|(EC) e | ),

ceC

TOTECE (g]g) = 1 [a = argmax {f(l‘, a') +
a’'€eA

where *(a | z,c¢) = 1[a = argmax, . 7(x,a’)] is fixed, model-based policy that deterministi-
cally selects the best action within each cluster. Learning is then simplified to finding the optimal
cluster-level policy 7" that maximizes the Of £ CEM objective in Eq. (13):

~ 1 - 7TCL Oi Xi
Vo) = n Z ( 770((01 |Xz)) (Bs = (&, Ai)) + ZWCL “1x )>
i=1 ceC
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This is exactly the Doubly Robust version of MIP S on the cluster level, the asymptotic solution on
the cluster level can be followed in the same fashion:

Eanrmo(le) [(r(@,0) = F(@,a))d(a,z) =] .
{ Earmo( o) [1[0(a, ) = ¢]] e )H

(e z)=1 [c = ar%rencax
C

The optimal policy for the POTEC optimization strategy unfolds as:
0T (alx) = ZWRMa|x o)rst(c| x).
ceC

At first glance, it might be hard to see the connection between POTEC and Of £CEM solutions, but
they are equivalent. For ease of notation, let us denote by D; ,(c):

(o) = Ea~7ro(-\ﬂc) [(r(m,a) - f(x,a))]l[¢(a,x) = CH
Drale) = By oy [L[9(0,) = €] |

and recall that the optimal policy of Of £CEM finds the action a that maximizes:
V(z,a) = #(z,a) + D; »(¢(a,z)).

For any context z, the optimal action a¢* of POTEC verifies:

* a* is in the optimal cluster: ¢(a*, z) = c.(x) with ¢, (x) = argmax,cc D; 5 (c) + 75 (x).

* a” is optimal within that cluster: @ = argmax,c._(,) 7(z, a).

This means that for all actions a with ¢(a, ) # c.(x), we have:
‘7(1‘7 a) = D; X ¢(a7 ZU)) + ’Iﬁ(JC, CL)
: ¢(av .13)) + f(’;(a,a:) (x)
() + 77, () (@)
ra (2, a")) + #(z,a*) = V(z,a").
In addition, for all actions a with ¢(a, z) = c.(z), we have:
‘7(.13, Cl) = Df',w((:b(a‘a Z‘)) + TA('ra Cl)
= Df‘,:v(c* (Z‘)) + 72(.13, a)
< Dio(ex(@)) + 7, (g (2) = V(2,0").

)

This means that the optimal action a* for POTEC is the maximizer of f/(m, a), which is exactly the
solution of Of £CEM.

Policy Convolution (PC) This estimator uses a nearest neighbors function to aggregate the
propensities of similar actions, making the hypothesis that similar actions will result in similar re-
ward signal. The esimator writes:

iZI))(())R“ with m(Ne(a) | 2) = Y w(a’ | @),

a’€Nc(a)
This estimator is equivalent to the following when n — oo:
L@l € Ne@)] A)}
mo(Ne(a)|z)
r(a,z)l[a € Ne(a)]”
mo(Ne(a)z) '

VPC(W) = EXNV,ANWO(»\JC) |:

:Efcwu,awﬂ'HI) |:E‘1N7r0(‘1) |:

The same argument of linearity applies here, giving us the corresponding asymptotic solution:

7L (a|lz) = Il[a = argmax {E"Wﬂo('m {T(x,a)]l[a' € Ne(a)]] H .

aleA o (Ne(a)|z)
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C.2 SURROGATE-BASED SOLUTIONS

Our objectives can be written in the same form, only choosing for each a different function g:

. 1 —
=1

We solve the maximization of the asymptotic value of this objective, to recover the solutions of our

surrogate objectives as a special case. The objective decomposes on the contexts x, we are thus

interested in the following maximization problem for each x:

T{I(l?;() anﬂ-o(-\z) [Er [g(xv a, T)] log 7T(G’|x)]

s.t Z m(alz) = 1.

acA
Va € A, m(alz) > 0.

This can be solved by setting the Lagrangian to 0. There exists a A > 0 with which the optimal
policy ¢ verifies for all = and a:

LY () (z,a) =0 < mo(alz)— !

73 (a|x)

— 7d(alz) x E, [g(z,a,r)] mo(alz),

E.[g(z,a,7)] —A=0

which concludes the proof.

D ADDITIONAL PROOFS

In this section, we prove the propositions about the optimization landscape of OPE based and PWLL
based learning approaches. We start by stating the following lemmas, that will be helpful to prove
our propositions.

Lemma D.1. Forallr € [0,1]%, 8 — V() is 5/2-smooth, i.e., for all 7o := softmax(0) and
mo: := softmax(0’), we have,

> > an(WB) / 5 / 2
7)) — — _ — < —. — .
Va(ar) = V(o) < L0 -0 )| < - llo 6|3
Proof. See the proof in (Mei et al., 2020b, Lemma 2). O

Lemma D.2. All the action level estimators EST in (IPS, cIPS, DR, PC) can be written, for any
policy w, in the form:

n

ZEa~w(~|Xi) [Prsri(a, Xi)] (28)

i=1

N 1
EST

Vn (71') = ﬁ

For the cluster level estimators/approaches EST—C in (MIPS, POTEC), we also have

n

ZEC~7T(-\X.;) [fEST—c,i(Q Xz)] ) (29)

=1

~ 1
VEST—C —
ey = L

meaning that all these estimators are linear in 7.

Proof. This is straightforward to prove. We begin by the action level estimators and take DR as a
representative. For DR, we have the following:
R; — (4, Xi)

Por,i(a, Xi) = 7(a, X;) +I[a = 4] max (7, mo(Ai|X;))
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verifies the equation. Solutions for cIPS and IPS can be recovered directly, and PC follows the
same construction. For the cluster level approaches, we take POTEC as a representative, and we
have:

R, — #(A;, X;)

f'POTEC,i(Cv Xi) =7:(Xi) + Ie = X;] WO(C‘|X‘) ’

The 7yrps,; follows as a special case when # = 0. O]

Lemma D.3. For problems with a single state x, and for any EST in (IPS, cIPS, DR, OffCEM,
MIPS, PC), there is a problem, defined by r, 7y for which we obtain:

frsr(a) = 1a = ak] , (30)

with ax being the optimal action. We can also find a problem, for any cluster level approach
(POTEC and also MIPS) with:

Fesr-c(c) = 1[e=¢pel] , €1y

with c|c| being the optimal cluster.

Proof. Let us prove this for the cIPS for the action level estimators and POTEC for the cluster
level approach. The result can be adapted for other estimators as they follow the same construction.
To simplify the analysis, we suppose that my(a) > 0 for all actions. For cIPS, we have for any
T € [0, 1], for n large enough:

mola) . a)

o) o), )

We consider the problem where actual rewards are of the following form:

max(mo(a), T)

eRT,
mo(a)

r(a) =1[a = ak]

However, as the rewards need to be in [0, 1], we choose 7 < max, 7(a). We can choose ax =
“ % and obtain r(ax) = 1 and r(a) = 0 otherwise, giving r € [0,1], and

proving the existence of the problem. The same construction follows for IPS, ES and DR.

argmax

For the POTEC approach, we get also, for n large enough:

Tporec(€) = max#(a) + Z“EC mo(a)(r(a) —7(a))
acc 7T0(C)

We define the problem where action a g, the optimal action is really far from all the other actions in
the cluster space, to get the action ax with its own cluster, i.e. ¢j¢c| = ¢(ax) = {ax}, and Va #
ak ,ax ¢ ¢(a). If we choose r(ax) = 1 and r(a) = 0 otherwise, and additionally 7(ax) =1 —€
and 7*(a) = € otherwise, we get:

fPOTEC(C) =1 [C = C|Cd .

This proves that there is a configuration in which the estimator has a one-hot reward. The same
constructions can be done for all other estimators, based on the same ideas. O

Now we restate Proposition 2.1 and proceed to its proof.

Proposition D.4. Let V,, an OPE estimator linear in T, T, its maximizer. Let n € (0,1] a learning
rate. Even for a single context x, and a linear softmax policy mg(a) = exp(6a)/ >y c 4, €XP(0ar)
with Agge its effective action space, there exist a problem such that gradient descent cannot escape
a suboptimal region before tg = C.Kgge = O(Kgpr) as we have:

Vt <to : Vu(mn) — Vau(ma,) > 0.9
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Proof. The proof of this result follows the same technique as (Mei et al., 2020a, Theorem 1). We
adapt it here and derive it for the sake of completeness. Let EST be one of the estimators with action

level policies considered before and let V;, be that estimator. Consider the single context case where:
frsr(a) = 1a = ak] . (32)

This case exists per Lemma D.3. This means that for a policy 7:

Va(m) = w(ak).

If ar € Agpr, this means that the maximizer 7, = argmax,, Vn(ﬂg), reaches Vn(ﬂ'n) =1 and we
have for any 7g:

rlax) — Vn(ﬂ'g> =1—mg(ak).
r(a) — Vy(me) = —mg(ax) ,Va # axk.

The condition ax € Aggs is important, as it ensures us that the considered family of parametrized
policies include the optimal policy. This is the reason why Agg should be constructed using in-
formation from the optimal policy for the estimator optimized. For our policy, parametrized by a
softmax mg(a) o exp(6,)I[a € Agg], the 2 norm of the gradient is upper bounded by:

Dalro)| \/m;(amz(l — molax)) +mo(ax)? . mo(a)?

2 a#K

= 71'9(0,]() . \/(1 — WQ(GK))Q + Z 7T9(CL)2
a#K
<mglak) | (1 —melak))* + Z mo(a)
a#K
= mo(ax) - /(1 — mg(ax))? + (1 — mo(ax))?
= \/i . 71'9(0,[() . (1 — Trg(a]()).
dV,(me,)

LetO;1q < O+, 0 and g, , = softmax(6;.1) be the next policy after one step gradient
update. Define the following two kinds of iterations:

toood 1= {t >1:m7,., (ax) > ﬂgt(aK)} ,

thad := {t >1:7g,,, (ax) < 770,,((11()} .

For all ¢t € ty,q, we have,

1 1 1
rorar) o (@) Torpi(a) marar) ("o (@) = mouaxc)) <0.
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For all t € #4004, We have,

7o, (ax) = 7o, (ax0) = [Va(7o,,.,) = Va(ma,)]

~ . dV,, (me, dV,,(me,
= Vn<ﬂ-0t+1) - Vn<7r0t) - <(7T9)76t+1 - 0t> + <d(0te)70t+1 - 9t>]

dV,, (me,
1 1611 — 0415 + <d(00)’0t+1 - 0t>1 (by Lemma D.1)
t

2 .
dV, (me,
m)- | <0t+1:9t+7]t'(9)>
2

d0t
+ m) -2 mg, (ax)” - (1 — e, (ax))?

IN

ot
N

df/n (71'01 )

de,

~|
+

~|

IN

IN
OO N O~

ot

=

1o

-, (ax)? - (1 — 7o, (ax))® (n: € (0,1])

AN

- 7o, (ax)?. (o, (ax) € [0,1])

Dividing both sides with 7g, . , (ax) - T, (ax ), we have,

1 1 9 7o (aK) 9
- <. 28R <2 (7, (ak) > T, (ak) > 0
mo,(ak) 7o, (ak) T 2 Te,., (ak) T 2 (Mo () () > 0)
Therefore, we have,
1 1 tz‘i [ 1 1 }
mo,(ax) mo,(ax) ‘= |me.(ak) e, (aK)
t—1 t—1

:Z_l_l}JfZ{l_l

mtati L0 (aK) Mo (ak) ] 2 LTe.(ax) T (ak)

Stz‘i'l 1}

s=1,5€tg00d L6, (aK) 0.1 (aK)

=y [

s=1,5€tg00a -

<2
_2'

In the majority of the scenarios, the parameters are initialized randomly. It means that at initial-
ization, we have 7g, (ax) = 1/Kgm. Once K large enough, we have g, (ar) < %, for some
constant ¢ = 11. If ¢t < 2 - K, then we have,

L1 9,
mo,(ax) — mo,(ar) 2

21.<11>ZC.<11>01210,
7T91(a’K) ¢ ¢

which implies 7y, (a) < 1—10. Therefore, for all ¢ < % - Kgpr, we have,

Vo(mn) — Viu(me,) = (1 — 7o, (ax)) > 0.9.

The same exact proof can be done using Lemma D.3 for cluster level estimators, where Aggz = C
the cluster space. O
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Proposition D.5. Even for a single context x, deterministic rewards, there is problem where OPE-
based learning with a linear softmax policy mg(a) < exp((0, ¢(z,a)))l[a € Age] can have a
number of local maxima exponential in the number of effective actions Kygyy.

Proof. Let EST an off-policy estimators considered in the paper with an action-level policy. By
Lemma D.2, we have:

n

A 1 .
Viti(m) =~ > Ear( oy [Festi(a, z:)] (33)

i=1

In a single context setting, it becomes:

R 1.

VEST(WO) =Eonro() [nz;TEST,i(a)‘| ) (34)
= o i 35
_<H;7AEST,'H7T9>- (35)

This also holds for estimators with policies in the cluster level, as we still have:

e 1 o
VST=C () = Eenro() ln ZTESTCJ‘(C)‘| ) (36)
=1
_ 1 zn: 5 . 37
= <E ’ V"EST—c,u7T0>~ (37)

These softmax policies are all defined on the effective action space Agg, be it a subset of the action
space A or the discrete cluster space C. Using the linearity of the objective, we can directly apply
Theorem 1 from Chen et al. (2019) and obtain our result. O]

Finally, we also restate Proposition 3.1, and provide its proof.

2 with A > 0), linear softmax policy Ty, the

Proposition D.6. For an {5 regularized (adding \||0
PWLL objective UZ(my) defined as:

U3m) = = " g(Riymo(A: | Xo))log n(A: | X,

i=1

is A-strongly concave. Without regularization, the objective is concave.

Proof. For any x and a € Agg(x), we have:

exp((6, ¢(z,a)))
Za’EAmrr(m) €Xp(<(9, ¢($, a,)>) ’

optimizing an {5 regularized linear softmax, giving:

LA (m) = U () = 611,

n

mg(alz) =

with A > 0 and recall that g > 0. For strong concavity, we need to show that the Hessian Vgﬁg (m9)
is negative definite with eigenvalues bounded away from zero.

The gradient with respect to 6 is: VU2 (mg) = L3 9(Ri, mo(Ai | Xi))Velogmg(AilX;) — A6

For the softmax policy:

Vologmg(alz) = ¢(x,a) = Y mo(d|2)d(x,a') = ¢(@, @) = En, ([l )]

i

Therefore: VoUg (1) = £ 37 | g(Ry, mo(A; | X2)) (¢(Xi, Ai) — By x0) [0(Xi,-)]) — M
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Table 1: Statistics of Post Processed Datasets

Dataset Num. of actions Num. of samples
MovieLens 60,000 132,744
Twitch 200, 000 400, 000
GoodReads 1,000, 000 400, 000

Taking the second derivative: V3U3(mp) = —2 27" g(Ry, mo(A; | Xi NVoEr, (. 1x)[0(Xi, )] —

n

A4, where 1 is the d X d identity matrix. The gradient of the expectation is:

VoEry (o) Z Vorg(alz)(w, a)

Using erg(a|x) = ﬂg(a‘m)(d)(x, Cl) - ]Eﬂ'e(~|w) [¢($, )])
VGEﬂg z) Z 7T9 ‘CC ) 7T6('|ZL’) [(b(x’ )])¢(I, a’)T

This simplifies to:
VGEWQ(M’) [¢($, )] = Covws(-\z) [(b(.’l?, )]
where CoVr, (12)[0(2, )] = Ery () [0(2, )0(x, ) ] = Ery () [0, ) Erey (a [0(, )] T

Therefore:

. 1 &
ViUg(mg) = - Zg(RiﬂTO(Ai | Xi))COVary (.1 x) [0(Xi, )] — Ala
=1

We can write this as: V2Ud () = —H — A4
where H = 137" | g(R;, mo(A; | X;))CoViry(1x:)[¢(Xi, -)] is positive semi-definite. To see this
explicitly, for any vector v € R%:
0T COVay (1x) [B(Xiy v = Vare, (x0T &(Xs, )] > 0,
with the positivity of g, this ensures H is positive semi-definite. Then we have:
v V22U (mg)v = —v Hu — Mo v = —v' Ho — \|Jv|?,
meaning that when v # 0, we get v V2U2(mg)v < —Al|v|? < 0.

This shows the Hessian is negative definite with all eigenvalues bounded above by —A < 0. There-
fore, ¢y regularized Ug (mg) is A-strongly concave. In addition, when A = 0, the hessian is negative
semi-definite, giving simple concavity. O

E ADDITIONAL EXPERIMENTS

E.1 DETAILED EXPERIMENTAL SETTING

Experimental Setting. Our experimental setup is designed to study the behavior of the different
policy learning paradigms in large action spaces. To this end, we use three large action spaces
collaborative filtering datasets: Movielens (Lam & Herlocker, 2016), Twitch (Rappaz et al., 2021)
and GoodReads (Wan et al., 2019) that are preprocessed to obtain a user-item interaction matrix?.
The statistics of these datasets are described in Table 1. The large action space scenario restricts
the policies used to the inner product parametrization (Aouali et al., 2022). This parametrization is

?Code and datasets are heavy, both will be released upon acceptance.
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essential to leverage Maximum Inner Product Search algorithms (Shrivastava & Li, 2014) for fast
query response. In particular, we adopt policies of the following form:

mo(alz) oc exp((hr(z), Ba)) ,

with the learnable parameter 0 = [I', 5], hy : X — R? defines the context embedding function in
R and /3 the actions embeddings of size K x ¢. In all our experiments and unless it is explicitly
stated, we follow the procedure of Sakhi et al. (2023b) to define our policies. We start by extracting
action embeddings 3y using an SVD decomposition of the user-item matrix. These embeddings
help us define the context embedding function Ar and our logging policy 7g. hg is set to the average
embeddings of the observed actions in the contexts and is fixed for the logging policy 7. Using the
SVD action embeddings 3y, we define our logging policy 7 as:

mo(alx) o exp (1<h0(3€), 60,,1}) I[a € TOP*(2)] ,

with ¢ the temperature of the logging policy, and kq define the support of the logging policy, con-
centrating on the top ko actions with: TOP* (z) = argsort, ... ary (ho(2), Bo.a)-

If not explicitly stated, kg is set to 100 and the temperature at ¢ = 1 in all experiments. This policy
is used to collect the offline dataset D,, = {X;, A4;, Ri}ie[n] on which all trainings are conducted.

)

Trained Policies Parameterizations. We adopt two parameterizations of the trained policies. The
first one is a heavyweight parametrization, and focuses on learning the embeddings of the actions
B (be it A of size K or C of size |C|), meaning that 6 in this case is 3. For action-level policies, this
gives 3 € RX** and for any x:

exp((ho(x), Ba>)
a’ € Ager () exp(<h0 (1[,’), 5a’>) ’

mplale) = 55

with Agge(x) C A, which depends on the choice of the practitioner, for example Ag(z) = So(x),
the support of 7 for context z when we optimize IPS objectives. For cluster-level policies, this
gives a 8 € RICI** and for any z:

s (C‘I) = exp(<h0(x)aﬁc>)
’ ZC/GC exp((ho(z), Ber)) ’

This is used by default if nothing is explicitly stated.

We have also define a lightweight parametrization, where only a small projection W € R®*¢ is
learned, giving in action level policies:

Ww(a‘aj) = eXp(<h0(aj)VV’ ﬁa,0>)
Za'eAEFF(m) exp({ho(z)W, Bar o))’

using Sy, the embeddings of 7. For cluster level policies, we first define 5y € RICI*¢ with B, . =
I%’\ Zaec Bo,q, and use it to define the cluster level policy:

exp({fro ()W, Br.0))
> e exp((ho(e)W, fero))

mw(clz) =

Reward Model. The reward model used + is learned using regularized linear regression the col-
lected interaction data, with #(x, a) = (h(x),0,).

Clustering and ¢ used. We use the embeddings 3y, combined with K-means clustering to find

our clusters. The number of clusters is set to 2000 for all datasets and experiments. For PC, the ¢
threshold e is set to 0.1.

E.2 ADDITIONAL RESULTS

Training progress using two different parametrizations. Fig. 4 shows the training progress over
10 epochs on all three datasets, comparing heavyweight vs. lightweight policies.
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Training Progress Using Two Different Policy Parametrizations
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Figure 4: Training progress over 10 epochs on all three datasets, comparing heavyweight vs.
lightweight policies.
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Effect of Objective-Aware Parametrization on Performance
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Figure 5: The effect of objective-aware parametrization for IPS and cLPI on three large-scale
datasets
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Average MSE by Dataset and Method
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Figure 6: Average MSE by Dataset and Method. Several methods are excluded from the figure, as
their high MSE values would distort the scale and obscure the comparison.

Benefits of objective-aware parametrization. Fig. 5 shows the effect of objective-aware policy
parameterizations for two different objectives and three large action space datasets.

Average MSE. Fig. 6 shows the average MSE by dataset and method. Several methods are excluded
from the figure, as their high MSE values would distort the scale and obscure the comparison.

MSE progress during training. Figs. 7 to 9 show the progress of the MSE over 10 epochs on all
three datasets. Several methods are excluded from the figure, as their high MSE values would distort
the scale and obscure the comparison.
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Figure 7: MSE progress over 10 epochs on MovieLens.
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Figure 8: MSE progress over 10 epochs on Twitch.
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Figure 9: MSE progress over 10 epochs on GoodReads.
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